Mathematica 11.3 Integration Test Results

on the problemsin "4 Trig functions\4.7 Miscellaneous"

Test results for the 254 problems in "4.7.1 (c trig)*m (d trig)*n.m"

Problem 8: Result more than twice size of optimal antiderivative.
JCsc[2a+2bx] Sin[a+bx] dx
Optimal (type 3, 14 leaves, 2 steps):

ArcTanh[Sin[a + b Xx]]
2b

Result (type 3, 72leaves):
LOg[COS[? + bTX] 7Sin[i+ bTXH Log[Cos[iJr b7x] +Sin[§ bTXH

b b

1

2

Problem 10: Result more than twice size of optimal antiderivative.
JCsc[2a+2bx]3Sin[a+bx] dx
Optimal (type 3, 49leaves, 5steps):

3ArcTanh[Sin[a+bx]] 3Cscla+bx] Csc[a+bx]Sec[a+bx]?
- +
16b 16b 16 b

Result (type 3, 132leaves):
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73;7 2Cot[§ (a+bx) ]| +6Log[Cos|

N |

(a+bx) ]| -sin]

N |

(a+bx)]] -6Log[Cos|

N |

(a+bx” +Sin|

N |

(avbx)]] -

1 1
+ +2Tan[

(Cos[% (a+bx)] —Sin[% (a+bx)”2 (Cos[% (a+bx)] +Sin[§ (a+bx>])2

N |

(a+bx>]

Problem 11: Result more than twice size of optimal antiderivative.
JCSC[2a+2bx]4Sin[a+bx] dx
Optimal (type 3, 66 leaves, 6 steps):

5ArcTanh[Cos[a+bx]] 5Sec[a+bx] 5Sec[a+bx]3 Cscla+bx]?Sec[a+bx]3
_ . + _

32b 32b 96 b 32b

Result (type 3, 205leaves):
1

24 b (Csc[i (a+bx”2—5ec[% (a+bx)}2)3
Csc[a+bx]?8 (22—40Cos[2 (a+bx)]+13Cos[3 (a+bx)]-30Cos[4 (a+bx)]|+13Cos[5 (a+bx)]|+15Cos[3 (a+bx)] Log[Cos[i (a+bx)]]+

15Cos|[5 (a+bx) | Log[Cos[% (a+bx)]]-15Cos[3 (a+bx] ] Log{sin[i (a+bx)]] -

15 Cos[5 (a+bx) | Log[Sin{1 (a+bx)]]+Cos[a+bx] —26—30Log[Cos[l (a+bx)]] +39Log[Sin[1 (a+bx)H)]
2 2 2
Problem 12: Result more than twice size of optimal antiderivative.
JCsc[2a+2bx]SSin[a+bx] dx
Optimal (type 3, 89leaves, 7 steps):
35 ArcTanh[Sin[a+bx]] 35Csc[a+bx] 35Cscla+bx]3 7Cscla+bx]3Sec[a+bx]? Csc[a+bx]3Sec[a+bx]*
- - + +
256 b 256 b 768 b 256 b 128 b

Result (type 3, 277 leaves):



4.7 Miscellaneous.nb | 3

19Cot[% (a+bx)] Cot[i (a+bx)] Csc[% (a+bx)]2 35Log[Cos[§ (a+bx)] —Sin[i (a+bx)]]

) 384 b : 768 b ) 256 b :
35Log[Cos[§(a+bx)}+sin[i(a+bx)]] 1
+ +
256 b 512b(Cos[i(a+bx)}—sin[i(a+bx)]>4
11 1

512 b (Cos[% (a+bx)] —Sin[% (a+bx)])2 512 b (Cos[% (a+bx)] +Sin[§ (a+bx)”4

11 19Tan[§(a+bx” Sec[%(a+bx”2Tan[i(a+bx)]

512b(Cos[i(a+be+Sin[i(a+bx)])2 384b 768b

Problem 28: Result more than twice size of optimal antiderivative.

JCsc[2a+2bx] Sin[a+bx]3dx

Optimal (type 3, 28 leaves, 4 steps):
ArcTanh[Sin[a+bx]] Sin[a+bXx]

2b 2b

Result (type 3, 71leaves):

Log[Cos[% (a+bx)] —Sin[i (a+bx)]] ) Log[Cos[% (a+bx)] +Sin[§ (a+bx)]]

b b -

1

2

Sin[a+bx]
b

Problem 30: Result more than twice size of optimal antiderivative.
JCsc[Za+2bx]35in[a+bx]3d1x
Optimal (type 3, 34 leaves, 3 steps):

ArcTanh[Sin[a+bx]] Sec[a+bx] Tan[a+bX]
+

16 b 16b

Result (type 3, 69 leaves):

1617b 7Log[Cos[§ <a+bx)] —Sin[

N |

(a+bx)H +Log[Cos| (a+bx>] +Sin| (a+bx)]] +Sec[a+bx] Tan[a+bx]

N |
N |
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Problem 32: Result more than twice size of optimal antiderivative.

JCsc[Za+2bx]SSin[a+bx]3d1x

Optimal (type 3, 70leaves, 6 steps):
15ArcTanh[Sinfa+bx]] 15Csc[a+bx] 5Csc[a+bx] Sec[a+bx]? Cscl[a+bx] Sec[a+bx]*

+

256 b 256 b 256 b 128 b

Result (type 3, 219leaves):
7Cot[i (a+bx)] ) 15 Log[Cos[i (a+bx)] —Sin[i (a+bx)]] 15 Log[CosE (a+bx)] +Sin[% (a+bx)]]

+ +

64 b 256 b 256 b
1 7

+ —

512 b (Cos[i (a+bx)] —Sin[i (a+bx)])4 512 b (Cos[i (a+bx)] —Sin[i (a+bx)”2

1 7 Tan[i(aerx)]

512b (Cos[% (a+bx)] +Sin[% (a+bx)])4 512 b (Cos[% (a+bx) ] +Sin[% (a+bx)”2 64b

Problem 40: Result more than twice size of optimal antiderivative.

JCsc[aArbx} Sin[2a+2bx] dx

Optimal (type 3, 11leaves, 2steps):
2Sin[a+bx]
b

Result (type 3, 23 leaves):
Cos[bx] Sin[a] Cos[a] Sin[bx]
+
b b

Problem 41: Result more than twice size of optimal antiderivative.

JCsc[a+bx} Csc[2a+2bx] dx

Optimal (type 3, 28 leaves, 4 steps):
ArcTanh[Sin[a+bx]] Csc[a+bx]

2b 2b
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Result (type 3, 95leaves):

_Cot[% (a+bx)] ) Log[Cos[% (a+bx)] —Sin[i (a+bx)]] ) Log[Cos[i (a+bx)] +Sin[§ (a+bx)]] _Tan[i (a+bx)]

4b 2b 2b 4b

Problem 42: Result more than twice size of optimal antiderivative.
JCsc[a+bx} Csc[2a+2bx]%dx
Optimal (type 3, 49leaves, 5steps):

3ArcTanh[Cos[a+bx]] 3Sec[a+bx] Csc[a+bx]?2Sec[a+bx]
_ + _
8b 8b 8b

Result (type 3, 143 leaves):

[Csc[a+bx]4 (2—6Cos[2 (a+bx)]+2Cos[3 (a+bx)]+3Cos[3 (a+bx)] Log[Cos[% (a+bx)]]-3Cos[3 (a+bx) | Log[Sin[% (a+bx)]]+

/(8b (Csc[% (a+bx)]2—5ec[§ <a+bx)]2]]

Cos[a+bx]

_2—3Log[Cos[§ (a+bx)]] +3Log[Sin[§ (a+bx)H)]

Problem 43: Result more than twice size of optimal antiderivative.

JCsc[a+bx] Csc[2a+2bx]3dx

Optimal (type 3, 66 leaves, 6 steps):

5ArcTanh[Sin[a+bx]] 5Cscla+bx] G5Cscla+bx]3 Cscla+bx]3Sec[a+bx]?
- - +
16b 16b 48 b 16 b

Result (type 3, 215leaves):

13Cot[i (a+bx) ] Cot[i (a+bx)] Csc[i (a+bx)]2 5Log[Cos[§ (a+bx)] —Sin[% (a+bx)]]

- - - +

96 b 192 b 16b
5Log{Cos[§(a+bx)]+Sin[%(a+bx)H+ 1 ~

16b 32b(Cos[§(a+be—Sin[i<a+bx)])2

1 713Tan[§(a+bx)] Sec[§<a+bx)]2Tan[i(a+bx”

32b(Cos[§<a+bx)]+Sin[%(a+bx)”2 9 b 192b
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Problem 44: Result more than twice size of optimal antiderivative.
JCsc[a+bx} Csc[2a+2bx]*dx
Optimal (type 3, 89leaves, 7 steps):

35ArcTanh[Cos[a+bx]] 35Sec[a+bx] 35Sec[a+bx]® 7Cscla+bx]?Sec[a+bx]3 Cscla+bx]*Sec[a+bx]3
_ + . _ _
128 b 128 b 384 b 128 b 64 b

Result (type 3, 268 leaves):
1

384b (Csc[% (a+bx”2—5ec[i (a+bx”2)3
Csc[a+bx]™® (—204+658Cos[2 (a+bx)] -228Cos[3 (a+bx)]|+140Cos[4 (a+bx)]| -76Cos[5 (a+bx)]|-210Cos[6 (a+bx)] +
76 Cos |7 (a+bx) | -315Cos[3 (a+bx) | Log[Cos[% (a+bx)]]-105C0s[5 (a+bXx) ] Log[Cos{% (a+bx)]]+

<a+bX>H

(a+bx)]]-105Cos[7 (a+bx)]| Log[Sin]

+

(a+bx)H]

105 Cos[7 (a+bx) | Log[Cos[~ (a+bx)]|]| +3Cos[a+bx] |76+ 105 Log[Cos[1 (a+bx)]] -105Log[sin|
2

N |

315Cos[3 (a+bx) | Log[Sin[~ (a+bx) || +185Cos[5 (a+bx) ]| Log[Sin|

N |
N |

Problem 46: Result more than twice size of optimal antiderivative.
JCsc[a+bx]ZSin[2a+2bx]7d1x
Optimal (type 3, 44 leaves, 5steps):

16 Cos[a+bx]® 128Cos[a+bx]' 32Cos[a+bx]??
_ + _
b 5b 3b

Result (type 3, 91 leaves):
75Cos[2 (a+bx)] ) 5Cos[4 (a+bx)] 5Cos[6(a+bx)]| Cos[8 (a+bx)]| 7Cos[10 (a+bx)] 7Cos[12 (a+bx)]

+ +

8b 64 b 48 b 32b 80b 192 b

Problem 61: Result more than twice size of optimal antiderivative.

JCsc[a+bx13Sin[2a+2bx]8d1x

Optimal (type 3, 46 leaves, 4 steps):



256 Cos[a+bx]® 512Cos[a+bx]' 256Cos[a+bx]!3
_ . _
9b 11b 13b

Result (type 3, 104 leaves):
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5Cos[a+bx] 25Cos[3 (a+bx)] +Cos[s (a+bx)] Cos[7(a+bx)| Cos[9(a+bx)] 3Cos[1l(a+bx)] Cos[13 (a+bx]]

+ +

4b 48 b 16b 8b 72b 176 b

Problem 69: Result more than twice size of optimal antiderivative.

JCsc[a+bx}3Csc[2a+2bx] dx

Optimal (type 3, 43 leaves, 5steps):

ArcTanh[Sin[a+bx]] Csc[a+bx] Cscl[a+bx]3

2b 2b 6b

Result (type 3, 153 leaves):

7Cot[i (a+bx) ] ) Cot[i (a+bx) ] Csc[i (a+bx)]2 ) Log[Cos[% (a+bx)] 7Sin[§ (a+bx)]] )

24 b 48 b 2b
Log[Cos[% (a+bx) ] +Sin[% (a+bx)]] 7Tan[% (a+bx) ] Sec[% (a+bx)]2Tan[% (a+bx)]

2b 24 b 48 b

Problem 70: Result more than twice size of optimal antiderivative.

JCsc[a+bx}3Csc[2a+2bx]2d1x

Optimal (type 3, 70leaves, 6 steps):

15 ArcTanh[Cos[a+bx]] 15Sec[a+bx] G5Csc[a+bx]2Sec[a+bx] Csc[a+bx]*Sec[a+bXx]

+

32b 32b 32b 16 b

Result (type 3, 195leaves):

77Csc[i (aerxH2 7Csc[i (a+bx)}47 15L0g[Cos[§ (a+bx)]] 15Log[Sin[i (a+bx)]]

+ +

128b 256 b 32b 32b
7Sec[%(a+bx”2 Sec{%(a+bx”4 Sin[i(a+bx)] Sin[i(a+bx)]

208 b

+ + -

128b 256 b 4b (Cos[X (avbx)]-sin[% (a+bx)]] 4b(Cos[}(asbx]]+sin[% (a+bx)]]
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Problem 71: Result more than twice size of optimal antiderivative.
JCsc[a+bx]3Csc[2a+2bx]3dlx
Optimal (type 3, 81 leaves, 6 steps):

7 ArcTanh[Sin[a+bx]] 7Csc[la+bx] 7Cscla+bx]3® 7Cscla+bx]®> Csc[a+bx]®>Sec[a~+bx]?
- - - +
16b 16 b 48 b 80 b 16 b

Result (type 3, 222 leaves):

_38:0b 818Cot[§ (a+bx)] +1680Log[Cos[§ (a+bx)] —Sin[% (a+bx)]] —1680Log[Cos[§ (a+bx)] +Sin[§ (a+bx)]] -

120

+392Cscla+bx]?sin]

N |

(a+bx)]4+96Csc[a+bx}ssin[ (a+bx)]6+

N |

(Cos[% (a+bx)] —Sin[% (a+bx)])2

120 49
+—Csc|

(Cos[% (a+bx)] +Sin[i (a+bx)])2 2

(a+bx)]4sin[a+bx] +3Csc[

(a+bx”6sin[a+bx] +818 Tan|
2

N |
N |

1
g (a+bx)}

Problem 72: Result more than twice size of optimal antiderivative.

JCsc[a+bx}3Csc[2a+2bx]4d1x

Optimal (type 3, 112leaves, 8steps):
165 ArcTanh[Cos[a+bx]] 105Sec[a+bx] 35Sec[a+bx]3

256 b 256 b 256 b
21Csc[a+bx]?Sec[a+bx]® 3Cscla+bx]*Sec[a+bx]3 Cscla+bx]®Sec[a+bx]3
256 b 128 b 96 b

Result (type 3, 278 leaves):
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1

0720 (csc [} (a+bx)]*-sec[} a+0x) )]

Cscla+bx]™ [1159-4752Cos[2 (a+bx)] +1600Cos[3 (a+bx)]| +504Cos[4 (a+bx)|+1680Cos|[6 (a+bx)|-660Cos[7 (a+bx)] -
636 Cos[8 (a+bx)| +200Cos|9 (a+bx)|+2520Cos[3 (a+bx)] Log[Cos[% (a+bx)]]-945C0s[7 (a+bx)] Log[Cos[l (a+bx)]]+
315 Cos [9 (a+bx”Log[Cos[%(a+bx)“—30Cos[a+bx] 40+63Log[Cos[§(a+bx>H—63Log[Sin[l(a+bx)H .
2526 Cos[3 (a+bx] ] Log[sm[i (a+bx]]] +945Cos[7 (a+bx)] Log[Sin{% (a+bx)]] - 315Cos[9 (a+bx)] Log[sin| = (a+bx]]]
Problem 123: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

JSin[a+bx}3Sin[2a+2bx]"‘d1x

Optimal (type 5, 84 leaves, 2 steps):

1-m 4+m 6+m

s , , Sinfa+bx]?| Sinfa+bx]?Sin[2a+2bx]"Tan[a + b X]
2 2 2

1-m
(Cos[a+bx]?) = Hypergeometric2Fl|

b (4+m)

Result (type 6, 5212 leaves):

[24*"' (4 +m) Cos[—(a+bx)]651n[l(a+bx)}zsin[a+bx}3 Cos[l(aerxH 7Sin[1(a+bx>]+sin[i(a+bx)] ]m
2 2 2 2 2
Sin|2 (a+bx”m((AppellF1[2+—m,7m,3+2m, 4+_m, Tan[1<a+bx)]2, 7Tan[1(a+bx)]2]5ec[l(a+bx”2)/
2 2 2 2 2
2+m 4+m 1 2 1 2
((4+m) AppellF1[~——, -m, 3+2m, ——, Tan[ = (a+bx)]", 7Tan[; (a+bx)]"] -
2 2 2
4+m 6+m 1 2 1 2
2 [mAppellF1[——, 1-m, 3+2m, —, Tan|[ = (a+bx) |, —Tan[;(a+bx)] |+
2 2 2
(3+2m) AppellFl[ﬂ,—m,2(2+m), 6+m,Tan[£(a+bx”2,—Tan[l(a+bx)]2})Tan[£(a+bx”2]—
2 2 2 2
2+m 4+m 1 2 1 2 2+m 4+m
AppellF1[——, -m, 2 (2+m), A ,Tan[; (a+bx)]", —Tan[;<a+bx)] ]/ (4+m) AppellF1[ =, -m, 2 (2+m), s

2
Tan[§<a+bx)]2, —Tan[%(a+bx)]2]—2 mAppellFl{ﬂ,l—m,Z(Zme), 6;m,Tan[§(a+bx”2,—Tan[%(a+bx)]2]+
2 (2+m) AppellFl{4%m,—m,5+2m, 6+Tm) Tan[%(a+bx)]2,—Tan[§(a+bx)}2})Tan[§(a+bx)]2)]]/
(b (2+m) EZM (4 +m) Cos[§<a+bx)]7sin[§(a+bx” Cos[%(aerx)] [—Sin[%(a+bx)}+sin[§<a+bx)] )m
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((AppellFl[ZJr—m, -m, 3+2m, ﬂ, Tan[1 (a+bx”2, 7Tan[1 <a+bx)]2} Sec[1 <a+bx)]2J/
2 2 2 2 2
2+m 4+m 1 2 1 2
(<4+m) AppellF1[~———, -m, 3+2m, ——, Tan[ = (a+bx)]", —Tan[; (a+bx)]"] -
2 2 2

°xn Tan[1 (a+bx”2, —Tan[l (a+bx)]2] +(3+2m)

4+m 6
2 |mAppellFl[——, 1-m, 3+2m,
2 2 2 2

Tan[1 (a+bx)]2J -

4+m 6+m 1 2 1 2
AppellFl[——, -m, 2 (2+m), , Tan[= b , —Tan|= b
ppe [ A m, 2 (2+m) A an[z(a+ x)] an[z(a+ x)] ] A
2+m 4+m 1 2 1 2 2+m 4+m
AppellF1[~——, -m, 2 (2+m), A ,Tan[; (a+bx)]", —Tan[;(a+bx)] }/ (4 +m) AppellFl[T, -m, 2 (2+m), -
2
Tan[l (a+bx)]2, —Tan[l (a+bx)]2] -2 mAppellFl{—4+m, 1-m,2(2+m), 6+m, Tan[l (a+be2, —Tan[l <a+bx)]2} +2
2 2 2 2 2 2
(2+m) AppGllFl[—4+m,—m,5+2m, —6+m,Tan[£(a+bx”2,—Tan[l(a+bx)]2}]Tan{l(a+bx”2])—
2 2 2 2 2

:

—Sin[l (a+bx) | +Sin{i (a+bx)]

Cos[l (a+bx)]

= 3. 24m (4+m)Cos[l(a+bx)]SSin[l(a+bx”3
2+m 2 2 2 2 2
(AppellFl[z;m,—m,BJer, ﬂ, Tan[l(a+bx”2, —Tan[l<a+bx)]2}5ec[l<a+bx)]2J/

2 2 2 2 2
2+m 4+m 1 2 1 2
((4+m) AppellFl|——, -m, 3+2m, —, Tan{; (a+bx)]", —Tan[; (a+bx)]"] -
2

: Laibx)]’]+ (3+2m)

(a+bx”2, -Tan|

4+m 6+m
2 mAppellFl[i, 1-m,3+2m, —, Tan[
2 2

2
[

+m

2
[ Tan[%(a+bx)]z]—

, Tan 1 (a+bx)]2, -Tan 1 (a+bx)]2]
2 2
4+m

2
(a+bx)]’] +2

4+m 6
AppellF1[——, -m, 2 (2+m),
2

7’“’ Tan[l (a+bXH2: —Tan[i (a+bx)]2}/

R

2+m
(4+m) AppellF1[~—, -m, 2 (2+m
2

2+m
AppellFl[ ——, -m, 2 (2+m),

N

2

N =

6+m’ Tan[1 (a+bx”2, —Tan[
2

4 +m
| -2 |mAppellF1[——, 1-m, 2 (2+m),
2 2

N R IN
N |+

Tan[ (a+bx)]2, —Tan[ (a+bx)]

N |
N

6;'"} Tan[% (a+bx”2, —Tan[i (a+bx)]2}] Tan[% (a+bx”2]) +

)—1+m

(—Sin[% (a+bx) ] +Sin[§ (a+bx)]

4+m
(2+m) AppellFl[T, -m, 5+2m,
<a+bx)]

N W

! (a+bx”2 Cos[%(a+bx”(—Sin[%(a+bx”+sin[
)

2+m

N |

24" m (4 +m) Cos[l (a+bx)]ssin[
2

|

—lsin[1 (a+bx)]

T cos[ [avbx]] s 2 cos[ (asbx]]

1

C — b

(Os[z<a+ g esly 2 2 27 2

((AppellFl[ZJr—m, -m, 3+2m, ﬂ, Tan[l(a+bx”2, —Tan[l<a+bx)]2}5ec[1<a+bx)]2J/

2 2 2 2
2+m 4+m 1 2 1 2
(<4+m) AppellF1[~———, -m, 3+2m, ——, Tan[ = (a+bx)]", —Tan[; (a+bx)]"] -
2 2 2

_m’ Tan[% (a+bx”2, —Tan[% (a+bx)]2] +(3+2m)

4+m
2 |mAppellFl[——, 1-m, 3+2m,
2
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4+m 6+m

, -m, 2 (2+m), ,Tan[l(a+bx)]2, —Tan[l(a+bx)]2]

2 2 2
s Tan[% (a+bx”2, —Tan[% (a+bx)]2}/

(a+bx)]2] -2

AppellF1|

Tan[% (a+bx)]2J -

2

2+m 2+m 4+m
——, -m, 2 (2+m), s

4
, =My 2 (24m), 5

AppellF1| (4 +m) AppellFi|

1 +m

s Tan[l (a+be2, —Tan[l <a+bx)]2} +2

Tan[l (a+bx)]2, ~Tan|
2 2 2

2

4+m 6
mAppellF1[——, 1-m, 2 (2+m),
2

N

(2+m) AppellFl[ﬂ, -m, 5+2m, 6+_m’ Tan{l(a+bx”2,—Tan[l(a+bx)]2}]Tan{l(a+bx”2])+
2 2 2 2
i2“*"‘ (4 +m) Cos[l(a+bx>]ssin{1(a+bx)]2(Cos{1(a+bx)] [—Sin{l(a+bx”+sin[i(a+bx)] )m
2+m 2 2 2 2 2
2+m 4+m 1 2 1 2 1 2 1
Al 11F1|——, -m, 3+2m, —, T - b , =T - b S — b T - +b
( ppe [ A m,3+2m A an[z(a+ x) | an[2<a+ x)]7] ec[2<a+ x) | an[z(a x) | /

2+m 4 +m 1 2 1 2
((4+m) AppellF1[~——, -m, 3+2m, ——, Tan[ =~ (a+bx)]", -Tan[ = (a+bx) ]| -
2

2 2

2 mAppellFl[ﬂ,lfm,BJer, 6+m,Tan[1(a+bx”2,7Tan[1(a+bx)]2]+(3+2m)
2 2 2 2
AppellFl[ﬂ, 7m,2(2+m>,6+m,Tan[1(a+bx)]2, 7Tan[1(a+bx)]2] Tan[l(a+bx)]2J+
2 2 2 2 2

1 2+m 4+m 1 2 1 2
m(2+m) AppellF1[1 + ,1-m,3+2m, 1+ , Tan[= (a+bx)]", -Tan[= (a+bx) ||
4 +m 2 2 2 2

+m

Sec[% (a+bx)]2 (—

2+m 4 1 2

s — 1 i) ) — )
(2+m) (3+2m) AppellF1[1+ m, 4+2m, 1+ Tan[ = (a+bx) |
4+m 2 2 2

Sec[% (a+bx)]2Tan[§ (a+bx)] -
—Tan[% (a+bx)]2] Sec[% (a+bx)]2Tan[§ (a+bx”)]/ [(4+m) AppellFl[zz—m, -m, 3+2m, 4%m1 Tan[% (a+bx)]2,

—Tan{% (a+bx)]2] -2

4+m 6+m 1 2 1 2
mAppellFl{T, 1-m,3+2m, - Tan{; (a+bx)]", —Tan[; (a+bx)]7 ]+ (3+2m)

AppellFl[m,—m,Z(Zer),M, Tan[l(a+bx)]2, —Tan[l(a+bx)]2] Tan[l(aerx)]2 -
2 2 2 2
aem (a+bx)]’

(a+bx)]’]

(4 +m) AppellFl[u, -m, 2 (2+m), 4;"', Tan[E (a+bx”2, —Tan[l (a+bx)]2} -
2 2 2 2

n(2+m) AppellF1[1+ 2™, 1 m, 2 (24m), 1+ (a+bx)]”] sec|

B Tan[1 (a+bx)]2, ~Tan|
2

N |
N |

[_4+m
arm (a+bx”2, ~Tan|

2 (2+m)? AppellF1[1 - 2em 142 (24m), 1+

4+m 2
+m

4 +m 6 1 2
mAppellFl[T, 1-m, 2 (2+m), 0 Tan[g (a+bx)]", -Tan]

Tan| (a+bx)] -

B Tan[

N |
N |
N |

Sec[% (a+be2Tan[§ (a+bx)]

2 (a+bx)]*] +2 (2+m)

N |

AppellFl[u, -m, 5+2m, M, Tan[1 (a+bx”2, —Tan[l <a+bx)]2]] Tan[1 (aerxH2 +
2 2 2 2

2+m 4+m

> =My 2 (24m),

[AppellFl[ , Tan[1 (a+bx)]2, —Tan[l (a+bx”2] (—2

2 2 2

4 +m
mAppellF1[ ——, 1-m, 2 (2+m),
2
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6+m 1 2

1 2 4+m 6+m
s Tan[; (a+bx)]", —Tan[; (a+bx)]"] +2 (2+m) AppellF1[——, -m, 5+2m, ——
2

—Tan[% (a+bx)}2} Sec|

, Tan[% (a+bx)]2,
(a+bx)

B 1om 2 (24m),
4+m

2

1

A ]

1+ ,Tan[l(a+bx”2, —Tan[1
2 2

2 2+m
2 (2+m)*AppellF1[1 + s
4+m
4+m

-my 142 (24m), 1+ s Tan[1 <a+bx)]2, —Tan[% (a+bx)]2] Sec|

2
2 2

1
(a+bx>] —2Tan[g <a+bx)]

N |

m

1 4+m 6+m 1 2 1 2

g 2 (2+m) (4+m) AppellF1[1 + s 1-my 142 (24m), 1+ - (a+bx” B —Tan[7<a+bx)] ]
+m 2 2 2 2

(1-m) (4+m) AppellF1[1+ arm

6+m 2

6+m

Sec[1 (a+bx”2Tan[§ (a+bx)] +

5 2-m, 2 (24m), 1+
2

- Tan[% (a+bx”2,

—Tan[l(a+bx)]2]5ec[l(a+bx)]2Tan[1(a+bx” +2(2+m) (— m(4+m)Appe11F1[1+4+m
2 2 2 6+m 2

6+m, Tan[1 (a+bx)]2, —Tan[l (a+bx)]2] Sec| a+bx)]2Tan[1 (a+bx)] -

2 2 2 6+m

4+m (a+bx)]z}5ec[§(a+bx)]2Tan[§(a+bx)]

,1-my, 5+2m,

1+

(4+m) (5+2m) AppellF1]

)/

6+m
+ , =M, 6+2m, 1+ ——, Tan|
2 2

2+m

(a+bx”2, -Tan

4 +m
((4+m) AppellF1| , -my 2 (24m), —, Tan|

2

1-m, 2 (2+m), 6;m, Tan[1 (a+bx”2, —Tan[
2

4+m

)

N [RrPN[RDN

(a+bx”2, -Tan]| (a+bx)]2} -2

m AppellF1|

. (a+bx)]*]+

N | =

M, Tan[% (a+bx”2, —Tan[l <a+bx)]2]] Tan[

4+m
2 (2+m) AppellFl[T, -m, 5+2m, A

N |

(a+bx”2]2

2+m 4+m
[AppellFl[—, -m,3+2m, ——
2

Lz

s Tan[% <a+bx)]2, —Tan[% (a+bx)]2] Sec[% (a+bx”2

4+m 6+m
mAppellFl| ——, 1-m, 3+2m, —
2

3

s Tan[1 (a+bx)]2, —Tan[l (a+bx)]2] +(3+2m) AppellFl[ﬂ, -m, 2 (2+m), 6xm
2 2 2 2

Tan[l(a+bx)]2,—Tan[l(a+bx”2} Sec[l(a+bx)]2Tan[l(a+be+(4+m) 1 m(2+m)Appe11F1[1+2+m,
2 2 2 2 4+m 2
1-m,3+2m, 1+4ﬂ, Tan[l (a+bx)]2, —Tan{1 (a+bx)]2]5ec{1 (a+bx)]2Tan[l (a+bx)] - (2+m) (3+2m)

2 2 2 2 2 4+m
AppellF1[1+2+m,—m,4+2m,1+ ,Tan[l(a+bx”2,—Tan[l<a+bx)]2]5ec[l(a+bx)]2Tan[l(a+be -
2 2 2 2 2 2
1 2 1 4+m 6+m 1 2 1 2
2Tan[7(a+bx)] m (4+m) (3+2m) AppellF1[1 + ,1-m,4+2m, 1+ ,Tan[f(aerx)] , ~Tan| = (a+bx” ]
2 6+m 2 2 2 2
1 2 1 4+m 6+m 1 2
Sec[*(a+bx” Tan[f(a+bx)]+ (1-m) (4 +m) AppellF1[1 + ,2-m,3+2m, 1+ ,Tan[f(aerxH ,
2 2 6+m 2 2 2
1 2 1 2 1 4 +m
~Tan[= (a+bx) | | sec|= (a+bx)]| Tan[= (a+bx) ||+ (3+2m) m (4 +m) AppellF1[1 + ,1-m, 2 (2+m),
2 2 2 6+m 2
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6+m 1 2 1

, Tan[= (a+bx) |, -Tan| = (a+bx)]2]5ec[l (a+bx)]2Tan[l (a+bx)] - ! 2 (2+m) (4+m) AppellF1|
2 2 2 2 2

o )/

1+

-

4+m 6+m

1+

s =My 142 (24m), 1+
2 2

2+m 4+m
(4 +m) AppellFl[i, -m, 3+2m, —, Tan[
2 2

(a+bx)]2, ~Tan|

N |
N |

(a+bx”2] Sec{i (a+be2Tan[ (a+bx) |

1
2

4+m
B

N |

(a+bx)]2, ~Tan| (a+bx”2} -2 [mAppellF1|

N |

6+m 1 2
1-m,3+2m, —, Tan[; (a+bx)]", -Tan|
2

(a+bx)]’] +

N |

4+m 6+m
(3+2m) AppellF1|——, -m, 2 (2+m),
2 2

, Tan[% (a+bx)]2: —Tan[i (a+bx)]2]J Tan[% (a+bx)]2J2J)]

Problem 124: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

Jsin[a+bx}ZSin[2a+2bx]’“d1x

Optimal (type 5, 84 leaves, 2 steps):

2y M A 3+m 5+m
(Cos[a+bx]?) 2 Hypergeometric2F1l|

s B , Sinfa+bx]?| Sinfa+bx]?Sin[2a+2bx]"Tan[a + b X]
b (3+m) 2 2 2

Result (type 6, 5195 leaves):

[z%m(3+m>cos[§(a+be551n[

N |

(a+bx)]sinfa+bx]? (Cos{

N |

(a+bx)](—sin[§
(a+bx)]2, —Tan[% (a+bx”2]/ ((3+m> AppellFl[lfm, -m, 3+2m, 3em

(a+bx)]’] -2

(a+bx)] +Sin[§ (a+bx) |

)ms:‘m[z (a+bem

1+m 3+m

(— (AppellFl[i, -m, 3+2m, —, Tan|
2 2

N |

B

Tan[i <a+bx)]2, ~Tan]|

N |

(a+bx)]’] +

N |
N

3+m 5+m 1 2
mAppellFl[T, 1-m, 3+2m, - Tan[; (a+bx” , ~Tan|

(3+2m>Appe11F1[3ﬂ,—m,2(2+m),S%m,Tan[g(aerxHZ,—Tan[i(a+bx>]2})Tan[§(a+bx”2))+
(AppellFl[lfm, -m, 2 (1+m), 3;m,Tan[§ (a+bx)]2, 7Tan[§ (a+bx”2} Sec[i (a+bx)}2]/
((3+m)AppellF1[1%m,—m,2(1+m),Bfm,Tan[ (a+bx”2,—Tan[ <a+bx)]2}—

2

N[RN[R

3+m 5+m
mAppellF1[~——, 1-m, 2 (1+m), —, Tan|
2

" (a+bx)]2, ~Tan|

(a+bx)]’] +

N RN R

3+m

2(1+m)AppellF1[ , -m, 3+2m, 5JrTm,Tan[g(aerx)]z, —Tan[i(a+bx”2})Tan[§(a+bx)]2)])/
(b(1+m) 1+m22*"‘ (3+m) Cos[§<a+bx)]6 Cos[%(a+bx)] —Sin{%(a+bx)]+sin[§(a+bx>] )m
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1+m 3+m 1 2 1 2 1+m 3+m
(7(AppellF1[T, -m, 3+2m, - Tan[; (a+bx) ], 7Tan[; (a+bx)] ]/((3+m) AppellFl[T, -m, 3+2m, —

3

2
Tan[1 (a+bx)]2, —Tan[1 (a+bx)]2] -2 mAppellFl[B;m, 1-m,3+2m, 5+_m) Tan[l (a+bx”2, —Tan[1 (a+bx”2} +
2 2 2 2 2 2
(3+2m) AppellFl[B;m, -m, 2 (2+m), 5+m) Tan[l (a+bx”2, —Tan[1 (a+bx”2}) Tan[l (a+be2)J +
2 2 2 2 2
[AppellFl[lJr—m, -m, 2 (1+m), 3+m) Tan[l (a+bx)]2, —Tan[l (a+bx”2] Sec[l (a+bx”2]/
2 2 2 2 2

1+m +m

(<3+m) AppellF1| , -my 2 (1+m), 32 s Tan[i (a+bx”2, —Tan[% (a+bx)]2} -

+m

3+m 5
2 [mAppellF1[~——, 1-m, 2 (1+m), ——
2

s Tan[% <a+bx)]2, —Tan[% (a+bx)]2] +2 (1+m)

AppellF1[3+—m, -m, 3+2m, M, Tan[l (a+bx”2, —Tan[l (a+bx)]2]] Tan[l (a+be2]
2 2 2 2 2

5227 (3+m) Cos[% (a+bx)]451“[§ (a+bx”2

1

1+m

(— (AppellFl[

Cos[% (a+bx)] (—Sin[% (a+bx) | +Sin{§ (a+bx)]

]m
3+m 1 2 1 2 1+m 3+m
,-m,3+2m, ——, Tan[ = (a+bx)|", -Tan[ = (a+bX) | ]/((3+m) AppellFl| ——, -m, 3+2m,
2 2 2 2 2
1

1+m

)

Tan[l (a+bx)]2, ~Tan| (a+bx)]2] -2 (mAppellFl{M, 1-m,3+2m, 5+_m, Tan{l (a+bx”2, —Tan[l (a+be2} +
2 2 2 2 2

(a+bx”2})Tan{ (a+be2)J +

N

3+m 5+m

2

[AppellFl[ﬂ, -m, 2 (L+m), 3+m, Tan[1 (a+bx)]2, ~Tan|
2 2 2

3+m

2

(3+2m) AppellF1] , =My 2 (24m),

, Tan| (a+bx”2, -Tan]|

N |
N |

(a+bx”2] Sec

R SRR

1+m

((3+m)Appe11F1[ s =My 2 (L+m), , Tan| (a+bx”,—Tan[ (a+bx)

2

N[RN[R
N RN R

mAppellFl[m, 1-m, 2 (1+m), M, Tan| <a+bx)]2, ~Tan]| (a+bx)]2] +2 (1+m)
2 2

(a+bx”2])+

)1+m

—%Sin[% (a+bx)] (—Sin[% (a+bx) ] +Sin[§ (a+bx)]

M, -m, 3+2m, M, Tan[1 (a+bx”2, —Tan[l <a+bx)]2]] Tan[
2 2 2

AppellFl[

N |

(a+bx)] |Cos|

23 M m (3+m) Cos[l (a+bx)]ssin[
1+m 2

N |

—_—

N |

(a+bx)] {—Sin[% (a+bx)] +Sin[ = (a+bx) |

N | W

(Cos[% (a+bx)] [—%Cos[% (a+bx)] +§Cos[§ (a+bx)]

1+m 3+m 1 2 1 2 1+m 3+m
- |Appe —y -m, 3+2m, ——, Tan|— (a+bx , -Tan|— (a+bx +m) Appe —, -m, 3+2m, R
( (A 11F1 3+2 Tan[= (a+bx)|", -Tan[= (a+bx) | ]/((3 ) AppellF1| 3+2

2 2 2 2 2

2

Tan[1 (a+bx)]2, —Tan[l (a+bx)]2] -2 (mAppellFl[M, 1-m,3+2m, 5+_m) Tan[l (a+bx)}2, —Tan[1 (a+bx”2} +
2 2 2 2 2 2

°n Tan[i (a+bXH21 -Tan[i (a+bXH2} Tan[% (a+bXH2)J '

3+m
(3+2m) AppellF1|——, -m, 2 (2+m),
2
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;m’ Tan[% (a+bx)]2, —Tan[i (a+bx”2] Sec[% (a+bx”2]/

1+m

3
[AppellFl[ , =My 2 (14m),

1+m

(<3+m)AppellF1[ ,—m,2(1+m),3 ,Tan[l(a+bx”2,—Tan[§(a+bx)]2}—

2 2

2 mAppe11F1[3+—m, 1-m, 2 (1+m), Sﬂ, Tan[l <a+bx)]2, —Tan{l (a+bx)]2] +2 (1+m)
2 2 2
Appe11F1[3+—m, -m, 3+2m, Sﬂ, Tan[l (a+be2, —Tan[l <a+bx)]2]] Tan[l (a+bx)}2]) +
2 2 2 2 2
i23““ (3+m)Cos[1(a+bx>]ssin{1(a+bx)] Cos[l<a+bx)] —Sin[l(a+bx)]+sin[§(a+bx)}))m
1+m 2 2 2 2 2

+m

((( 1 m(1+m) Appe11F1[1+1+m, 1-m,3+2m, 1+ 3 ,Tan[l (a+bx)]2, 7Tan[1 (a+bx”2} Sec[1 (aerxH2
3+m 2 2 2 2 2

(1+m) (3+2m) AppellF1[1+ 1+m, -m, 4+2m, 1+ 3+m, Tan[1 (a+bx)]2, 7Tan[1 (a+bx”2}
3+m 2 2 2 2

/

3+m 5+m 1 2 1 2
mAppellFl[T, 1-m, 3+2m, - Tan[; (a+bx)]", —Tan[; (a+bx)]7] +
5+m

Tan[% (a+bx)] -

Sec[% (a+be2Tan[§ (a+bx)]

(3+m) AppellFl[ﬂ, -m, 3+2m, 3+_m) Tan[l (a+bx)]2, —Tan[1 (a+bx)}2} -
2 2 2 2

2

(3+2m) AppellFl{B%m, -m, 2 (2+m), , Tan{% (aerxHZJ _Tan[i (a+bx”2} Tan{% (a+bx”2)J +

/

3+m

[AppellFl[ler—m, -m, 2 (1+m), s Tan[% (a+bx)]2, —Tan[% (a+bx”2] Sec[% (a+be2Tan[§ (a+bx)]

3+m

1+m
[—

(<3+m)AppellF1 , =My 2 (14m), ,Tan[%(a+bx”2,—Tan[%(a+bx)]2}—

5+m

2

3+m
mAppellF1[——, 1-m, 2 (1+m),
2

s Tan[% <a+bx)]2, —Tan{% (a+bx)]2] +2 (1+m)

AppellFl[m,—m,3+2m, M, Tan[l(a+bx”2,—Tan[l(a+bx)]2] Tan[l(a+bx)}2]+
2 2 2 2 2
Sec[l<a+bx)]2(— m(1+m) Appe11F1[1+1+m,1—m,2(1+m),1+3+m,Tan[1(a+bx)]2,—Tan[1(a+bx)]2]
2 3+m 2 2 2 2
Sec[l(a+bx>]2Tan[1(a+bx)]— ! 2(1+m)2Appe11F1[1+1+m,—m,1+2(1+m),1+3+m,Tan[1(a+bx>]2,
2 2 3+m 2 2 2
—Tan[l(a+bx)]2]Sec[1(a+bx)]2Tan[l (a+bx”))/[(3+m) AppellFl[lJrJ, -m, 2 (1+m), 3+m,Tan[1<a+bx)]2,
2 2 2 2 2
—Tan[l(aerx)]z]—Z mAppellFl[M,l—m,2(1+m>, 5+m,Tan[1 (a+bx”2, —Tan[1<a+bx)]2]+2
2 2 2 2
(1+m) AppellFl[M, -m, 3+2m, Sﬂ, Tan[l(aertz, —Tan[l(a+bx)]2} Tan[l(aerxHZ -
2 2 2 2
1+m 3+m 1 2 1 2
AppellFl[ —, -m, 2 (1+m), ,Tan[—(a+bx)] ,—Tan[—(a+bx” ]Sec[—(a+bx”

2 2 2 2
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(—2 mAppe11F1[3+—m,1—m,2<1+m), +m,Tan[l<a+bx)]2, —Tan{l(a+bx)]2]+
2 2 2
2(1+m>AppellF1[3ﬂ, -m, 3+2m, 5+_m) Tan[l(a+bx)]2,—Tan[l(a+bx”2] Sec[l(a+bx)]2Tan[l(a+bx”+
2 2 2 2 2
(3+m) |- m(1+m)AppellF1[1+1+m,1—m,2(1+m),1+3;m,Tan[l(a+bx)]2, —Tan[l(a+bx”2]
3+m 2 2 2 2
Sec[l(a+bx)]2Tan[l(a+be— 2<1+m>2Appe11F1[1+1+m,—m,1+2(1+m),1+3+m,
2 2 3+m 2 2
Tan[l(aerx)]z, —Tan[l(aerXHZ} Sec[l(a+beZTan[1(a+bx)] —2Tan[1(a+bx)]2
2 2 2 2 2
m|- 2 (1+m) (3+m)AppellF1[1+3+m,1—m,1+2(1+m),1+5+m,Tan[1(a+bx>]2,—Tan[1(a+bx)]2]
5+m 2 2 2 2
1 2 1 3+m 5+m 1 2
Sec[f(aerxH Tan[f(a+bx)]+ (1-m) (3+m)AppellF1[1+ 5 2-m, 2 (1+m), 1+ ,Tan[f(a+bx)} B
2 2 5+m 2 2 2
7Tan[1(a+bx)]2]5ec[1(a+bx)]2Tan[1(a+bx” +2 (1+m) m(3+m)AppellF1[1+3+m,17m,3+2m,
2 2 2 5+m 2
5+m 2 1 2 1 2 1
1+ , Tan[= (a+bx) ], -Tan[= (a+bx) | ] Sec[= (a+bx)] Tan[= (a+bx)] - (3+m) (3+2m) AppellF1]
2 2 2 2 2 5+m
3+m 5+m
1+ , -my,4+2m, 1+ ——

2 1 Tan (e ox] % Tan [ (o 02| sec (o 0x) | Tan | (o b))
(<3+m) AppEllFl{lfm, “m, 2 (1+m)) 3+m

)/

-, Tan{l(a+bx”2,—Tan[l(a+bx)]2}—2 mAppe11F1[3+—m,
2 2 2
1-m, 2 (1+m), 5+_m’ Tan[l(a+bx”2,—Tan[l(a+bx)]2}+
2 2 2
2
2(1+m)AppellF1[3+7m,—m,3+2m, M,Tan[l(a+bx”2,—Tan[l(a+bx)]2]]Tan[l(a+be2 +
2 2 2 2
1+m 3+m 1 2 1 2 3+m
[AppellFl[—, -m, 3+2m, ——, Tan[ = (a+bx)|", -Tan[ = (a+bx) || [—Z(mAppellFl[—, 1-m,3+2m,
2 2 2 2
5+m,Tan[— (a+bx”2, —Tan[1 (a+bx)]2} +(3+2m) AppellFl[Bﬂ, -m, 2 (2+m), 5+m,Tan[l (a+bx)]2,
2 2 2 2 2
—Tan[l(a+bx)}2})5ec[l(a+bx)]2Tan[l(a+bx”+(3+m) o m(1+m>Appe11F1[1+1+m,1—m,3+2m,
2 2 2 3+m 2
1+3ﬂ, Tan{l (a+bx”2, —Tan[l (a+bx)]2} Sec[l (aerx)]zTan{l (a+bx)] - (1+m) (3+2m)
2 2 2 2 2 3+m
AppellF1[1+1+m,—m,4+2m,1+3+m,Tan[l(a+bx”2,—Tan[l<a+bx)]2]5ec[l(a+bx)]2Tan[l(a+be -
2 2 2 2 2
2Tan[1<a+bx)]2 m|- = (3+m) (3+2m>Appe11F1[1+3+m,1—m,4+2m,1+5+m,Tan[1(a+bx)]2, —Tan[l(aertz]
2 5+m 2 2 2 2
Sec[l(a+bx”2Tan[1(a+bx)]+ (1-m) (3+m) AppellF1[1+3+m,2—m,3+2m,1+5+m
2 2 5+m

" , ,Tan[%(aertz,
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—Tan[% (a+bx)]2] Sec[% (a+bx)]2Tan[§ (a+bx)]

3+m
m(3+m) AppellF1[1 +
5+m 2

1

s 1-m, 2 (2+m),

+(3+2m) (—

5+m
1+

- Tan[% <a+bx)]2, —Tan[% (a+bx)]2] Sec[% (a+bx)]2Tan[§ (a+bx)] -
3+m 5+m

s oMy 142 (24m), 1+
2 2

1+m

2 (2+m) (3+m) AppellF1]

)/

5+m

1+

, Tan[1 (a+bx)]2, —Tan[
2

N |

(a+bx”2] Sec| (a+bx”2Tan[§ (a+bx)]

1
2

(3+m) AppellF1| ,-m, 3+2m, 3+Tm, Tan|

N |

(a+bx)]2, 7Tan[§ (a+bx”2} -2

3+4m
m AppellF1 [ -,
2

5+m

1-m,3+2m, —, Tan[l (a+bx)]2, ~Tan| (a+bx)]2} +
2 2

N |

5+m

3+m
(3+2m) AppellF1|——, -m, 2 (2+m),
2

1 2 1 2 1 2\ 2
s Tan[; (a+bx)]", —Tan[g (a+bx)] ]] Tan[; (a+bx)] ] J)]
Problem 125: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
JSin[aerx} Sin[2a+2bx]™dx

Optimal (type 5, 82leaves, 2 steps):

2y M A 1-m 2+m 4+m X ) . .
(Cos[a+bx]?) 2 Hypergeometric2F1l| s s , Sinfa+bx]?| Sinfa+bx] Sin[2a+2bx]"Tan[a + b x]
b (2+m) 2 2 2

Result (type 5, 170leaves):
1

2-1-m -i (atbx) (1_ et (a+bx>>—m (—1'1 21 (arbx) (_1+ @41 (atbx) ) )m
b (—1+4m2)

(1-2m) Hypergeometric2F1|[~ (-1-2m), -m, 1 (3-2m), e*t (2P0 ]
4

N

e ! (@) (14 2m) Hyper‘geome‘cr‘icZFl[l (1-2m), -m, ! (5-2m), e (200 ]
4 4

Problem 126: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

JCsc[a+bx} Sin[2a+2bx]™dx

Optimal (type 5, 72leaves, 2 steps):

1-m
(Cos[a+bx]2)THyper‘geometr‘icZFl[lz;'“, ?, 2;'", Sinfa+bx]2] Sec[a+bx] Sin[2a+2bx]"

bm
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Result (type 6, 1737 leaves):
(a+bx)]2} Cscla+bx] Sin[2 (a+bx>}2m]/

N |

{(2+m) AppellFl[m, -m, 2m, 2+7m, Tan[1 (a+bx”2, -Tan]|
2 2 2
Zﬂ, Tan[1 (a+bx)]2, —Tan[1 (a+bx)]2] -2m AppellFl[z;m, 1-m, 2m, ;m, Tan[1 <a+bx)]2,
2 2

bm
2 2 2

m
(2+m) AppellF1[—, -m, 2m,
2

7Tan[1 (a+bx)]2} +2Appe11F1[2ﬂ, -m, 1+2m, 4;’") Tan[E (a+bx)]2, 7Tan[1 (a+bx”2}) Tan[1 (a+bx)]2)
2 2 2 2 2 2

m 2+m

([2 (2+m) AppellFl[z, -m, 2m, —, Tan[% (a+bx”2, -Tan]| (a+bx)]2] Cos[2 (a+bx)]Sin|2 (a+bx”’1+m]/

N |

m

(<2+m) AppellF1[—, -m, 2m, m, Tan{l (a+bx”2, ~Tan| (a+bx”2} -
2 2 2

N |

2+m 4+m 1 2 1 2
2m AppellFl[T,l—m,Zm, T, Tan[g(a+bx” , —Tan[; (a+bx” ]+

2Appe11F1[2;m, -m, 1+2m, ﬂ, Tan[E (a+bx”2, —Tan[1 (a+bx>]2}) Tan[l (a+bx”2) + ((2+m) Sin[z (a+bem
2 2 2 2 2

<a+bx)]2Tan[ (a+bx)] -

N |
N |

mZAppe11F1[1+m, 1-m,2m, 1+ 2+m’ Tan[l (a+bx”2, —Tan[l <a+bx)]2} Sec|
2 2 2

( 2+m

2m2AppellF1[1+T, —m,1+2m,1+2+m,Tan[1(a+bx)]2, —Tan[l(aerxHZ]Sec[l(a+bx)}2Tan[1(a+bx)] )/
2+m 2 2 2 2 2
m 2+m 1 2 1 2 2+m 4+m 1 2
m|(2+m) AppellF1[—, -m, 2m, ——, Tan[~ (a+bx)] , -Tan| = (a+bx” | -2m |AppellF1[~——, 1-m, 2m, —, Tan[~ (a+bx)] s
2 2 2 2 2 2 2
—Tan[l(a+bx)]2]+2AppellF1[2+7m, -m, 1+2m, u, Tan[l(a+bx”2,—Tan[1<a+bx)]2] Tan[l(aertz])—
2 2 2 2 2 2
((2+m) AppellFl[m,—m,Zm, ﬂ, Tan[l(a+bx)]2, —Tan[l(aerx)]z]Sin[Z (a+bx)]m
2 2 2 2
2+m 4+m 1 2 1 2
-2m |AppellF1[~—, 1-m, 2m, —, Tan[f(aerxH , —Tan[; (a+bx” |+
2 2 2
2Appe11F1[ﬂ, -m, 1+2m, M,Tan[l(awx)}z, —Tan[l(a+bx”2} Sec[l(aerxHZTan[l(a+bx)]+
2 2 2 2 2
(2+m) |- ! mZAppe11F1[1+T,17m,2m,1+2+m,Tan[l(a+be2,7Tan[1(a+bx”2}5ec[l(a+bx”2Tan[1(a+bx)]f
2+m 2 2 2 2 2 2
2+m2m2AppellF1[1+g,7m,1+2m,1+2;m,Tan[§(a+bx”2,7Tan[§(a+bx)]2}5ec[§(a+bx)]2Tan[§(a+be -
2mTan[1(a+bx)]2(f 2m (2+m) AppellF1|[1 + m,17m,1+2m,1+4+m,Tan[1<a+bx)]2, 7Tan[£(a+bx)]2]
2 4+m 2 2 2 2
Sec[l (a+be2Tan[1 (a+bx)]+ (1-m) (2+m) AppellF1[1+2+m, 2-m, 2m, 1+4+m,Tan[1 (a+bx”2,
2 2 2 2

4+m 2
m
,1-my,1+2m,

—Tan[l (a+bx”2} Sec[l (aerx)]zTan[l (a+bx)]+2]- m(2+m) AppellF1[1 + 2+
2 2 2 4+m 2
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4+m 1 2 1 2 1 2 1
1 , Tan[= b , —Tan|= b Sec| = b Tan[ = bx)] - 2 1+2
+ A an[2<a+ x)] an[z(a+ x)]] ec[z(a+ x)] an[z(a+ x)] 4+m< +m) (1+2m)
Appe11F1[1+2+m,—m,2+2m,1+ﬂ, Tan[l(a+bx)]2, —Tan[l(a+bx)}2]5ec[l(a+bx)}2Tan[l(a+bx)] )J/
2 2 2 2 2 2

4;"', Tan[1 (a+bx)]2,
2

+m

m 2
(2+m) AppellF1[—, -m, 2m, ——
2

m s Tan[1 (a+bx)]2, —Tan[l (a+bx”2] —2m AppellFl[ZJr—m, 1-m, 2m,
2

2 2

2
(a+bx)]2} +2Appe11F1[2+7m, -m, 1+2m, 4;"', Tan{1 (a+bx)]2, —Tan[1 (a+bx”2] Tan[1 (a+bx)]2) ]]
2 2 2 2

-Tan
[ 2

N |

Problem 127: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

JCsc[a+bx}ZSin[2a+2bx]md1x

Optimal (type 5, 85leaves, 2 steps):
1 in , 1-m
- (Cos[a+bx]?) 2 Cscla+bx] Hypergeometric2F1 [—,
b (1-m) 2

1+m
(-1+m), L Sinfa+bx]?| Sec[a+bx]Sin[2a+2bx]"

N |

Result (type 6, 4498 leaves):

[2*1”“Cot[§(a+bx)]Csc[a+bx}2 Cos[%(aerxH 7Sin[§(a+bx)}+sin[§(a+bx)] )m
Sin[z (a+bx”m(((1+m)2AppellF1[§(—1+m),—m,2m, 142r7m, Tan[%(aerx)}z, —Tan[i(aerxHZ})/

(a+bx)]’] -

(a+bx”2, ~Tan|

N |
N |

(1+m) AppellF1[= (-1+m), -m, 2m, 1%’ Tan |

N |

“—1+m)

1+m 3+m 1 2 1 2
2m |AppellF1[~——, 1-m, 2m, —, Tan[ = (a+bXx)]|", —Tan[; (a+bx)]"] +
2 2 2
2AppellF1[ﬂ, -m, 1+2m, 3;m, Tan[l(aerxHZ, —Tan[l(a+bx>]2})Tan[l(a+bx”2)J+
2 2 2 2 2
((3+m)AppellF1[1+—m, -m, 2m, 3;m, Tan[l(aerxHZ, —Tan[l(aerx)]z} Tan[l(a+bx>]2]/
2 2 2 2 2
1+m 3+m 1 2 1 2 3+m 5+m 1 2
((3+m) AppellF1[~——, -m, 2m, —, Tan[ = (a+bx)|", -Tan[= (a+bx) | | -2m |AppellF1[——, 1-m, 2m, ——, Tan[ =~ (a+bx) ],
2 2 2 2 2

7Tan[1 (a+bx)]2] +2AppellF1[3+—m, -m, 1+2m, S;m, Tan[1 (a+bx)]2, 7Tan[1 (a+bx)]2]] Tan[1 (a+bx”2]))/

2 2 2 2 2 2
(b(1+m) —1im2’2*"‘Csc[§(a+bx)]2 Cos[i(a+bx)] —Sin[%(a+bx)]+sin[§(a+bx”))
(((1+m)2AppellF1[§ (-1+m), -m, 2m, 1%m’ Tan{i (a+bx”2, —Tan[% (a+bx)]2})/ ((—1+m) (1+m) AppellFl[i (-1+m),
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1+m 1 2 1 2 1+m 3+m 1 2
-m, 2m, —, Tan[= (a+bx) |, -Tan[= (a+bx)| ] -2m [AppellF1[——, 1-m, 2m, ——, Tan[ = (a+bx) ]|,
2 2 2 2 2 2
—Tan[l(a+be2}+2AppellF1[1Lm, -m, 1+2m, 3;m, Tan[l(a+bx)]2, —Tan[l(a+bx”2])Tan[l<a+bx)]2)]+
2 2 2 2 2 2
(3+m) AppellFl{lﬂ, -m, 2m, M, Tan[l (a+bx>]2, —Tan[l(a+bx)]2]Tan[l(a+bx)]2)/((3+m) AppellF1|
2 2 2 2
1+m 3+m 1 2 1 2 3+m 5+m 1 2
, -my2m, —, Tan[= (a+bx) ], -Tan[= (a+bx] | ]—Zm(AppellFl[—, 1-m,2m, —, Tan| = (a+bx) ],
2 2 2 2 2 2 2
—Tan[l(a+bx”2}+2Appe11F1[3+7m,—m,1+2m, 5+7m, Tan[l(a+bx)]2, —Tan[l(a+bx”2])Tan[l(a+bx)]2J]+
2 2 2 2 2
2’1*mmCot{l(a+be (Cos[l(a+bx)] —Sin{l(a+bx)}+sin[z(a+bx)] )hm
1+m 2 2 2 2
(Cos[% (a+bx)] L%Cos[% (a+bx)] +§Cos[§ (a+bx)] 7§Sin[§ (a+bx)] (7Sin[§ (a+bx)] +Sin[§ (a+bx)] ]
2 1 1+m 1 2 1 2 1
([(1+m) AppellF1[= (-1+m), -m, 2m, ——, Tan|= (a+bx) ]|, -Tan[ = (a+bx)] ]J/ (-1+m) | (1+m) AppellF1[ = (-1+m),
2 2 2 2 2
1+m 1 2 1 2 1+m 3+m 1 2
“m, 2m, ——, Tan|[= b , —Tan| = b _2m |AppellF1[——, 1-m, 2m, ——, Tan|[= b ,
m, 2m A an[z(a+ x) | an[z(a+ x)]7] m | Appe [ A m, 2m A an[2<a+ x) |
—Tan[l(a+bx)]2]+2AppellF1[1+—m, -m, 1+2m, 3;m, Tan[l(a+bx”2,—Tan[1<a+bx)]2}]Tan[l(a+bx”2])+
2 2 2 2 2 2
[(3+m) AppellFl[lJr—m, -m, 2m, 3+_m) Tan[1 (a+bx)]2, —Tan[1 (a+bx”2} Tan[1 (a+bx”2]/ [(3+m)
2 2 2 2 2
1+m 3+m 1 2 1 2 3+m 5+m 1 2
AppellF1[~——, -m, 2m, —, Tan[ = (a+bx) |, -Tan[= (a+bx) | | -2m |AppellF1[——, 1-m, 2m, ——, Tan[ = (a+bXx) ],
2 2 2 2 2 2 2
—Tan[l (a+bx)]2] +2AppellF1[3+—m, -m, 1+2m, 5+m,Tan[1 (a+bx”2, —Tan[l (aerx)]z]]Tan[1 (a+bx”2]) +
2 2 2 2 2
2’1*’"Cot[1(a+bx)] Cos[l(a+bx)] —Sin[l(a+bx)]+Sin[i(a+bx> )m
1+m 2 2 2 2

(a+bx”2, —Tan[l <a+bx)]2] Sec[1 <a+bx)]2

m
R Tan[
2 2

)
(1+m)? i

1 1 1+
- (-1+m) mAppellF1[1+ — (-1+m), 1-m, 2m, 1+
2

|

1+m
Tan[1 (a+bx)] - 2 (-1+m) mAppellFl[lJrl (-1+m), -m, 1+2m, 1+ 1+m) Tan[1 (a+bx”2,
2 1+m 2 2 2
7Tan[1(a+bx)]2]5ec[1(a+bx)]2Tan[1(a+bx” )/[(71+m> (1+m)AppellF1[l(—1+m),7m,2m,1+m,
2 2 2 2 2

AppellFl[l;m, 1-m, 2m, B;m, Tan[1 (a+bx)]2, 7Tan[1 (a+bx)]2] +
2 2

Tan[—(a+bx)]2,7Tan[1(a+bx)]2]72m A A

2 2

2Appe11F1[1%m, -m, 1+2m, 3+Tm, Tan[% (a+be2, —Tan[% (a+bx”2}) Tan[% (a+bx)]2)J +

/

(3+m) AppellFl[lJr—m, -m, 2m, 3+_m) Tan[1 (a+bx)]2, —Tan[1 (a+bx”2} Sec[1 (a+be2Tan[1 (a+bx)]
2 2 2 2 2 2
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(<3+m) AppellFl{lﬂ,—m,Zm, M, Tan[l(a+bx)]2,—Tan[l(a+bx)]2]—
2 2 2
3+m 5+m 1 2 1 2
2m |AppellF1l[~—, 1-m, 2m, —, Tan{g(a+bx)] s —Tan[; a+bx)|7]+2
2

(

3+m 5+m 1 2 1

AppellF1[~——, -m, 1+2m, ——, Tan| = (a+bx)]", -Tan| =
2 2

5 <a+bx)]2]]Tan[§(a+be2 +

N

[(3+m) Tan[%(aerx)]2 —Bimm(1+m) Appe11F1{1+1;m,1—m,2m,1+3;m,Tan[§<a+bx)]2, —Tan[%(a+bx”2]
Sec[%(a+bx)]2Tan[%(a+bx)]—3 2m(1+m)Appe11F1[1+1;m,—m,1+2m,1+3;m,
+m

1 2 1 2 1 2 1
Tan[g(a+bx)] ,7Tan[£(a+bx)] ]Sec[;(aerx)] Tan[;(aerxH J/[(3+m)

1+m 3+m 2 1 2 3+m 5+m 1 2

AppellF1] , -m, 2m, ——, Tan[g (a+bx>] B —Tan[g (a+bx) |-2m AppellFl[T, 1-m, 2m, o Tan[g (a+bx)] ,
2 2

]
—Tan[l (a+bx)]2] +2Appe11F1[3+7m, -m, 1+2m, Sﬂ, Tan[1 (a+bx”2J —Tan[l <a+bx)]2]] Tan[1 (a+bx)}2] -
2 2 2 2 2
(1+m)2AppellF1[1<—1+m),—m,Zm, 1+7m, Tan[l(aerxHZ, —Tan[l(aertz} -2m AppellFl[ﬂ,l—m,Zm, M,
2 2 2 2 2 2

Tan[1 (a+bx”2, —Tan[l <a+bx)]2] +2Appe11F1[ﬂ, -m, 1+2m, 3+m’ Tan[E (a+bx”2, —Tan[l (a+bx)]2}]
2 2 2 2
Sec[l(aerxHZTan[l(a+bx”+(1+m) - (—1+m)mAppellF1[1+1(—1+m),1—m,2m,1+1+m,
2 2 1+m 2 2

Tan[1 (a+bx”2, 7Tan[1 (a+bx)]2] Sec[1 (a+bx)]2Tan[l (a+bx)] -

2 (-1+m) mAppellF1|
2 2 2 2 1+m

1+l (-1+m), -m, 1+2m, 1+ 1+m, Tan[1 (a+bx)]2, —Tan[l (a+bx)]2] Sec[l (a+bx)]2Tan[1 (a+bx)]
2 2 2 2 2 2

+m

2mTan| — (a+bx - 2m (1+m) AppellF1|1 + ,1-m,1+2m, 1+ , Tan|— (a+bx , —Tan|— (a+bx

LRI E = Tenly 20T Tan[ (e

(1-m) (1+m) Appe11F1[1+1+m, 2-m, 2m, 1+3+m,Tan[l (a+bx”2,

3+m 2 2 2

1 1+m 3+m
m(1+m) AppellF1|1+ ,1-my,1+2m, 1+ s

3+m 2 2

<a+bx>]—

Sec[% (a+bx)]2Tan[§ (a+bx)]+

~Tan| (a+bx)}2} Sec[1 (a+be2Tan[% (a+bx)]+2]|-

2

N |

2 1

(a+bx)]"] sec] Lem

(1+m) (1+2m) AppellF1[1+ ,
3+m 2

)/

Tan[ (a+bx)]2, —Tan[ (a+be2Tan[

N |
N =

-m, 2+2m, 1+

N[RN[R

2
m, Tan| (a+bx”2, —Tan[% <a+bx)]2] Sec[1 <a+bx)]2Tan[§ (a+bx”

2

2

(1+m) AppellF1|

N |

[(—1+m) (-1+m), -m, 2m, 1%m) Tan{% (a+bx”2, —Tan[% (a+bx>]2} -

2m (AppellFl[lJr—m, 1-m, 2m, 3—, Tan[l (a+bx”2, -Tan| <a+bx)]2] +
2

2

N |
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2
2Appe11F1[1+—m, -m, 1+2m, ﬂ, Tan[1 (a+bx>]2, —Tan[l (a+bx)]2]]Tan[1 (a+bx>]2) ]—
2 2 2 2
((3+m) AppellFl[ﬂ, -m, 2m, M, Tan[l(aerx)]z, —Tan[l(a+bx”2} Tan[l(aerxH2
2 2 2 2
3+m 5+m 1 2 1 2 3+m 5+m
-2m |AppellFl|~—, 1-m, 2m, —, Tan[; (a+bx)] , —Tan[; (a+bx)} | +2AppellF1[~——, -m, 1+2m, -
2 2
Tan[l(aerx)]z, —Tan[l(aerxHZ} Sec[l(aerx)]zTan[l(a+bx”+(3+m) I m(1+m)AppellF1[1+1+m,
2 2 2 2 3+m 2
1—m,2m,1+3+m,Tan[l(a+bx)]2, —Tan[l(aertz} Sec[l(a+bx”2Tan[1(a+bx)]— 2m (1+m)
2 2 2 2 2 3+m
AppellF1[1+1+m,7m,1+2m,1+3+m,Tan[l(a+bx”2,7Tan[1(a+bx)]2]5ec[1(a+bx)]2Tan[l(a+bx” -
2 2 2 2 2 2

2mTan[§ (aerx)]2 751m2m (3+m) AppellF1[1+ 3;m, 1-m,1+2m, 1+ S;m, Tan[% (a+bx)]2, 7Tan[§ (a+bx)]2]

(1-m) (3+m) AppellF1[1+ 3+m, 2-m,2m, 1+ 5+m, Tan[l (a+bx”2,
5+m 2 2 2
5+m

—Tan[l(a+bx)}2}5ec[l(a+bx)}2Tan[l(a+bx)]+2 - m(3+m)AppellF1[1+3+m,1—m,1+2m,1+ s
2 2 2 5+m 2 2

Sec[% (a+bx)]2Tan[§ (a+bx)]+

(a+bx)]2, —Tan[% (a+bx”2] Sec{% (a+be2Tan[§ <a+bx)] - 5+m<3+m) (1+2m) AppellF1|1 + 3;m,
[

(a+bx)]’] Sec[i <a*bx)]2Ta"[1 (a+bx)] ]))/

2

Tan|

N |

m, Tan[1 (a+bx”2, ~Tan

2 2

-m, 2+2m, 1+

1
2

(3+m>AppellF1[ﬂ,—m,2m, M,Tan[ (a+bx>]2,—Tan[ <a+bx)]2]—2m
2 2

N |

3+m
AppellF1l [ —> 1-m,
2

5+m

2

NIRE YR

2m, ,Tan[%(aerx)]z, ,Tan[ (a+bx”2}+

2
2AppellF1[3+—m, “m, 1+2m, Sﬂ’ Tan[l (a+bx)]2, _Tan[l (a+bx)]2]] Tan[l (a+bx>]zJ ])]
2 2 2 2 2

Problem 128: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

JCsc[a+bx]3Sin[2a+2bx]’“d1x

Optimal (type 5, 85leaves, 2 steps):
1 im . 1-m
- (Cos[a+bx]?) 2 Cscla+bx]?Hypergeometric2F1 [—.
b (2-m) 2

m
(-2+m), =, Sin[a+bx]?] Sec[a+bx] Sin[2a+2bx]"
2

N |-

Result (type 6, 5872 leaves):
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Tan[i (a+bx)]-Tan[2 (a+bx)]3

4t"cscla+bx]?sin[2 (a+bx) "

(1+Tan[§ (a+bx”2)2

1/ [

(—([AppellFl[1 (-2+m), -m, 2m, g, Tan[l (a+bx”2, —Tan[; (a+bx)]2} Cot[; (a+bx)]

2
—AppellFl[1 (-2+m), -m, 2m, m,Tan[1 (a+bx”2, —Tan[l <a+bx)]2] +2(Appe11F1[m, 1-m, 2m, , Tan[= (a+bx) ],
2 2 2 2 2
—Tan[l(a+bx)]2]+2AppellF1[T, -m, 1+2m, 2+_m’ Tan[l(a+bx)]2, ~Tan[= (a+bx)| ]| Tan[= (a+bx) | )])+
2 2 2 2
(2 (2+m) AppellFl[m, -m, 2m, 2;m, Tan[1<a+bx)]2, ~Tan[ = (a+bx) | ]J/
2 2 2
m 2+m 1 2 1 2 2+m 4+m
m|(2+m) AppellFl{;, -m, 2m, - Tan[;(a+bx)] s —Tan[; (a+bx)]"]-2m AppellFl[T,l—m,Zm, »Tan[= (a+bx) ],
—Tan[l(a+bx)]2]+2Appe11F1[2+m,—m,1+2m, ﬂ, Tan[l(a+be2,—Tan[l<a+bx)]2]]Tan[l(a+bx)}2])+
2 2 2 2 2 2
((4+m) AppellFl[M,—m,Zm, ﬂ, Tan{l(a+bx”2,—Tan[l(a+bx”2} Tan[l(a+bx>]2)/
2 2 2

2
)

((2+m) (4 +m) AppellF1[2+7m, -m, 2m, ﬂ, Tan{l (a+bx)]2, —Tan[1 (a+bx }2} -
2 2 2
4+m m 1 2 1 2
2m [AppellFl[——, 1-m, 2m, —, Tan|~ (a+bx)] , —Tan[; (a+bx” |+
2 2
2Appe11F1[4ﬂ, -m, 1+2m, J,Tan[l(a+bx)}2,fTan[l(a+bx)]2} Tan[l(a+bx”2)J]]/
2 2 2 2
Tan[l(a+be—Tan[l(a+bx)]3 e 1 m 1 5 1 X
b|41M"m 2 2 (—([AppellFl[f (-2+m), -m, 2m, —, Tan|— (a+bx)} , -Tan| = (a+bx)] ]
2 2 2 2

(1+Tan[§ (a+bx”2>2

Cot{% (a+bx)}2)/

m
(AppellFl (=, 1-m, 2m,
2

(-2+m) —AppellFl[l (-2+m), -m, 2m, T) Tan{l (a+bx”2, ~Tan[= (a+bx)| ] +2
2 2 2 2

0, L oo 7, ran[ (51087

2Appe11F1[m, m,1+2m, 2+_m) Tan{l (a+bx)]2, ~Tan[ = (a+bx”2}) ‘|'an{l (a+bx)]2)]] +
2 2 2 2

(2(2+m) AppellFl[m,—m,Zm, +m,Tan[l(a+be2,—Tan[l(a+bx)]2})/ mi|(2+m) AppellFl[m, -m, 2m,
2 2 2 2
2+m, Tan[1 (a+be2, —Tan[1 (a+bx)]2} -2m AppellFl[ﬂ, 1-m, 2m, ﬂ, Tan[1 (a+bx”2, —Tan[1 <a+bx)]2] +
2 2 2 2 2
[ Tan[l(a+bx)]z])+
2

2 AppellF1 2+7m) -m, 1+2m, 7m, Tan[1 (a+bx)]2, —Tan[1 (a+bx)]2]
2 2
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zﬂ, “m, 2m, Tan[l (a+bx)]2, —Tan[1 (a+bx)]2] Tan[l (a+bx)]2)/
2 2 2 2

2+m 4+m 1 2

Y -m,2m, —, Tan[; (a+bx)]", -Tan|
2

( (4 +m) AppellF1]

[(2+m)

2m

(a+bx)]"] -

x)]°]

,-m, 1+2m, G%m’ Tan[% (a+bx)]2, —Tan{2 (a+bx)]2]] Tan[% (a+bx)]2J)]

lSec[i (a+bx)]27§5ec[i (a+bx”2Tan[§ (a+bx)]2 ZSec[i (a+bx)}2Tan[§ (a+bx)] (Tan[i (a+bx)] 7Tan[§ (a+bx”3) ] )

(4 +m) AppellF1|

o N |

4 +m 6+m
AppellFl|——, 1-m, 2m, ——
2

s Tan[% (a+bx”2, —Tan[% (a+
1

4+m
2 AppellFl| —

2

2

(1+Tan[§(a+bx)]2) (1+Tan{%(a+bx”2)3

Tan[i (a+bx)] 7Tan[§ (aerxH3 "

4—1+m
2

(1+Tan[§ (a+bx)]2)

{(AppellFl[1 (-2+m), -m, 2m, m, Tan[1 (a+bx)]2, —Tan[l (a+bx)]2] Cot[1 (a+bx)] Csc[l (a+bx”2]/ (<72+m)
2 2 2 2 2 2
1 m 1 2 1 2 m 2+m 1 2
~AppellF1] ~ (-2+m), -m, 2m, —, Tan|~ (a+bx)] , ~Tan| = (a+bx” | +2 |AppellF1[—, 1-m, 2m, —, Tan|[~ (a+bx)} ,
2 2 2 2 2 2 2
1 2 m 2+m 1 2 1 2 1 2
—Tan[f (a+bx” }+2AppellF1[f, -m,1+2m, —, Tan[f (a+bx” B —Tan[7<a+bx)] ] Tan[f (a+bx” ])—
2 2 2 2 2 2
Cot[l(aerxHZ —(—2+m>AppellF1[1+l(—2+m),1—m,2m,1+m, Tan[l(a+bx)]2, —Tan[l(aerxHZ]
2 2 2 2 2
Sec[l(a+bx)]2Tan[1(a+bx)]—2(—2+m>AppellF1[1+E(—2+m>,—m,1+2m,1+
2 2 2
m 1 2 1 2 1 2 1
B tan[= (a+bx)]%, -Tan[= (a+b sec[= (a+bx)]’Tan[= (a+b /[ 2
A an[z(a+ x) | an[z(a+ x)]7] ec[z(a+ x) | an[z(a+ x) | (-2+m)
1 m 1 2 1 2 m 2+m 1 2
[7Appe11F1[— (-2+m), -m, 2m, >’ Tan[; (a+bx)]", 7Tan[; (a+bx)]7]+2 AppellFl[;,lfm, 2m, — Tan[; (a+bx)]",
2

—Tan[1 (a+bx”2} +2Appe11F1[m, -m, 1+2m, zﬂ, Tan[1 (a+bx”2, —Tan[1 <a+bx)]2]
2

2 2 2 2
(2 (2+m) (-

+m
m 2+m 1 2 1 2 1 2 1
2m? AppellF1|1+ —, -m, 1+2m, 1 , Tan| = b , -Tan|[ = b Sec| = b Tan| = b
- m? Appe [ +2 m,1+2m, 1+ A an[z(a+ x) | an[z(a+ x)]7] ec[z(a+ x) | an[z(a+ x) ]
z;m, Tan[l(a+bx”2,—Tan[l(a+bx)]2}—
2 2

Tan[% (a+bx”2]) +

! mzAppe11F1[1+m, 1-m,2m, 1+ 2 s Tan[1 (a+bx)]2, —Tan[1 (a+bx”2] Sec[1 (a+bx”2Tan[1 (a+bx)] -
2 2 2

2+m 2 2 2

m

m
(2+m) AppellF1[—, -m, 2m,
2

ﬂ, Tan[1 (a+bx”2, —Tan[l (a+bx)]2] +

2+m
2m (AppellFl[—, 1-m, 2m,
2 2 2 2
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2+m

2 AppellFi| ,-m, 1+2m, ﬂ, Tan[l (a+bx)]2, —Tan[l (a+bx)]2] Tan[l (a+bx)]2J) +
2

2 2 2
2+m 4+m 1 2
—, -m, 2m, —, Tan[~ (a+bx)] , -Tan|
2

A (a+bx)]2Tan[£(a+be

(a+bx)]2]Sec[ A

( (4 +m) AppellF1]

“2+m)

2m

/

NN|I—‘

2+m 4+m 1 1

(4+m) AppellF1[~———, -m, 2m, ——, Tan[ = (a+bx) | , -Tan| =
2 2 2 2
b

— N |

(a+bx

4+m 6+m 1 2
AppellFl{T, 1-m, 2m, - Tan[; (a+bx)]", -Tan|

4+m 6+m 1 2 1 2

2AppellFl| ——, -m, 1+2m, —, Tan[g (a+bx)]", —Tan[;(a+bx)] || Tan]|
2

[

N |

(a+bx)f])+

2+m m 1 2
m (2+m) AppellF1|1 + ,1-m,2m, 1+ » Tan[= (a+bx) ],
2

44+m 2 2

2 1 1

b T — b -
(a+ x)] an[z(a+ x” P
4+m

(a+bx)]” |-

((4+m) Tan|

N |

~Tan]| (a+bx)]2] Sec|

N |
N |

2+m
2m (2+m) AppellF1|1 + ,-m,1+2m, 1+

2 2
2+m 4 +m

“2+m) 2+n

2m

, Tan[l (a+be2, ~Tan|
2

N |

(a+bx”2} Sec[i (a+bx”2Tan[

N |

(a+bx)]

|/

(4 +m) AppellFl[

, -m, 2m, - Tan[i (a+bx”2, —Tan[% (a+bx)]2] -

4 +m 6+m
AppellFl[T, 1-m, 2m, T, Tan[

N |

2 1 2
(a+bx” s —Tan[g<a+bx)] |+

2Appe11F1[4;m, -m, 1+2m, u, Tan[1 (a+bx)]2, —Tan[l (a+bx)]2] Tan[1 (a+bx)]2J) +
2

2 2 2

(AppellFl[% (-2+m), -m, 2m, 2, Tan[% (a+bx)]2, 7Tan[§ (a+bx”2} Cot[% (aerxH2

(-2+m) AppellFl[lJr1 (-2+m), 1-m, 2m, 1+m, Tan[1 <a+bx)]2, 7Tan[l (a+bx)}2] Sec[l (aerxHZTan[1 (a+bx)]+
2 2 2 2 2 2

2 (-2+m) AppellF1[1+1<72+m),7m,1+2m,1+m, Tan[1<a+bx)]2, 7Tan[1(a+bx)]2]5ec[£(a+be2Tan[l(a+bx”+
2 2 2 2 2 2
m 2+m 1 2 1 2 m 2+m 1 2
2(Appe11F1[—, 1-m,2m, ——, Tan[= (a+bx)|", -Tan|= (a+bx) || +2AppellF1[—, -m, 1+2m, ——, Tan[= (a+bx)]|",
2 2 2 2 2 2 2
—Tan[l(a+bx)]2] Sec[l(a+bx)]2Tan{l(a+bx)]+2Tan[l(a+bx)]2 I ZmZAppellF1[1+m,1—m,1+2m,
2 2 2 2 2+m 2

2+m
1+

- Tan[% <a+bx)]2, —Tan{% (a+bx)]2] Sec[% (a+bx”2Tan[§ (a+bx)]+ 2+m(l—m) mAppellF1{1+g, 2-m,
2+

2m, 1+

2

m, Tan| (a+bx)]2, 7Tan[§ (a+bx”2} Sec[% (a+bx”2Tan[

N |

(a+bx)]+2]- ! mZAppellF1[1+T,
2

2+m

N |

2+
1-m,1+2m, 1+
2

(a+bXH7

m(1+2m)

|

m’ Tan[1 (a+bx>]2, ~Tan]|
2

N |

(a+bx)]2] Sec[% (a+bx)]2Tan[

N |

2+m

Appe11F1[1+E, -m, 2+2m, 1+ 2+m, Tan[1 <a+bx)]2, —Tan[l (a+bx”2] Sec[l (aerxHZTan[1 (a+bx)]
2 2 2 2 2 2

)/
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[(2+m) 7Appe11F1[1 (-2+m), -m, 2m, m, Tan[1 (a+bx)]2, 7Tan[l (a+bx”2] +2 AppellFl[m, 1-m, 2m,
2 2 2 2 2
2;m, Tan[% (a+bx)]2, 7Tan[§ (a+bx)}2] +2Appe11F1[g, -m, 1+2m, 2+Tm) Tan[% (a+bx)]2, 7Tan[§ (a+bx”2}

m l<a+bx)]2, —Tan[i(a+bx”2]

2+m
, -m, 2m, —, Tan|
2

Tan{l(a+bx”2)2J—(2 (2+m) AppellF1| A

2

N

4+m 1 2 1 2 2+m
——, Tan[ = (a+bx)] B —Tan[; (a+bx)] ]+2AppellF1[T, -m, 1+2m,
2

-2m

2+m
AppellF1 [ —> 1-m, 2m,
2

4+m

- Tan[% (a+bx)]2, 7Tan[§ (a+bx)}2] Sec[% <a+bx)]2Tan[§ (a+bx)] +

_ mzAppe11F1[1+m, 1-m,2m, 1+ 2 s Tan[1 (a+bx)]2, 7Tan[1 (a+bx)]2] Sec[1 (aerx)]zTan[1 (a+bx)] -

(2+m)
2+m 2 2 2 2 2 2

2+m 1 2 1 2 1 2 1
2m? AppellF1]1 9,7,12,1 , Tan| = b , -Tan| = b Sec|— b Tan|— b -
- m? Appe [ +2 m,1+2m, 1+ 2 an[2<a+ x) | an[z(a+ x)]7] ec[z(a+ x) | an[z(a+ x) |

2+m 4+m 1 2 1 2
2m (2+m) AppellF1|1 + ,1-m,1+2m, 1+ ,Tan[= (a+bx) ], -Tan[= (a+bx)]|]
4 +m 2 2 2 2

+m

2mTan[§ (aerxH2 (7

Sec[l(a+be2Tan[1(a+bx)]+ (1-m) (2+m)AppellF1[1+2 ,2—m,2m,1+4+m,Tan[1<a+bx)]2,
2 2 4+m 2 2 2

4+m
,1-my,1+2m, 1+ N

(a+bx)]2]5ec[l(a+bx)]2Tan[l(a+be+2 - m(2+m) Appe11F1{1+2Jrrn

-Tan|
2 2 2 4+m

(2+m) (1+2m) AppellF1[1+ sz,

)%

4+m

(a+bx”2} Sec|

-m, 2+2m, 1+ (a+bx)}2Tan[1<a+bx)]
2

1
2

s Tan[% (a+bx”2, —Tan[% (a+bx)]2} -2m

m

m 2
(2+m) AppellF1[—, -m, 2m, ——
2

2+m
AppellFl[——, 1-m,
2

4+m

- Tan[% (a+bx)]2, —Tan[% (a+bx)]2] +

2m,

2
2Appe11F1[u, -m, 1+2m, u, Tan[l (a+bx)}2, —Tan[l (a+bx”2}) Tan[1 (a+bx)]2) )
2 2 2 2 2

((4+m) AppellFl[zﬂ,—m,Zm, ﬂ, Tan[l(a+bx)]2,—Tan[l(a+bx)]2]Tan[l(a+bx)]2
2 2 2 2
4+m 6+m 1 2 1 2 4+m
-2m AppellFl[T,l—m,Zm, -, Tan[; (a+bx)]", —Tan[;(a+bx)] | +2AppellF1[——, -m, 1+2m,
G;m,Tan[§<a+bx)]2, —Tan[%(a+bx”2] Sec[§<a+bx)]2Tan[§(a+bx”+(4+m) —4imm(2+m)
Appe11F1[1+2;m,1—m,2m,1+4;m,Tan[%(a+bx)]2,—Tan{%(a+bx”2} Sec{%(a+be2Tan[§<a+bx)]—4+m2m
(2+m)AppellF1[1+2+m,—m,1+2m,1+ m,Tan[l(a+bx)]2, —Tan[l(a+bx”2]5ec[l(a+bx”2Tan[1(a+bx>] -
2 2 2 2 2
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1 2 1 4+m 6+m 1 2 1 2
2mTan| = (a+bx)]" |- 2m (4 +m) AppellF1[1 + ,1-my14+2m, 1+ ——, Tan[= (a+bx) ]|, -Tan[= (a+bx)|]
2 6+m 2 2

2 2

(1-m) (4+m) AppellF1[1+ 4+
6+m 2

Sec[l (a+bx>]2Tan[l (a+bx)] + ,2-m,2m, 1+6+m, Tan[l <a+bx)]2,
2 2 2 2

-Tan]| (a+bx)]2] Sec|

4+m 6+m
m (4 +m) AppellF1[1 + ,1-m,1+2m, 1+ s
6+m 2 2

N |
N |

(a+bx)]2Tan[§ (a+bx)]+2]-

4+m
Tan[

N |

(a+bx”2,—Tan[ (a+bx)] a+bx)]2Tan[ (a+bx)] -

(4+m) (1+2m) AppellF1[1+
6+m 2

}Sec[l (aerxﬂzTan[1 (a+bx)] )J]/

2 2
(a+bx)]2] -2m

)

N |

6+m

2

2+m

4+m 1 2
(4 +m) AppellF1] ,-m,2m, —, Tan[; (a+bx)]", -Tan]
2 2

-m, 2+2m, 1+

) Tan[

N[RN[R

(a+bx) ]2, -Tan

((2+m)

+m

[AppellF1[4%m, 1-m, 2m, 6 B Tan{% (a+bx”2, —Tan[% (a+bx)]2} +

Problem 136: Result more than twice size of optimal antiderivative.
JCos[aerx} Csc[2a+2bx] dx
Optimal (type 3, 14 leaves, 2 steps):

ArcTanh[Cos[a+bx]]
2b

Result (type 3, 42leaves):

Log[Cos[iH’f‘H Log[Sin[§+ bXH
- +

b b

1
2

Problem 137: Result more than twice size of optimal antiderivative.

JCos[aerx} Csc[2a+2bx]%dx

Optimal (type 3, 28 leaves, 4 steps):
ArcTanh[Sin[a+bx]] Csc[a+bx]

4b 4b
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Result (type 3, 94 leaves):

Cot[i (a+bx)] ) Log[Cos[% (a+bx)] —Sin[i (a+bx)]] ) Log[Cos[% (a+bx)] +Sin[§ (a+bx)]] _Tan[i (a+bx)]

2b b b 2b

1

4

Problem 138: Result more than twice size of optimal antiderivative.
JCos[aerx} Csc[2a+2bx]3dx
Optimal (type 3, 49leaves, 5steps):

3ArcTanh[Cos[a+bx]] 3Sec[la+bx] Cscla+bx]2Sec[a+bx]
_ i -
16 b 16 b 16b

Result (type 3, 143 leaves):

Csc[a+bx]*

2-6Cos[2 (a+bx)]|+2Cos[3 (a+bx)]|+3Cos[3 (a+bx)] Log[Cos[% (a+bx)]]-3Cos[3 (a+bx)| Log[Sin]|

/(16b [Csc[i (a+bx>]2—Sec[§ (a+bx”2])

Cos[a+bx]

7273Log[Cos[% (a+bx)]] +3Log[Sin[§ (a+bx)H)}

Problem 139: Result more than twice size of optimal antiderivative.

JCos[aerx} Csc[2a+2bx]%dx

Optimal (type 3, 66 leaves, 6 steps):

5ArcTanh[Sin[a+bx]] 5Cscla+bx] 5Cscla+bx]3 Cscla+bx]3Sec[a+bx]?
- - +

32b 32b 96 b 32b

Result (type 3, 215leaves):

13Cot[i (a+bx)] Cot[i (a+bx)] Csc[i (aerx)]2 5Log[Cos[§ (a+bx)] 7Sin[§ (a+bx)]]

+

192 b 384 b 32b
5Log[Cos[§ (a+bx)] +Sin[§ (a+bx)]]

+

1

32b 2

64 b (Cos{% (a+bx)] —Si”[% (a+bx)])

1 13Tan[%(a+bx)] Sec[§<a+bx)]2TanE(a+bx”

64b(Cos[§(a+bx)]+Sin[i(a+bx>”2 192b 384 b

N |

(asbx)]]+
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Problem 140: Result more than twice size of optimal antiderivative.

JCos[abe} Csc[2a+2bx]°dx

Optimal (type 3, 89leaves, 7 steps):
 35ArcTanh[Cos[a+bx]] 35Sec(a+bx] 35Sec[a+bx]3 ) 7Cscla+bx]2Sec[a+bx]3 B Csc[a+bx]*Sec[a+bx]3
256 b 256 b 768 b 256 b
Result (type 3, 268 leaves):
1

7685 [csc[ 2 (a+bx]|*-sec(3 (avbx] ?)

128 b

Csc[a+bx]™® (—204+658Cos[2 (a+bx)] -228Cos[3 (a+bx)]|+140Cos[4 (a+bx)]| -76Cos[5 (a+bx)]|-210Cos[6 (a+bx)] +

76 Cos |7 (a+bx) | -315Cos[3 (a+bx) | Log[Cos[% (a+bx)]]-105C0s[5 (a+bXx) ] Log[Cos{% (a+bx)]]+

105 Cos [7 (a+bx) | Log|Cos

<a+bX>H

(a+bx)]]-105Cos[7 (a+bx)]| Log[Sin]

+

(a+bx)]] |

(a+bx)]] +3Cos[a+bx] 76+105Log[Cos[1 (a+bx)]] -105Log[sin|
2

N |

315 Cos |3 (a+bx) | Log[Sin|

(a+bx)]] +105Cos[5 (a+bx)| Log[Sin]

N |

N |

Problem 158: Result more than twice size of optimal antiderivative.
JCos[a+bx]3CSc[2a+2bx]3d1X
Optimal (type 3, 34 leaves, 3 steps):

ArcTanh[Cos[a+bx]] Cot[a+bx] Csc[a+bx]
16b 16 b

Result (type 3, 79 leaves):

Csc[i (a+bx)]2 ) Log[Cos[i (a+bx)]] ) Log[sin[i (a+bx)]] ) sec[i (a+bx)]2

8b 2b 2b 8b

1
8

Problem 159: Result more than twice size of optimal antiderivative.

JCos[a+bx]3Csc[2a+2bx]4dlx
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Optimal (type 3, 43 leaves, 5steps):

ArcTanh[Sin[a+bx]] Cscla+bx] Cscl[a+bx]3

16b 16b 48 b
Result (type 3, 152 leaves):

1

16

7Cot[§ (a+bx)] Cot[% (a+bx)] Csc[i (a+bx)]2 Log[Cos[% (a+bx)] —Sin[% (a+bx)]]

¥
12b 24b b

Log[Cos[i(a+bx”+Sin[i(a+bx)H 7Tan[i<a+bx)] Sec[i(a+bx>]2Tan[i(a+be

b 12b 24b

Problem 160: Result more than twice size of optimal antiderivative.
JCos[a+bx]3Csc[2a+2bx]5d1X

Optimal (type 3, 70leaves, 6 steps):
715Ar‘cTanh[Cos[a+bx}] 15Sec[a+bx] 5Csc[a+bx]?Sec[a+bx] Csc[a+bx]*Sec[a+bx]

256 b 256 b 256 b 128 b

Result (type 3, 195leaves):

77Csc[%(a+bx”27Csc[i(a+be4 15Log[Cos[§(a+bx)H 15Log[Sin[§(a+bx)H 7Sec[§(a+bx>]2

- + + +
1024 b 2048 b 256 b 256 b 1024 b
Sec[%(a+bx”4 Sin[§<a+bx)] Sin[%(a+bx)}
. _
2048 b 32b(Cos[i<a+bx)]—Sin[%(a+bx>]) 32b(Cos[%(a+bx)}+$in[i(a+bx)])

Problem 187: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

JCos[a+bx}3Sin[2a+2bx]'“d1x

Optimal (type 5, 85leaves, 2 steps):

1 ; _ 1-m 4+m 6+m _— EEN
- Cos[a+bx]?Cot[a+bx] Hypergeometric2Fi | s B , Cos[a+bx]?] (Sin[a+bx]?) 2 Sin[2a+2bx]"
b (4+m) 2 2 2

Result (type 6, 10498 leaves):



212" (31 m) Cos[a+bx]3Sin[2 (a+bx)]mTan[1 (a+bx)]
2

|

Tan[i (a+bx)] —Tan[i (a+bx)]3]m
(1+Tan[i <a+bx)]2)2

1+m 3+m 1
AppellFl[i, -m,1+2m, —, Tan[
2 2

N (a+bx”2, —Tan[i (a+bx)]2] (1+Tan[

(a+bx)]2)3]/

N |

N

((3+m) AppellFl[l;m, -m, 1+2m, 3+_m) Tan[l (a+bx)]", —Tan[1 (a+bx”2} -
2 2 2 2
+m

2

mAppe11F1[3+—m, 1-m,1+2m, > s Tan[1 (a+bx)]2, —Tan[l (a+bx)]2] +
2 2 2

(1+2m) AppellFl[M, -m, 2 (1+m), 5+_m) Tan[l (a+bx)}2, —Tan[1 (a+bx)]2}) Tan[l (a+bx)}2) +
2 2 2 2

(leppellFl[lJr—m, -m, 3+2m, M, Tan[1 (a+bx”2, —Tan[l (a+bx)]2] 1+Tan[1 (a+bx)]2)]/
2 2 2

2 2
((3+m) AppellFl[lﬂ, -m, 3+2m, 3+_m) Tan[l (a+bx)]2, —Tan[1 (a+bx”2} -
2 2 2 2

3+m 5+m 1 2 1 2
mAppellFl[T, 1-m,3+2m, - Tan[= (a+bx)]|", —Tan[; (a+bx)]] +

2
5+m

2

(3+2m) AppellFl{3%m, -m, 2 (2+m), s Tan{l (a+bx”2, —Tan[% (a+bx)]2}) Tan{% (a+bx”2) -

2
(a+bx”2} 1+Tan[§ (a+bx)]2]2]/

Tan[ > (a+bx) 1%, ~Tan[ ~ (a-bx]]°] -

1+m 3+m

2

(6AppellF1[ , -my 2 (1+m), ,Tan[l(aerxHZ, ~Tan|
2

N |

1+m 3+m

((3+m) AppellF1| , -my 2 (1+m),

+m
2

mAppellFl[BJrTm, 1-m, 2 (1+m), > s Tan[% <a+bx)]2, —Tan{% (a+be2] +

2 (1+m) AppellFl{M, -m, 3+2m, 5+_m) Tan{l (a+bx)]2, —Tan[l (a+bx)}2}) Tan[l (a+bx)]2) -
2 2 2 2 2

1+m

(8Appe11F1[ , -my 2 (24m), B;m) Tan{E (a+bx”2, —Tan[% (a+bx)}2})/

2

1+m 3+m

((3+m)AppellF1[ , =My 2 (24m), ,Tan[%(a+bx”2,—Tan[—(a+bx)]2}—

2 (a+bXH2]+

N RN R

mAppellFl[?’;—m, 1-m, 2 (2+m), S%m’ Tan[i (a+bx)]2, ~Tan]|

2(2+m>Appe11F1[M,—m,5+2m, m,Tan[l(a+bx)]2, —Tan[ (a+bx”2} Tan[
2 2 2

N |
N |

<a+bx>12)]J/

1 23+2m(3+m> Sec[i(a+bX)]2Tan[§(a+bx>}z

b (1+m)

1 2)®
1+Tan{2 (a+bX)] ) <1+m) (1+Tan[§ <a+bX)]2)5
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Tan[i(a+bx)]7Tan[§(a+be " 1+m . ) 34m . 1 b1 T 1 b1
(1+Tan[§(a+b><)]2)2 [[App 1 p o mnEm et [2( ox) ], - [2< ox)]]
(1+Tan[i<a+bx)]2J3J/[(3+m) AppellFl[lJrTm, -m, 1+2m, Bﬂ, Tan[%(a+bx”2, —Tan[§<a+bx)]2}—
2

3+m 5+m 1 2 1 2
mAppellF1[~——, 1-m, 1+2m, —, Tan|~ (a+bx) |, -Tan[ = (a+bx) ]| +
2 2 2
3+m 5+m
(1+2m) AppellF1|——, -m, 2 (1+m), —
2

s Tan[% (a+bx”2, —Tan[% (a+bx”2}) Tan[% (a+bx)}2) +

1+Tan[§ (a+bx)]2)]/

s Tan[% (a+bx)]2, —Tan[% (a+bx”2} -

1+m 3+m 1 2 1 2
[12AppellF1[—, -m, 3+2m, —, Tan[ =~ (a+bXx) ]|, —Tan[; (a+bx)]7]
2 2

1+

m 3+m
(<3+m> AppellF1| ,-m, 3+2m, —
2

2

3+m 5+m
mAppellFl[~——, 1-m, 3+2m, —
2 2
(3+2m) AppellFl[M, -m, 2 (2+m), Ser,Tan[l (a+bx)}2, —Tan[1 (a+bx”2})Tan[l (a+bx”2) -
2 2 2 2 2
2 1 2)2
ox) 7] [1+Ten(2 (o 7)) /
" (a+ x)}} +an[2(a+ x”]]
3+m) AppellF1l 1;m, -m, 2 (1+m), 3m
2

1 2 1 2
,Tan[= (a+bx)]%, -Tan[= (a+bx)]*] -
A an[z(a+ x) | an[z(a+ x)]7]
mAppellF1[3+—m, 1-m, 2 (1+m), 5+m, Tan[1 (a+bx)]2, —Tan[l (a+bx)]2] +
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1+ 5+m, Tan[1 (a+bx)]2, —Tan[l (a+bx)]2] Sec[1 (aerx)]zTan[1 (a+bx)]+ (1-m) (3+m) AppellF1|
2 2 2 2 2 5+m
3+m

1+

5+m 2 1 2 1 2 1
,2-m, 3+2m, 1 , Tan[= b , —Tan[ = b Sec| = b Tan| = b
A m,3+2m, 1+ A an[z(a+ x” an[z(a+ x)]} ec[z(a+ x)] an[z(a+ x)] +

5+m

(3+2m) |- m(3+m)Appe11F1[1+3+m,1—m,2(2+m),1+ ,Tan[l(a+bx”2,—Tan[1(a+bx)]2}

5+m 2 2 2 2

Sec[1 (a+bx”2Tan[l (a+bx)] - 2 (2+m) (3+m) AppellF1[1+ 3am
2 2

, -m, 1+2 (2+m),
5+m 2



Szm, Tan{% (a+bx”2, —Tan[% (a+bx)}2} Sec[% (a+bx>]2Tan[§ (a+bx)]
(3+m) AppellFl{i, -m, 3+2m, 3+_m) Tan[l (a+bx)]2, —Tan[l (a+bx”2} -2
2 2

s Tan{% (a+bx)]2, —Tan[% (a+be2} +

1+

)/

3+m
)

o]

Problem 188: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

m AppellF1|

5+m
1-m,3+2m, ——
3+m

5+m

2

(3+2m) AppellF1| , -m, 2 (2+m),

, Tan[1 (a+bx)]2, ~Tan]|
2

N |

(a+bx)]2]] Tan|

N |

JCos[a+bx1ZSin[2a+2bx]’"d1x

Optimal (type 5, 85leaves, 2 steps):

) . 1-m 3+m 5+m
Cos[a+bx]“Cot[a+bxX] Hyper‘geometr‘1c2F1[

s B , Cos[a+bx]?] (Sin[a+bx]?)
2 2 2

b (3+m>

1-m
2

Sin[2a+2bx]"
Result (type 6, 7926 leaves):

22" (31 m) Cos[a+bx]2Sin[2 (a+bx)]mTan[1 (a+bx)]
2

Tan[i (a+bx)] 7Tan[§ (a+bx>]3]m
(1+Tan[i (a+bx)]2>2

1+m 3+m 1 2 1 2
({AppellFl[, -m,1+2m, —, Tan[f (a+bx” B —Tan[f <a+bx)] ] [1+Tan[
2 2 2 2
1+m

((3+m) AppellF1| ,-m, 1+2m, 3+_m) Tan[l (a+bx)]", 7Tan[1 (a+bx”2} -
2 2 2 2

N |

(a+bx)]2)2]/

N

2

3+m 5+m 1 2 1 2
mAppellF1[~——, 1-m, 1+2m, —, Tan|= (a+bx) |, —Tan[; (a+bx)]7] +
2 2 2

3+m +m

A ,Tan[%(a+bx”2,—Tan[%(a+bx)]2})Tan[§(a+bx”2)+

1+m 3+m 1 2 1 2 1+m 3+m

(4Appe11F1[—, -m, 3+2m, —, Tan[= (a+bx)|", -Tan[ = (a+bx) | ])/((3+m) AppellFl[——, -m, 3+2m, —
2 2 2 2 2

2
Tan|— <a+bx)]2, —Tan[l (a+bx)]2] -2 mAppellFl[—3+m, 1-m,3+2m, _5+m, Tan[l (a+bx”2, —Tan[1 (a+bx)]2} +
2 2 2 2 2 2
(3+2m) AppellFl[M, -m, 2 (2+m), 5+m, Tan[l (a+bx”2, —Tan[1 (a+bx)]2}) Tan[l (a+bx”2) -
2 2

(1+2m) AppellF1|

, -m, 2 (1+m), >

3

2 2
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, Tan{l (a+bx”2, —Tan[1 (a+bx”2} 1+Tan[§ (a+bx)]2J]/

2 2 2

+m

1l+m
(4AppellF1{—, -m, 2 (1+m),
2

[(3+m) AppellFl{lﬂ, -m, 2 (1+m), +m’ Tan[l (a+bx”2, —Tan[l (a+bx)]2} -
2 2 2 2

2 mAppe11F1[3+—m, 1-m, 2 (1+m), 5+m, Tan[l <a+bx)]2, —Tan{E (a+bx”2] +
2 2 2 2

2 (1+m) AppellFl{?’;m, -m, 3+2m, 5+7m) Tan{1 (a+bx)]2, ~Tan]| (a+bx)}2} Tan|
2 2 2

N |

1
2

<a+bx>]2)]}/

;3 212 (34 m) Sec[l (a+bx)]2Tan[1 (a+bx”2
(1+m) (1+Tan[i(a+bx”2) 2 2

1

[b (1+m> N

1+Tan[l (a+bx)]2)3 [—

m

Tan[ (a+bx)] - Tan[ (a+bx)]3 1+m 34m 1 2 1 X
(1+Tan[f(a+bXHZ)2 ((AppellFl[ p o mrEm et [2< ox) %, - [2( ox)]']
(1+Tan[i(a+bx”2]2)/((3+m) AppellFl[l%,—m,1+2m, 3+?m, Tan[%(a+bx)]2, —Tan[i(a+bx”2]—

3+m 5+m 1 2 1 2
2 (mAppellFl[—, 1-m,1+2m, —, Tan[= (a+bx)]|", 7Tan[£ (a+bx)]] +
2 2 2

(1+2m) AppellFl[?H—m, -m, 2 (1+m), S;m, Tan[1 (a+bx)]2, —Tan[1 (a+bx)]2]
2

1 2
5 A A Tan[ = (a+bx) | ]+

2

1+m 3+m 1 2 1 2 1+m 3+m
(4AppellF1[T, -m, 3+2m, - Tan[; (a+bx)]", —Tan[;(a+bx)] }]/((3+m) AppellFl[T, -m, 3+2m, -

Tan[l (a+bx)]2, —Tan[1 (a+bx”2} -2 mAppellFl[—3+m, 1-m,3+2m, _5+m, Tan[1 (a+bx)]2, —Tan[l (a+bx)]2] +
2 2 2 2 2 2
(3+2m) AppellFl[ﬂ, -m, 2 (2+m), Sﬂ, Tan[1 (a+bx)]2, —Tan[l (a+bx)]2]J Tan[1 (a+bx)]2J -
2 2 2 2 2

1+Tan[§ (a+bx)]2)J/

[(3+m) AppellFl[lJr—m, -m, 2 (1+m), M, Tan[l <a+bx)]2, —Tan{l (a+bx)]2] -
2 2 2 2

(4Appe11F1[1+—m, -m, 2 (1+m), M, Tan[1 (a+bx>]2, —Tan[l (a+bx)]2]
2 2 2 2

2 (mAppellFl{h—m, 1-m, 2 (1+m), 5+_m) Tan{l (a+bx”2, —Tan[l (a+bx>]2} +
2

2 2 2
2 (1+m) AppellFl[?HTm, -m, 3+2m, S%m, Tan[%(aerx)}z,Tan[%(a+bx)]2]]Tan[§(a+bx”2])+
,[Tan[2 (a+bx)] -Tan[% (a+bx "
11 2322m<3+m)5ec[§(a+bxﬂ ' [2( )]1 ' [2<22 )]
(1+m) (1+Tan[;(a+bx)] ) (1+Tan[;(a+bx)] )
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1+m

({AppellFl[ ,-m, 1+2m, 3%”', Tan[% (a+bx”2, —Tan[% (a+bx)]2} (1+Tan[§ <a+bx)]2J2]/
lﬂ

(<3+m) AppellF1| ,-m, 1+2m, 3+_m) Tan{l (a+bx)]2, ~Tan[ = (a+be2} -
2 2

2

N RN R

mAppellFl[Bz—m, 1-m,1+2m, B%m, Tan[% (a+be2, ~Tan| (a+bx)]2] +(1+2m)

5+m

—

3+m 1 2
AppellF1[——, -m, 2 (1+m), s Tan[; (a+bx)]|", -Tan
2

%(a+bx)]2]J Tan[% (a+bx)]2J +

[4AppellF1[1+7m, -m, 3+2m, 3+7m, Tan[1 (a+bx)]2, —Tan[l (a+bx”2])/ [(3+m) AppellFl[lJrirn -m, 3+2m, 3om
2 2 2 2 2

)

Tan[l(a+bx)]2,—Tan[l(a+bx)]2]—2 mAppellFl{?’;m,l—m,BJer, 5+7m, Tan{l(a+bx”2, —Tan[l(a+bx>}2}+
2 2 2 2 2 2
(3+2m> AppellFl[ﬂ, —m,2(2+m), -, Tan[l(a+bx”2, —Tan[1 (a+bx” })Tan[l(a+bx”2)—
2 2 2
[4AppellF1[1ﬂ,—m,2(1+m),M,Tan[l(a+bx)]2, —Tan[l(a+bx”2} 1+Tan[1(a+bx>]2))/
2 2 2 2 2
(<3+m) AppellFl[ﬂ,—m,2(1+m),ﬂ, Tan[l(aertz, —Tan[l(a+bx)]2}f
2 2 2 2
3+m 5+m 1 2 1 2
2 mAppellFl[i,l—m,2<1+m), —_—, Tan[7<a+bx)] , —Tan[f(aerx)] ]+2(1+m)
2 2 2 2

AppellF1[3+—m, -m, 3+2m, Sﬂ, Tan[1 (a+bx”2, —Tan[l (a+bx)]2]] Tan[l (a+bx”2]) +
2 2 2 2 2

-1+m

1

(1+m) (1+Tan[§ (a+bx)]2)

Tan[i (a+bx)] —Tan[i (a+bx)]3

; 212" m (3 +m) Tan[% (a+bx)]

1+ Tan]

N =
©
+
o
X

N

.

N

2

1+m 3+m
—Yy -m, 1+2m, —, Tan[
2

]
([AppenFl[lJrTm: -m, 1+2m, B%m, Tan[l (a+be2, —Tan[% <a+bx)]2} (1+Tan[§ (a+bx)]2)2]/

(<3+m)AppellF1[ (a+bx)]2,—Tan[%(aerxHZ}—

N RN R

2 mAppellFl[M,l—m,lJer, M, Tan| (a+bx”2,—Tan[l(a+bx)]2]+<1+2m)

2 2 2

AppellFl[M, -m, 2 (1+m), M, Tan[l(a+bx)]2, —Tan[l(aerx)]z]]Tan[l(a+bx)]2)+
2 2 2 2 2

1+m 3+m 1 2 1 2 1+m 3+m
[4Appe11F1[7, -m, 3+2m, —, Tan|— <a+bx)] s —Tan[; (a+bx” ]J/ [(3+m) AppellFl[T, -m, 3+2m, -
2 2 2
Tan[l(a+bx)]2,—Tan[l(aerx)]z]—Z mAppellFl[M,l—m,3+2m, M, Tan[l(aerxHZ, —Tan[l(a+bx”2}+
2 2 2 2 2 2
(3+2m) AppellFl[B;m, -m, 2 (2+m), Ser,Tan[l (a+bx”2, —Tan[l (a+bx”2})Tan[l (a+bx”2) -
2 2 2 2
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- Tan{% (a+bx)]2, —Tan[% (a+bx”2}

1+Tan[1 (a+bx>]2])/

2

1+m +m

3
[4Appe11F1[ , -my 2 (1+m),

1+m

(<3+m) AppellF1| , =My 2 (1+m), 32 B Tan{% (a+bx”2, —Tan[% (a+bx)]2} -

5+m
2

mAppellFl[Ber—m, 1-m, 2 (1+m), - Tan[% <a+bx)]2, —Tan{% (a+bx)]2] +2 (1+m)

AppellFl[?H—m, -m, 3+2m, M, Tan[1 (a+bx”2, 7Tan[1 (a+bx)]2]] Tan[1 (a+bx”2])
2 2

2 2 2
{%Sec[%(a+bx)}2_3sec[§(a+bx)]2TanE(a+bx”2_25ec[§(a+bx)]2Tan[%(a+be(Tan{%(a+bx”—Tan[%(a+bX)]3) +
[1+Tan[2 (arbx] ) (1+Tan[2 (a+bx) )’
1 321+2m (3+m) Tan[%(a+bx” Tan[%(a+bX)]—Tan[%(a+2bx>]3

(1+m) (1+Tan[i(a+bx)]2) (1+Tan[§(a+bx)]2)

1+m

((ZAppellFl[ , -m, 1+2m, B%m, Tan[% (a+bx”2, —Tan[% (a+bx)]2] Sec[% (a+bx)]2Tan[§ (a+bx)]

(1+Tan[§ <a+bx)]2)]/ ((3+m) AppellFl[l%, -m, 1+2m, 3J2r—m, Tan[% (a+bx”2, 7Tan[§ (a+bx”2} -

mAppellFl[?H—m, 1-m,1+2m, S;m, Tan[1 (a+bx”2, —Tan[1 (a+bx)]2] +(1+2m)
2 2 2 2

2

+m

AppellFl[?H—m, -m, 2 (1+m), > ,Tan[l(a+bx)]2, —Tan[l(a+bx)]2] Tan[l(a+bx)]2 +
2 2 2 2 2

1 1+m 3+m
[( m(1+m) AppellF1[1 + ,1-m,1+2m, 1+
3+m

, Tan[% (a+bx)]2, —Tan{i (a+bx”2} Sec| (aerxH2

o NP

Tan[

N |

(a+bx)] - , ~Tan|

(a+bx)]’]

(1+m) (1+2m) AppellF1[1+ Lem o 2e2m, 1 ™ Tan[1 (a+bx)]
3.m 2 2 2

(1+Tan[§ (a+bx)}2]2]/

(a+bx)]*] -2

N |

1+m 3+m
—_— —m,1+2m, —
2

Sec[% (a+be2Tan[§ (a+bx)]

(3+m) AppellF1|

Tan| (a+bx)]2, -Tan]|

N |
N |

3+m 5+m 1 2 2
mAppellFl[T,l—m,1+2m, - Tan[g(aerxH , -Tan[= (a+bx)| ] +

N |

3+m 5+m 1 2 1
(1+2m) AppellF1[~——, -m, 2 (1+m), —, Tan|[= (a+bx)|", -Tan|
2 2

X (a+bx”2} Tan[l(aerxH2 +

2 2
+m

3+m
,1-m, 3+2m, 1+

1 1
[4 [7 m (1+m) AppellF1|[1 +
3+m 2 2

, Tan[% (a+bx)}2, —Tan[i (a+bx”2} Sec| (a+bx”2

N |

Tan[

N |

(a+bx)] - (1+m) (3+2m) AppellF1[1 + 1+m, -m, 4+2m, 1+ 3+m, Tan[1 (a+bx)]2, ~Tan|

3+m 2 2 2

Sec[l (a+be2Tan[1 (a+bx)] J/ ((3+m) AppellFl[lJr—m, -m, 3+2m, B;m, Tan[1 (a+bx)]2, -Tan|
2 2 2 2 2

(a+bx”2}

(a+bx)]’] -

N R NIR
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2 mAppe11F1[3+—m,1—m,3+2m, Sﬂ, Tan[l(a+bx”2,—Tan[l(a+bx)]2]+(3+2m)
2 2 2
AppellF1[3+—m,—m,2(2+m>, 5+m,Tan[l(a+bx)]2, —Tan[l(a+bx)]2] Tan[%(a+bx)]2J—
2 2 2
[4Appe11F1[1+—m, -m, 2 (1+m), 3+m,Tan[l(a+bx)]2,—Tan[l(a+be2} Sec[%(a+be2Tan[%(a+bx)] /
2 2 2
(<3+m) AppellFl{lﬂ, -m, 2 (1+m), 3+m,Tan[l (a+bx”2, —Tan[l (a+bx)]2} -
2 2 2
3+m 5+m 1 2 1 2
2 [mAppellF1[——, 1-m, 2 (1+m), ——, Tan[ = (a+bx)|", -Tan[= (a+bx)]| | +2 (1+m)
2 2 2 2
Appe11F1[3+7m,—m,3+2m, M, Tan[l(a+bx”2,—Tan[l<a+bx)]2]]Tan[l(a+bx”2]—
2 2 2 2
[4[— 1 m<1+m)Appe11F1[1+1+m,1—m,2(1+m),1+3+m,Tan[l(a+bx”2, —Tan[l(a+bx)]}
3+m 2 2 2 2
Sec[l(a+bx)]2Tan[1(a+bx)]— 2(1+m)2Appe11F1[1+1+m,—m,1+2(1+m),1+3+m,
2 2 3+m 2 2
Tan[l(a+bx)]2,—Tan[l(a+bx)]2]5ec[1(aerx)]zTan[1 a+bx)} [1+Tan[l(a+bx”2”/
2 2 2 2 2
(<3+m) AppellFl[l;m, -m, 2 (1+m), 3+m,Tan[E (a+bx”2, —Tan[l (a+bx)]2} -
2 2 2
3+m 5+m 1 2 1 2
2 mAppellFl[—,l—m,2<1+m), T, Tan[;<a+bx)] B —Tan[g(aerx)] ]+2(1+m)
2

3+m 5+m 1 2 1 2 1 2
AppellF1[~——, -m, 3+2m, —, Tan| = (a+bx) ], 7Tan[;<a+bx)] ]]Tan[; (a+bx)] ]+
2 2 2

[4Appe11F1[1%m, -m, 2 (1+m), 3+_m) Tan[1 (a+bx)]2, 7Tan[§ (a+bx”2} (1+Tan[§ (a+bx>]2]

2 2
(72

mAppellFl[?H—m, 1-m, 2 (1+m), 5+_m, Tan[1 <a+bx)]2, 7Tan[£ (a+bx)]2] +
2 2 2 2
2 (1+m) AppellFl[ﬂ, -m, 3+2m, 5+_m, Tan[1 (a+bx)]2, —Tan[l (a+bx”2]
2 2 2

Sec[% (a+bx)]2Tan[§ (a+bx)]+

3+m

(3+m)

o1 m(1+m)Appe11F1[1+1+m,1—m,2(1+m),1+ ,Tan[l(a+bx)]2, —Tan[l(a+bx”2]
3+m 2 2 2 2

2 1+m 3+m
2 (1+m)*AppellF1[1+ > =My 142 (1+m), 1+ s
3+m 2 2

Sec[% (a+bx)]2Tan[§ (a+bx” -

Tan{l(a+bx)]2,—Tan[l(a+bx”2} Sec[l(a+be2Tan[l<a+bx)] —2Tan{l(a+bx)]2
2 2 2 2 2
m |- 1 2 (1+m) (3+m)Appe11F1[1+3+m,1—m,1+2(1+m),1+5+m,Tan[1(a+bx>]2,—Tan[l(a+bx)]2]
5+m 2 2 2 2
Sec[l(a+be2Tan[l(a+bx)]+ (1-m) (3+m)Appe11F1[1+3+m,2—m,2(1+m),1+5+m,Tan[l(a+bx”2,
2 2 5+m 2 2 2
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—Tan[l(a+bx)]2]5ec[l(a+bx)]2Tan[£(a+bx” +2(1+m) |- m(3+m) AppellF1[1 + ,1-m,3+2m,
2 2 2 5+m 2
5+m 1 2 1 2 1 2 1
1+ ,Tan[= (a+bx) ], -Tan[= (a+bx) | ] Sec[= (a+bx)] Tan[= (a+bx)] - (3+m) (3+2m) AppellF1]
2 2 2 2 2 5+m
3+m 5+m 1 2 1 2 1 2 1
1 » - J4 2 11 ,-T - b ,—T - b S - b T - b /
+ 5 m,4+2m, 1+ 5 an[z(a+ x) | an[z(a+ x)]7] ec[z(a+ x) | an[z(a+ x) ] ])]
(<3+m) AppellFl[ﬂ, -m, 2 (1+m), 3+m,Tan[E (a+bx”2, —Tan[l (a+bx)]2} -2 mAppellF1[3+7m,
2 2 2 2
1-m, 2 (1+m), 5+m,Tan[l (a+bx”2, —Tan[l <a+bx)]2} +
2 2 2
2
2 (1+m) AppellFl[M, -m, 3+2m, M, Tan[l(a+bx”2,—Tan[1<a+bx)]2]]Tan[l(a+bx”2] -
2 2 2 2
2
[AppellFl[lHn, -m, 1+2m, M, Tan[1 <a+bx)]2, —Tan[l (a+bx)]2] [1+Tan[l (a+bx”2)
2 2 2 2 2
3+m 5+m 1 2 1 2 3+m 5+m
(—2 mAppellF1[~——, 1-m, 1+2m, ——, Tan|— (a+bx)]", -Tan[ = (a+bx) ] | + (1+2m) AppellF1|——, -m, 2 (1+m), s
2 2 2 2 2
Tan[l(a+bx)]2,—Tan[l(a+bx”2} Sec[l(a+bx)]2Tan[l(a+bx)}+(3+m) - m(1+m)Appe11F1[1+1+m,
2 2 2 2

3+m
3+m
1-m,1+2m, 1+

s Tan[% (a+bx)]2, -Tan| (a+bx)]2] Sec|

N |
N |

(a+bx)]2Tan[§(a+be— (1+m) (1+2m)

3+m

1+m 3+m 1 2 1
AppellF1[1 + ,-m,2+2m, 1+ ,Tan[f(a+bx” , -Tan|[ =

2 2 2 2
1

- (3+m) (1+2m) AppellF1[1 + 3em
5+m

(a+bx)]2] Sec[i (a+bx)]2Tan[§ (a+bx)]| -

2Tan[§ (a+bx)]2

5+m 1 2
> 1-my 24+2m, 1+ ,Tan[*(aerX)],—Tan[
2

(a+bx)]?]

,Tan[l (a+bx”2,
2

N |

Sec| (a+bx”2Tan[ (a+bx)] +

3+m 5+m
-m +m) Appe + ,2-my1+2m, 1+
(1-m) (3+m) AppellF1|1 2-m,1+2m, 1

N |

5+m

- (a+bx)]2] Sec[% <a+bx)]2Tan[§ (a+bx”

-Tan + <1+2m)

u — N R
N R

3+m
m(3+m) AppellF1[1 +

s 1-my 2 (1+m),
5+m
+m

A ,Tan[;(a+bx)]2, 7Tan[§(a+bx)]2]5ec[§(a+bx)]2Tan[1(a+bx”7 = 2 (1+m) (3+m) AppellF1|

3+m 5+m : S )]]/

1+

1+

s =My 142 (1am), 1+
2

1+m

, Tan[1 (a+bx)]2, -Tan|
2

N |

(a+bx”2] Sec[% (a+bx”2Tan[§ (a+bx)]

3+m
k]

(<3+m) AppellFl[ , -m,1+2m, M, Tan[1 (a+bx)]2, —Tan[ (a+bx)}2} -2
2 2

mAppellFl[

N |

1-m,1+2m, M, Tan[l (a+bx”2, ~Tan| (a+bx”2} +
2 2

N |

5+m 2

(1+2m)AppellF1[3+7m, -m, 2 (1+m), ,Tan[l(a+bx)]2, —Tan[l(aerx)]z]]Tan[ -
2 2 2 2

N |

(a+bx)]2

1+m 1
{_ -

3+m 2 1 2 3+m
[4Appe11F1 ,-m,3+2m, ——, Tan[ = (a+bx) ], —Tan[; (a+bx)]7] [—2 (mAppellFl{T, 1-m,3+2m,
2 2
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3+m 5+m 1 2
—, -m, 2 (2+m), » Tan[= (a+bx) ],
2 2 2 2 2 2

1+
m (1+m) AppellF1[1+
3+m 2

(a+bx>]2Tan[ (a+bx)] -

,1-m, 3+2m,

3+m

1+

,Tan[f (a+bx)

, , (1+m) (3+2m)

N |

3+m

1+m 3+m 1 2 1 2
AppellF1[1 + , -m, 4+2m, 1+ ——, Tan| ,—Tan[7<a+bx)] ]Sec[*<a+bx)] Tan|
2 2 2 2 2
- (3+m) (3+2m>Appe11F1[1+3+m,1—m,4+2m,1+5+m,Tan[1(a+bx)]2, -Tan|

5+m 2 2 2

Sec[% (a+bx”2Tan[% (a+bx)] +

N |

(a+bx)} -

2Tan[§ <a+bx)]2

m

(a+bx”2]

N |

+m

(1-m) (3+m) AppellF1[1+ B m, 3e2m, 12 ,Tan[l (a+bx)]%,
5am 2 2 2
—Tan[l(a+bx)]2]5ec[l(a+bx)]2Tan[1(a+bx” wn
2 2 2

1 3
m(3+m) AppellF1[1 +
5+m 2

+<3+2m) (— ,1—m,2(2+m),

5+m
1+

1 2 1 2 1 2 1
)T - b ,—T - b S - b T — b _
A an[z(a+ x)] an[z(a+ x)]] ec[z(a+ x)] an[z(a+ x” —
3+m 5+m
s =My 142 (24m), 1+
2 2

1+m

2 (2+m) (3+m) AppellF1|

)/

+

, Tan| (a+bx)]2, -Tan|

N |
N |-

(a+bx”2] Sec{i (a+be2Tan[ (a+bx) |

1
2
(3+m) AppellF1| (a+bx)]2, -Tan]| mAppellFl[M)
2

, -m, 3+2m, M,Tan[ (a+bx)}2}—2
2

N |
N |

5+m
1-my3+2m, —, Tan[
2

N |

(a+bx”2, ~Tan|

N |

(a+bx)]’] +

(3+2m) AppellFl[m, -m, 2 (2+m), M, Tan[1 <a+bx)]2, —Tan[l (a+bx)]2]) Tan|
2 2 2 2

N |

<a+bx>]2]2]]]

Problem 189: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

JCos[aerx} Sin[2a+2bx]"dx

Optimal (type 5, 83 leaves, 2 steps):

1 A 1-m 2+m 4+m ) . Pl
- Cos[a+bx] Cot[a+bx] Hypergeometric2F1| , s , Cos[a+bx]?] (sinfa+bx]?)
b (2+m) 2 2 2

Sin[2a+2bx]"

Result (type 5, 173 leaves):
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1

i 2—1—m e—i (a+b x) (17@41 (a+bx)>*m (7]-1 e—ZJ‘l (a+b x) (71+e4i (a+bx)>)m
b (-1+4m?)

A 1
(-1+2m) Hypergeometric2F1[~ (-1-2m), -m,

. (3_2m>,e4j(a+bx)}+

BN

@2t (atbx) (1 +2 m) Hyper‘geometr‘iCZFl[ (1 -2m

P

, —m, (5_2m>’ e4i(a+bx)]

BRI
ENI

Problem 196: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

JCsc[c+bx}ZSin[a+bx] dx

Optimal (type 3, 36 leaves, 4 steps):
ArcTanh[Cos[c+bx]] Cos[a-c] Csc[c+bx]Sin[a-c]

b b

Result (type 3, 90 leaves):

bx bx

- Ar‘cTan[ (Cos[c] i Sin[c]) [Cos[c] Cos|®*|-sin[c] sin[°X]) ] Cos[a—c]
B iCos[c]Cos[bTX%Cos[bTx} Sin[c] _CSC[C+bX] Sin[a—c]
b b

Problem 201: Unable to integrate problem.

JSin[a+bx}ZSin[c+dx]”dlx

Optimal (type 5, 410leaves, 15 steps):

_ i 2—2—n e—i (2a+cn)-1i (2b+dn) x+in (c+dx) (1 _ eZJic+21'1dx> -n
2b+dn
. . 1 2b 1 2b 1
(e (<90 _j e (<99) " Hypergeometric2F1[ = (———n], -n, = [2— —-n|, et (a0 ],
2 d 2 d 2b-dn
. ) ) X . B . . 1/(2b 1 2b )
iz—Z—n el (2a-cn)+1i (2b-dn) x+in (c+dx) (1_621c+21dx) n (Jﬁ_e*l (c+dx) _ i el (C*dx))"Hyper‘geometr‘icZFl[— [__n), -n, = (2+ ~— _nl, 62] (c+dx)]
2

12710 (fet(edx) _j el (cxdx))N (1 _ 21 (c+dX)) "M Hypergeometric2Fl [-n, - 2, 1- 3, @2 (crdx) |

dn
Result (type 8, 19leaves):

Jsin[a+bx1zsin[c+dx1“d]x
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Problem 205: Unable to integrate problem.

JSin[a+bx}3Sin[c+dx}“dlx

Optimal (type 5, 600 leaves, 18 steps):

1 2—3—n e]‘l (3a-cn)+i (3b-dn) x+in (c+dx) (1 _ e21c+21dx)*n
3b-dn
. . 1/3b 1 3b . 1
(et (49X _j el (4X)) " Hypergeometric2F1| — (——n] , =N, — |2+ = -n|, et (4] _
2 \d 2 b-dn
, , , . . no. o . -dn 1 b 1
3 2—3—n el (a-cn)+1i (b-dn) x+in (c+dx) (1_621c+21dx> n (1 et (c+dx) _ i el “*dx))"Hyper‘geometr‘1c2F1[—n, , = (2+ —-nl, (621 (c+d x)
2d 2 d b+dn
3 2—3—n e—i (a+cn)-1i (b+dn) x+in (c+dx) <1_ezﬁc+2idx)*n (]-]_ et (c+d x) i el (C*d"))”Hyper‘geometr‘icZFl{—n, _ b+dn _ b+dn, 21 (c+dx)] 4 1
2d 2d 3b+dn
2—3—n e—]’l (3a+cn)-i (3b+dn) x+in (c+dXx) (1 _ eZ]‘LC+2]‘LdX>’n (j_ e—j (c+dx) _ i e]’l (c+dx))n Hyper‘geometr‘icZFl[—n, _ 3b+dn s l [2 _ & -n|, e211 (c+dx)]
2d 2 d

Result (type 8, 19leaves):

Jsin[a+bx13sin[c+dx1”dlx

Problem 214: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
JSec[c+bx}ZSin[a+bx] dx
Optimal (type 3, 34 leaves, 4 steps):

Cos[a-c] Sec[c+bx] ArcTanh[Sin[c+bx]] Sin[a -]
+
b b

Result (type 3, 88 leaves):

24 Ar‘cTan[ (i Cos[c]+Sin[c]) (Cos{i—x] Sin[c]+Cos[c] Sin{i—xm

| sinfa-c]
Cos[a-c] Sec[c+bx]

b b

Cos[c] Cos[h%] -1 Cos[bz—x} Sin[c]

Problem 227: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

JCos[a+be Csc[c+bx] dx

Optimal (type 3, 27 leaves, 3 steps):
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Cos[a-c] Log[Sin[c+bx]]
b

-xSin[a-c]

Result (type 3, 58 leaves):
-2iArcTan[Tan[c+bx]] Cos[a-c]+Cos[a-c] (2ibx+Log[Sin[c+bx]2])-2bxSin[a-c]
2b

Problem 228: Result unnecessarily involves complex numbers a