Mathematica 11.3 Integration Test Results

on the problemsin "4 Trig functions\4.7 Miscellaneous"

Test results for the 254 problems in "4.7.1 (c trig)*m (d trig)*n.m"

Problem 8: Result more than twice size of optimal antiderivative.
JCsc[2a+2bx] Sin[a+bx] dx
Optimal (type 3, 14 leaves, 2 steps):

ArcTanh[Sin[a + b Xx]]
2b

Result (type 3, 72leaves):
LOg[COS[? + bTX] 7Sin[i+ bTXH Log[Cos[iJr b7x] +Sin[§ bTXH

b b

1

2

Problem 10: Result more than twice size of optimal antiderivative.
JCsc[2a+2bx]3Sin[a+bx] dx
Optimal (type 3, 49leaves, 5steps):

3ArcTanh[Sin[a+bx]] 3Cscla+bx] Csc[a+bx]Sec[a+bx]?
- +
16b 16b 16 b

Result (type 3, 132leaves):
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73;7 2Cot[§ (a+bx) ]| +6Log[Cos|

N |

(a+bx) ]| -sin]

N |

(a+bx)]] -6Log[Cos|

N |

(a+bx” +Sin|

N |

(avbx)]] -

1 1
+ +2Tan[

(Cos[% (a+bx)] —Sin[% (a+bx)”2 (Cos[% (a+bx)] +Sin[§ (a+bx>])2

N |

(a+bx>]

Problem 11: Result more than twice size of optimal antiderivative.
JCSC[2a+2bx]4Sin[a+bx] dx
Optimal (type 3, 66 leaves, 6 steps):

5ArcTanh[Cos[a+bx]] 5Sec[a+bx] 5Sec[a+bx]3 Cscla+bx]?Sec[a+bx]3
_ . + _

32b 32b 96 b 32b

Result (type 3, 205leaves):
1

24 b (Csc[i (a+bx”2—5ec[% (a+bx)}2)3
Csc[a+bx]?8 (22—40Cos[2 (a+bx)]+13Cos[3 (a+bx)]-30Cos[4 (a+bx)]|+13Cos[5 (a+bx)]|+15Cos[3 (a+bx)] Log[Cos[i (a+bx)]]+

15Cos|[5 (a+bx) | Log[Cos[% (a+bx)]]-15Cos[3 (a+bx] ] Log{sin[i (a+bx)]] -

15 Cos[5 (a+bx) | Log[Sin{1 (a+bx)]]+Cos[a+bx] —26—30Log[Cos[l (a+bx)]] +39Log[Sin[1 (a+bx)H)]
2 2 2
Problem 12: Result more than twice size of optimal antiderivative.
JCsc[2a+2bx]SSin[a+bx] dx
Optimal (type 3, 89leaves, 7 steps):
35 ArcTanh[Sin[a+bx]] 35Csc[a+bx] 35Cscla+bx]3 7Cscla+bx]3Sec[a+bx]? Csc[a+bx]3Sec[a+bx]*
- - + +
256 b 256 b 768 b 256 b 128 b

Result (type 3, 277 leaves):
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19Cot[% (a+bx)] Cot[i (a+bx)] Csc[% (a+bx)]2 35Log[Cos[§ (a+bx)] —Sin[i (a+bx)]]

) 384 b : 768 b ) 256 b :
35Log[Cos[§(a+bx)}+sin[i(a+bx)]] 1
+ +
256 b 512b(Cos[i(a+bx)}—sin[i(a+bx)]>4
11 1

512 b (Cos[% (a+bx)] —Sin[% (a+bx)])2 512 b (Cos[% (a+bx)] +Sin[§ (a+bx)”4

11 19Tan[§(a+bx” Sec[%(a+bx”2Tan[i(a+bx)]

512b(Cos[i(a+be+Sin[i(a+bx)])2 384b 768b

Problem 28: Result more than twice size of optimal antiderivative.

JCsc[2a+2bx] Sin[a+bx]3dx

Optimal (type 3, 28 leaves, 4 steps):
ArcTanh[Sin[a+bx]] Sin[a+bXx]

2b 2b

Result (type 3, 71leaves):

Log[Cos[% (a+bx)] —Sin[i (a+bx)]] ) Log[Cos[% (a+bx)] +Sin[§ (a+bx)]]

b b -

1

2

Sin[a+bx]
b

Problem 30: Result more than twice size of optimal antiderivative.
JCsc[Za+2bx]35in[a+bx]3d1x
Optimal (type 3, 34 leaves, 3 steps):

ArcTanh[Sin[a+bx]] Sec[a+bx] Tan[a+bX]
+

16 b 16b

Result (type 3, 69 leaves):

1617b 7Log[Cos[§ <a+bx)] —Sin[

N |

(a+bx)H +Log[Cos| (a+bx>] +Sin| (a+bx)]] +Sec[a+bx] Tan[a+bx]

N |
N |
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Problem 32: Result more than twice size of optimal antiderivative.

JCsc[Za+2bx]SSin[a+bx]3d1x

Optimal (type 3, 70leaves, 6 steps):
15ArcTanh[Sinfa+bx]] 15Csc[a+bx] 5Csc[a+bx] Sec[a+bx]? Cscl[a+bx] Sec[a+bx]*

+

256 b 256 b 256 b 128 b

Result (type 3, 219leaves):
7Cot[i (a+bx)] ) 15 Log[Cos[i (a+bx)] —Sin[i (a+bx)]] 15 Log[CosE (a+bx)] +Sin[% (a+bx)]]

+ +

64 b 256 b 256 b
1 7

+ —

512 b (Cos[i (a+bx)] —Sin[i (a+bx)])4 512 b (Cos[i (a+bx)] —Sin[i (a+bx)”2

1 7 Tan[i(aerx)]

512b (Cos[% (a+bx)] +Sin[% (a+bx)])4 512 b (Cos[% (a+bx) ] +Sin[% (a+bx)”2 64b

Problem 40: Result more than twice size of optimal antiderivative.

JCsc[aArbx} Sin[2a+2bx] dx

Optimal (type 3, 11leaves, 2steps):
2Sin[a+bx]
b

Result (type 3, 23 leaves):
Cos[bx] Sin[a] Cos[a] Sin[bx]
+
b b

Problem 41: Result more than twice size of optimal antiderivative.

JCsc[a+bx} Csc[2a+2bx] dx

Optimal (type 3, 28 leaves, 4 steps):
ArcTanh[Sin[a+bx]] Csc[a+bx]

2b 2b
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Result (type 3, 95leaves):

_Cot[% (a+bx)] ) Log[Cos[% (a+bx)] —Sin[i (a+bx)]] ) Log[Cos[i (a+bx)] +Sin[§ (a+bx)]] _Tan[i (a+bx)]

4b 2b 2b 4b

Problem 42: Result more than twice size of optimal antiderivative.
JCsc[a+bx} Csc[2a+2bx]%dx
Optimal (type 3, 49leaves, 5steps):

3ArcTanh[Cos[a+bx]] 3Sec[a+bx] Csc[a+bx]?2Sec[a+bx]
_ + _
8b 8b 8b

Result (type 3, 143 leaves):

[Csc[a+bx]4 (2—6Cos[2 (a+bx)]+2Cos[3 (a+bx)]+3Cos[3 (a+bx)] Log[Cos[% (a+bx)]]-3Cos[3 (a+bx) | Log[Sin[% (a+bx)]]+

/(8b (Csc[% (a+bx)]2—5ec[§ <a+bx)]2]]

Cos[a+bx]

_2—3Log[Cos[§ (a+bx)]] +3Log[Sin[§ (a+bx)H)]

Problem 43: Result more than twice size of optimal antiderivative.

JCsc[a+bx] Csc[2a+2bx]3dx

Optimal (type 3, 66 leaves, 6 steps):

5ArcTanh[Sin[a+bx]] 5Cscla+bx] G5Cscla+bx]3 Cscla+bx]3Sec[a+bx]?
- - +
16b 16b 48 b 16 b

Result (type 3, 215leaves):

13Cot[i (a+bx) ] Cot[i (a+bx)] Csc[i (a+bx)]2 5Log[Cos[§ (a+bx)] —Sin[% (a+bx)]]

- - - +

96 b 192 b 16b
5Log{Cos[§(a+bx)]+Sin[%(a+bx)H+ 1 ~

16b 32b(Cos[§(a+be—Sin[i<a+bx)])2

1 713Tan[§(a+bx)] Sec[§<a+bx)]2Tan[i(a+bx”

32b(Cos[§<a+bx)]+Sin[%(a+bx)”2 9 b 192b
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Problem 44: Result more than twice size of optimal antiderivative.
JCsc[a+bx} Csc[2a+2bx]*dx
Optimal (type 3, 89leaves, 7 steps):

35ArcTanh[Cos[a+bx]] 35Sec[a+bx] 35Sec[a+bx]® 7Cscla+bx]?Sec[a+bx]3 Cscla+bx]*Sec[a+bx]3
_ + . _ _
128 b 128 b 384 b 128 b 64 b

Result (type 3, 268 leaves):
1

384b (Csc[% (a+bx”2—5ec[i (a+bx”2)3
Csc[a+bx]™® (—204+658Cos[2 (a+bx)] -228Cos[3 (a+bx)]|+140Cos[4 (a+bx)]| -76Cos[5 (a+bx)]|-210Cos[6 (a+bx)] +
76 Cos |7 (a+bx) | -315Cos[3 (a+bx) | Log[Cos[% (a+bx)]]-105C0s[5 (a+bXx) ] Log[Cos{% (a+bx)]]+

<a+bX>H

(a+bx)]]-105Cos[7 (a+bx)]| Log[Sin]

+

(a+bx)H]

105 Cos[7 (a+bx) | Log[Cos[~ (a+bx)]|]| +3Cos[a+bx] |76+ 105 Log[Cos[1 (a+bx)]] -105Log[sin|
2

N |

315Cos[3 (a+bx) | Log[Sin[~ (a+bx) || +185Cos[5 (a+bx) ]| Log[Sin|

N |
N |

Problem 46: Result more than twice size of optimal antiderivative.
JCsc[a+bx]ZSin[2a+2bx]7d1x
Optimal (type 3, 44 leaves, 5steps):

16 Cos[a+bx]® 128Cos[a+bx]' 32Cos[a+bx]??
_ + _
b 5b 3b

Result (type 3, 91 leaves):
75Cos[2 (a+bx)] ) 5Cos[4 (a+bx)] 5Cos[6(a+bx)]| Cos[8 (a+bx)]| 7Cos[10 (a+bx)] 7Cos[12 (a+bx)]

+ +

8b 64 b 48 b 32b 80b 192 b

Problem 61: Result more than twice size of optimal antiderivative.

JCsc[a+bx13Sin[2a+2bx]8d1x

Optimal (type 3, 46 leaves, 4 steps):



256 Cos[a+bx]® 512Cos[a+bx]' 256Cos[a+bx]!3
_ . _
9b 11b 13b

Result (type 3, 104 leaves):
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5Cos[a+bx] 25Cos[3 (a+bx)] +Cos[s (a+bx)] Cos[7(a+bx)| Cos[9(a+bx)] 3Cos[1l(a+bx)] Cos[13 (a+bx]]

+ +

4b 48 b 16b 8b 72b 176 b

Problem 69: Result more than twice size of optimal antiderivative.

JCsc[a+bx}3Csc[2a+2bx] dx

Optimal (type 3, 43 leaves, 5steps):

ArcTanh[Sin[a+bx]] Csc[a+bx] Cscl[a+bx]3

2b 2b 6b

Result (type 3, 153 leaves):

7Cot[i (a+bx) ] ) Cot[i (a+bx) ] Csc[i (a+bx)]2 ) Log[Cos[% (a+bx)] 7Sin[§ (a+bx)]] )

24 b 48 b 2b
Log[Cos[% (a+bx) ] +Sin[% (a+bx)]] 7Tan[% (a+bx) ] Sec[% (a+bx)]2Tan[% (a+bx)]

2b 24 b 48 b

Problem 70: Result more than twice size of optimal antiderivative.

JCsc[a+bx}3Csc[2a+2bx]2d1x

Optimal (type 3, 70leaves, 6 steps):

15 ArcTanh[Cos[a+bx]] 15Sec[a+bx] G5Csc[a+bx]2Sec[a+bx] Csc[a+bx]*Sec[a+bXx]

+

32b 32b 32b 16 b

Result (type 3, 195leaves):

77Csc[i (aerxH2 7Csc[i (a+bx)}47 15L0g[Cos[§ (a+bx)]] 15Log[Sin[i (a+bx)]]

+ +

128b 256 b 32b 32b
7Sec[%(a+bx”2 Sec{%(a+bx”4 Sin[i(a+bx)] Sin[i(a+bx)]

208 b

+ + -

128b 256 b 4b (Cos[X (avbx)]-sin[% (a+bx)]] 4b(Cos[}(asbx]]+sin[% (a+bx)]]
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Problem 71: Result more than twice size of optimal antiderivative.
JCsc[a+bx]3Csc[2a+2bx]3dlx
Optimal (type 3, 81 leaves, 6 steps):

7 ArcTanh[Sin[a+bx]] 7Csc[la+bx] 7Cscla+bx]3® 7Cscla+bx]®> Csc[a+bx]®>Sec[a~+bx]?
- - - +
16b 16 b 48 b 80 b 16 b

Result (type 3, 222 leaves):

_38:0b 818Cot[§ (a+bx)] +1680Log[Cos[§ (a+bx)] —Sin[% (a+bx)]] —1680Log[Cos[§ (a+bx)] +Sin[§ (a+bx)]] -

120

+392Cscla+bx]?sin]

N |

(a+bx)]4+96Csc[a+bx}ssin[ (a+bx)]6+

N |

(Cos[% (a+bx)] —Sin[% (a+bx)])2

120 49
+—Csc|

(Cos[% (a+bx)] +Sin[i (a+bx)])2 2

(a+bx)]4sin[a+bx] +3Csc[

(a+bx”6sin[a+bx] +818 Tan|
2

N |
N |

1
g (a+bx)}

Problem 72: Result more than twice size of optimal antiderivative.

JCsc[a+bx}3Csc[2a+2bx]4d1x

Optimal (type 3, 112leaves, 8steps):
165 ArcTanh[Cos[a+bx]] 105Sec[a+bx] 35Sec[a+bx]3

256 b 256 b 256 b
21Csc[a+bx]?Sec[a+bx]® 3Cscla+bx]*Sec[a+bx]3 Cscla+bx]®Sec[a+bx]3
256 b 128 b 96 b

Result (type 3, 278 leaves):
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1

0720 (csc [} (a+bx)]*-sec[} a+0x) )]

Cscla+bx]™ [1159-4752Cos[2 (a+bx)] +1600Cos[3 (a+bx)]| +504Cos[4 (a+bx)|+1680Cos|[6 (a+bx)|-660Cos[7 (a+bx)] -
636 Cos[8 (a+bx)| +200Cos|9 (a+bx)|+2520Cos[3 (a+bx)] Log[Cos[% (a+bx)]]-945C0s[7 (a+bx)] Log[Cos[l (a+bx)]]+
315 Cos [9 (a+bx”Log[Cos[%(a+bx)“—30Cos[a+bx] 40+63Log[Cos[§(a+bx>H—63Log[Sin[l(a+bx)H .
2526 Cos[3 (a+bx] ] Log[sm[i (a+bx]]] +945Cos[7 (a+bx)] Log[Sin{% (a+bx)]] - 315Cos[9 (a+bx)] Log[sin| = (a+bx]]]
Problem 123: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

JSin[a+bx}3Sin[2a+2bx]"‘d1x

Optimal (type 5, 84 leaves, 2 steps):

1-m 4+m 6+m

s , , Sinfa+bx]?| Sinfa+bx]?Sin[2a+2bx]"Tan[a + b X]
2 2 2

1-m
(Cos[a+bx]?) = Hypergeometric2Fl|

b (4+m)

Result (type 6, 5212 leaves):

[24*"' (4 +m) Cos[—(a+bx)]651n[l(a+bx)}zsin[a+bx}3 Cos[l(aerxH 7Sin[1(a+bx>]+sin[i(a+bx)] ]m
2 2 2 2 2
Sin|2 (a+bx”m((AppellF1[2+—m,7m,3+2m, 4+_m, Tan[1<a+bx)]2, 7Tan[1(a+bx)]2]5ec[l(a+bx”2)/
2 2 2 2 2
2+m 4+m 1 2 1 2
((4+m) AppellF1[~——, -m, 3+2m, ——, Tan[ = (a+bx)]", 7Tan[; (a+bx)]"] -
2 2 2
4+m 6+m 1 2 1 2
2 [mAppellF1[——, 1-m, 3+2m, —, Tan|[ = (a+bx) |, —Tan[;(a+bx)] |+
2 2 2
(3+2m) AppellFl[ﬂ,—m,2(2+m), 6+m,Tan[£(a+bx”2,—Tan[l(a+bx)]2})Tan[£(a+bx”2]—
2 2 2 2
2+m 4+m 1 2 1 2 2+m 4+m
AppellF1[——, -m, 2 (2+m), A ,Tan[; (a+bx)]", —Tan[;<a+bx)] ]/ (4+m) AppellF1[ =, -m, 2 (2+m), s

2
Tan[§<a+bx)]2, —Tan[%(a+bx)]2]—2 mAppellFl{ﬂ,l—m,Z(Zme), 6;m,Tan[§(a+bx”2,—Tan[%(a+bx)]2]+
2 (2+m) AppellFl{4%m,—m,5+2m, 6+Tm) Tan[%(a+bx)]2,—Tan[§(a+bx)}2})Tan[§(a+bx)]2)]]/
(b (2+m) EZM (4 +m) Cos[§<a+bx)]7sin[§(a+bx” Cos[%(aerx)] [—Sin[%(a+bx)}+sin[§<a+bx)] )m
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((AppellFl[ZJr—m, -m, 3+2m, ﬂ, Tan[1 (a+bx”2, 7Tan[1 <a+bx)]2} Sec[1 <a+bx)]2J/
2 2 2 2 2
2+m 4+m 1 2 1 2
(<4+m) AppellF1[~———, -m, 3+2m, ——, Tan[ = (a+bx)]", —Tan[; (a+bx)]"] -
2 2 2

°xn Tan[1 (a+bx”2, —Tan[l (a+bx)]2] +(3+2m)

4+m 6
2 |mAppellFl[——, 1-m, 3+2m,
2 2 2 2

Tan[1 (a+bx)]2J -

4+m 6+m 1 2 1 2
AppellFl[——, -m, 2 (2+m), , Tan[= b , —Tan|= b
ppe [ A m, 2 (2+m) A an[z(a+ x)] an[z(a+ x)] ] A
2+m 4+m 1 2 1 2 2+m 4+m
AppellF1[~——, -m, 2 (2+m), A ,Tan[; (a+bx)]", —Tan[;(a+bx)] }/ (4 +m) AppellFl[T, -m, 2 (2+m), -
2
Tan[l (a+bx)]2, —Tan[l (a+bx)]2] -2 mAppellFl{—4+m, 1-m,2(2+m), 6+m, Tan[l (a+be2, —Tan[l <a+bx)]2} +2
2 2 2 2 2 2
(2+m) AppGllFl[—4+m,—m,5+2m, —6+m,Tan[£(a+bx”2,—Tan[l(a+bx)]2}]Tan{l(a+bx”2])—
2 2 2 2 2

:

—Sin[l (a+bx) | +Sin{i (a+bx)]

Cos[l (a+bx)]

= 3. 24m (4+m)Cos[l(a+bx)]SSin[l(a+bx”3
2+m 2 2 2 2 2
(AppellFl[z;m,—m,BJer, ﬂ, Tan[l(a+bx”2, —Tan[l<a+bx)]2}5ec[l<a+bx)]2J/

2 2 2 2 2
2+m 4+m 1 2 1 2
((4+m) AppellFl|——, -m, 3+2m, —, Tan{; (a+bx)]", —Tan[; (a+bx)]"] -
2

: Laibx)]’]+ (3+2m)

(a+bx”2, -Tan|

4+m 6+m
2 mAppellFl[i, 1-m,3+2m, —, Tan[
2 2

2
[

+m

2
[ Tan[%(a+bx)]z]—

, Tan 1 (a+bx)]2, -Tan 1 (a+bx)]2]
2 2
4+m

2
(a+bx)]’] +2

4+m 6
AppellF1[——, -m, 2 (2+m),
2

7’“’ Tan[l (a+bXH2: —Tan[i (a+bx)]2}/

R

2+m
(4+m) AppellF1[~—, -m, 2 (2+m
2

2+m
AppellFl[ ——, -m, 2 (2+m),

N

2

N =

6+m’ Tan[1 (a+bx”2, —Tan[
2

4 +m
| -2 |mAppellF1[——, 1-m, 2 (2+m),
2 2

N R IN
N |+

Tan[ (a+bx)]2, —Tan[ (a+bx)]

N |
N

6;'"} Tan[% (a+bx”2, —Tan[i (a+bx)]2}] Tan[% (a+bx”2]) +

)—1+m

(—Sin[% (a+bx) ] +Sin[§ (a+bx)]

4+m
(2+m) AppellFl[T, -m, 5+2m,
<a+bx)]

N W

! (a+bx”2 Cos[%(a+bx”(—Sin[%(a+bx”+sin[
)

2+m

N |

24" m (4 +m) Cos[l (a+bx)]ssin[
2

|

—lsin[1 (a+bx)]

T cos[ [avbx]] s 2 cos[ (asbx]]

1

C — b

(Os[z<a+ g esly 2 2 27 2

((AppellFl[ZJr—m, -m, 3+2m, ﬂ, Tan[l(a+bx”2, —Tan[l<a+bx)]2}5ec[1<a+bx)]2J/

2 2 2 2
2+m 4+m 1 2 1 2
(<4+m) AppellF1[~———, -m, 3+2m, ——, Tan[ = (a+bx)]", —Tan[; (a+bx)]"] -
2 2 2

_m’ Tan[% (a+bx”2, —Tan[% (a+bx)]2] +(3+2m)

4+m
2 |mAppellFl[——, 1-m, 3+2m,
2
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4+m 6+m

, -m, 2 (2+m), ,Tan[l(a+bx)]2, —Tan[l(a+bx)]2]

2 2 2
s Tan[% (a+bx”2, —Tan[% (a+bx)]2}/

(a+bx)]2] -2

AppellF1|

Tan[% (a+bx)]2J -

2

2+m 2+m 4+m
——, -m, 2 (2+m), s

4
, =My 2 (24m), 5

AppellF1| (4 +m) AppellFi|

1 +m

s Tan[l (a+be2, —Tan[l <a+bx)]2} +2

Tan[l (a+bx)]2, ~Tan|
2 2 2

2

4+m 6
mAppellF1[——, 1-m, 2 (2+m),
2

N

(2+m) AppellFl[ﬂ, -m, 5+2m, 6+_m’ Tan{l(a+bx”2,—Tan[l(a+bx)]2}]Tan{l(a+bx”2])+
2 2 2 2
i2“*"‘ (4 +m) Cos[l(a+bx>]ssin{1(a+bx)]2(Cos{1(a+bx)] [—Sin{l(a+bx”+sin[i(a+bx)] )m
2+m 2 2 2 2 2
2+m 4+m 1 2 1 2 1 2 1
Al 11F1|——, -m, 3+2m, —, T - b , =T - b S — b T - +b
( ppe [ A m,3+2m A an[z(a+ x) | an[2<a+ x)]7] ec[2<a+ x) | an[z(a x) | /

2+m 4 +m 1 2 1 2
((4+m) AppellF1[~——, -m, 3+2m, ——, Tan[ =~ (a+bx)]", -Tan[ = (a+bx) ]| -
2

2 2

2 mAppellFl[ﬂ,lfm,BJer, 6+m,Tan[1(a+bx”2,7Tan[1(a+bx)]2]+(3+2m)
2 2 2 2
AppellFl[ﬂ, 7m,2(2+m>,6+m,Tan[1(a+bx)]2, 7Tan[1(a+bx)]2] Tan[l(a+bx)]2J+
2 2 2 2 2

1 2+m 4+m 1 2 1 2
m(2+m) AppellF1[1 + ,1-m,3+2m, 1+ , Tan[= (a+bx)]", -Tan[= (a+bx) ||
4 +m 2 2 2 2

+m

Sec[% (a+bx)]2 (—

2+m 4 1 2

s — 1 i) ) — )
(2+m) (3+2m) AppellF1[1+ m, 4+2m, 1+ Tan[ = (a+bx) |
4+m 2 2 2

Sec[% (a+bx)]2Tan[§ (a+bx)] -
—Tan[% (a+bx)]2] Sec[% (a+bx)]2Tan[§ (a+bx”)]/ [(4+m) AppellFl[zz—m, -m, 3+2m, 4%m1 Tan[% (a+bx)]2,

—Tan{% (a+bx)]2] -2

4+m 6+m 1 2 1 2
mAppellFl{T, 1-m,3+2m, - Tan{; (a+bx)]", —Tan[; (a+bx)]7 ]+ (3+2m)

AppellFl[m,—m,Z(Zer),M, Tan[l(a+bx)]2, —Tan[l(a+bx)]2] Tan[l(aerx)]2 -
2 2 2 2
aem (a+bx)]’

(a+bx)]’]

(4 +m) AppellFl[u, -m, 2 (2+m), 4;"', Tan[E (a+bx”2, —Tan[l (a+bx)]2} -
2 2 2 2

n(2+m) AppellF1[1+ 2™, 1 m, 2 (24m), 1+ (a+bx)]”] sec|

B Tan[1 (a+bx)]2, ~Tan|
2

N |
N |

[_4+m
arm (a+bx”2, ~Tan|

2 (2+m)? AppellF1[1 - 2em 142 (24m), 1+

4+m 2
+m

4 +m 6 1 2
mAppellFl[T, 1-m, 2 (2+m), 0 Tan[g (a+bx)]", -Tan]

Tan| (a+bx)] -

B Tan[

N |
N |
N |

Sec[% (a+be2Tan[§ (a+bx)]

2 (a+bx)]*] +2 (2+m)

N |

AppellFl[u, -m, 5+2m, M, Tan[1 (a+bx”2, —Tan[l <a+bx)]2]] Tan[1 (aerxH2 +
2 2 2 2

2+m 4+m

> =My 2 (24m),

[AppellFl[ , Tan[1 (a+bx)]2, —Tan[l (a+bx”2] (—2

2 2 2

4 +m
mAppellF1[ ——, 1-m, 2 (2+m),
2
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6+m 1 2

1 2 4+m 6+m
s Tan[; (a+bx)]", —Tan[; (a+bx)]"] +2 (2+m) AppellF1[——, -m, 5+2m, ——
2

—Tan[% (a+bx)}2} Sec|

, Tan[% (a+bx)]2,
(a+bx)

B 1om 2 (24m),
4+m

2

1

A ]

1+ ,Tan[l(a+bx”2, —Tan[1
2 2

2 2+m
2 (2+m)*AppellF1[1 + s
4+m
4+m

-my 142 (24m), 1+ s Tan[1 <a+bx)]2, —Tan[% (a+bx)]2] Sec|

2
2 2

1
(a+bx>] —2Tan[g <a+bx)]

N |

m

1 4+m 6+m 1 2 1 2

g 2 (2+m) (4+m) AppellF1[1 + s 1-my 142 (24m), 1+ - (a+bx” B —Tan[7<a+bx)] ]
+m 2 2 2 2

(1-m) (4+m) AppellF1[1+ arm

6+m 2

6+m

Sec[1 (a+bx”2Tan[§ (a+bx)] +

5 2-m, 2 (24m), 1+
2

- Tan[% (a+bx”2,

—Tan[l(a+bx)]2]5ec[l(a+bx)]2Tan[1(a+bx” +2(2+m) (— m(4+m)Appe11F1[1+4+m
2 2 2 6+m 2

6+m, Tan[1 (a+bx)]2, —Tan[l (a+bx)]2] Sec| a+bx)]2Tan[1 (a+bx)] -

2 2 2 6+m

4+m (a+bx)]z}5ec[§(a+bx)]2Tan[§(a+bx)]

,1-my, 5+2m,

1+

(4+m) (5+2m) AppellF1]

)/

6+m
+ , =M, 6+2m, 1+ ——, Tan|
2 2

2+m

(a+bx”2, -Tan

4 +m
((4+m) AppellF1| , -my 2 (24m), —, Tan|

2

1-m, 2 (2+m), 6;m, Tan[1 (a+bx”2, —Tan[
2

4+m

)

N [RrPN[RDN

(a+bx”2, -Tan]| (a+bx)]2} -2

m AppellF1|

. (a+bx)]*]+

N | =

M, Tan[% (a+bx”2, —Tan[l <a+bx)]2]] Tan[

4+m
2 (2+m) AppellFl[T, -m, 5+2m, A

N |

(a+bx”2]2

2+m 4+m
[AppellFl[—, -m,3+2m, ——
2

Lz

s Tan[% <a+bx)]2, —Tan[% (a+bx)]2] Sec[% (a+bx”2

4+m 6+m
mAppellFl| ——, 1-m, 3+2m, —
2

3

s Tan[1 (a+bx)]2, —Tan[l (a+bx)]2] +(3+2m) AppellFl[ﬂ, -m, 2 (2+m), 6xm
2 2 2 2

Tan[l(a+bx)]2,—Tan[l(a+bx”2} Sec[l(a+bx)]2Tan[l(a+be+(4+m) 1 m(2+m)Appe11F1[1+2+m,
2 2 2 2 4+m 2
1-m,3+2m, 1+4ﬂ, Tan[l (a+bx)]2, —Tan{1 (a+bx)]2]5ec{1 (a+bx)]2Tan[l (a+bx)] - (2+m) (3+2m)

2 2 2 2 2 4+m
AppellF1[1+2+m,—m,4+2m,1+ ,Tan[l(a+bx”2,—Tan[l<a+bx)]2]5ec[l(a+bx)]2Tan[l(a+be -
2 2 2 2 2 2
1 2 1 4+m 6+m 1 2 1 2
2Tan[7(a+bx)] m (4+m) (3+2m) AppellF1[1 + ,1-m,4+2m, 1+ ,Tan[f(aerx)] , ~Tan| = (a+bx” ]
2 6+m 2 2 2 2
1 2 1 4+m 6+m 1 2
Sec[*(a+bx” Tan[f(a+bx)]+ (1-m) (4 +m) AppellF1[1 + ,2-m,3+2m, 1+ ,Tan[f(aerxH ,
2 2 6+m 2 2 2
1 2 1 2 1 4 +m
~Tan[= (a+bx) | | sec|= (a+bx)]| Tan[= (a+bx) ||+ (3+2m) m (4 +m) AppellF1[1 + ,1-m, 2 (2+m),
2 2 2 6+m 2
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6+m 1 2 1

, Tan[= (a+bx) |, -Tan| = (a+bx)]2]5ec[l (a+bx)]2Tan[l (a+bx)] - ! 2 (2+m) (4+m) AppellF1|
2 2 2 2 2

o )/

1+

-

4+m 6+m

1+

s =My 142 (24m), 1+
2 2

2+m 4+m
(4 +m) AppellFl[i, -m, 3+2m, —, Tan[
2 2

(a+bx)]2, ~Tan|

N |
N |

(a+bx”2] Sec{i (a+be2Tan[ (a+bx) |

1
2

4+m
B

N |

(a+bx)]2, ~Tan| (a+bx”2} -2 [mAppellF1|

N |

6+m 1 2
1-m,3+2m, —, Tan[; (a+bx)]", -Tan|
2

(a+bx)]’] +

N |

4+m 6+m
(3+2m) AppellF1|——, -m, 2 (2+m),
2 2

, Tan[% (a+bx)]2: —Tan[i (a+bx)]2]J Tan[% (a+bx)]2J2J)]

Problem 124: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

Jsin[a+bx}ZSin[2a+2bx]’“d1x

Optimal (type 5, 84 leaves, 2 steps):

2y M A 3+m 5+m
(Cos[a+bx]?) 2 Hypergeometric2F1l|

s B , Sinfa+bx]?| Sinfa+bx]?Sin[2a+2bx]"Tan[a + b X]
b (3+m) 2 2 2

Result (type 6, 5195 leaves):

[z%m(3+m>cos[§(a+be551n[

N |

(a+bx)]sinfa+bx]? (Cos{

N |

(a+bx)](—sin[§
(a+bx)]2, —Tan[% (a+bx”2]/ ((3+m> AppellFl[lfm, -m, 3+2m, 3em

(a+bx)]’] -2

(a+bx)] +Sin[§ (a+bx) |

)ms:‘m[z (a+bem

1+m 3+m

(— (AppellFl[i, -m, 3+2m, —, Tan|
2 2

N |

B

Tan[i <a+bx)]2, ~Tan]|

N |

(a+bx)]’] +

N |
N

3+m 5+m 1 2
mAppellFl[T, 1-m, 3+2m, - Tan[; (a+bx” , ~Tan|

(3+2m>Appe11F1[3ﬂ,—m,2(2+m),S%m,Tan[g(aerxHZ,—Tan[i(a+bx>]2})Tan[§(a+bx”2))+
(AppellFl[lfm, -m, 2 (1+m), 3;m,Tan[§ (a+bx)]2, 7Tan[§ (a+bx”2} Sec[i (a+bx)}2]/
((3+m)AppellF1[1%m,—m,2(1+m),Bfm,Tan[ (a+bx”2,—Tan[ <a+bx)]2}—

2

N[RN[R

3+m 5+m
mAppellF1[~——, 1-m, 2 (1+m), —, Tan|
2

" (a+bx)]2, ~Tan|

(a+bx)]’] +

N RN R

3+m

2(1+m)AppellF1[ , -m, 3+2m, 5JrTm,Tan[g(aerx)]z, —Tan[i(a+bx”2})Tan[§(a+bx)]2)])/
(b(1+m) 1+m22*"‘ (3+m) Cos[§<a+bx)]6 Cos[%(a+bx)] —Sin{%(a+bx)]+sin[§(a+bx>] )m
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1+m 3+m 1 2 1 2 1+m 3+m
(7(AppellF1[T, -m, 3+2m, - Tan[; (a+bx) ], 7Tan[; (a+bx)] ]/((3+m) AppellFl[T, -m, 3+2m, —

3

2
Tan[1 (a+bx)]2, —Tan[1 (a+bx)]2] -2 mAppellFl[B;m, 1-m,3+2m, 5+_m) Tan[l (a+bx”2, —Tan[1 (a+bx”2} +
2 2 2 2 2 2
(3+2m) AppellFl[B;m, -m, 2 (2+m), 5+m) Tan[l (a+bx”2, —Tan[1 (a+bx”2}) Tan[l (a+be2)J +
2 2 2 2 2
[AppellFl[lJr—m, -m, 2 (1+m), 3+m) Tan[l (a+bx)]2, —Tan[l (a+bx”2] Sec[l (a+bx”2]/
2 2 2 2 2

1+m +m

(<3+m) AppellF1| , -my 2 (1+m), 32 s Tan[i (a+bx”2, —Tan[% (a+bx)]2} -

+m

3+m 5
2 [mAppellF1[~——, 1-m, 2 (1+m), ——
2

s Tan[% <a+bx)]2, —Tan[% (a+bx)]2] +2 (1+m)

AppellF1[3+—m, -m, 3+2m, M, Tan[l (a+bx”2, —Tan[l (a+bx)]2]] Tan[l (a+be2]
2 2 2 2 2

5227 (3+m) Cos[% (a+bx)]451“[§ (a+bx”2

1

1+m

(— (AppellFl[

Cos[% (a+bx)] (—Sin[% (a+bx) | +Sin{§ (a+bx)]

]m
3+m 1 2 1 2 1+m 3+m
,-m,3+2m, ——, Tan[ = (a+bx)|", -Tan[ = (a+bX) | ]/((3+m) AppellFl| ——, -m, 3+2m,
2 2 2 2 2
1

1+m

)

Tan[l (a+bx)]2, ~Tan| (a+bx)]2] -2 (mAppellFl{M, 1-m,3+2m, 5+_m, Tan{l (a+bx”2, —Tan[l (a+be2} +
2 2 2 2 2

(a+bx”2})Tan{ (a+be2)J +

N

3+m 5+m

2

[AppellFl[ﬂ, -m, 2 (L+m), 3+m, Tan[1 (a+bx)]2, ~Tan|
2 2 2

3+m

2

(3+2m) AppellF1] , =My 2 (24m),

, Tan| (a+bx”2, -Tan]|

N |
N |

(a+bx”2] Sec

R SRR

1+m

((3+m)Appe11F1[ s =My 2 (L+m), , Tan| (a+bx”,—Tan[ (a+bx)

2

N[RN[R
N RN R

mAppellFl[m, 1-m, 2 (1+m), M, Tan| <a+bx)]2, ~Tan]| (a+bx)]2] +2 (1+m)
2 2

(a+bx”2])+

)1+m

—%Sin[% (a+bx)] (—Sin[% (a+bx) ] +Sin[§ (a+bx)]

M, -m, 3+2m, M, Tan[1 (a+bx”2, —Tan[l <a+bx)]2]] Tan[
2 2 2

AppellFl[

N |

(a+bx)] |Cos|

23 M m (3+m) Cos[l (a+bx)]ssin[
1+m 2

N |

—_—

N |

(a+bx)] {—Sin[% (a+bx)] +Sin[ = (a+bx) |

N | W

(Cos[% (a+bx)] [—%Cos[% (a+bx)] +§Cos[§ (a+bx)]

1+m 3+m 1 2 1 2 1+m 3+m
- |Appe —y -m, 3+2m, ——, Tan|— (a+bx , -Tan|— (a+bx +m) Appe —, -m, 3+2m, R
( (A 11F1 3+2 Tan[= (a+bx)|", -Tan[= (a+bx) | ]/((3 ) AppellF1| 3+2

2 2 2 2 2

2

Tan[1 (a+bx)]2, —Tan[l (a+bx)]2] -2 (mAppellFl[M, 1-m,3+2m, 5+_m) Tan[l (a+bx)}2, —Tan[1 (a+bx”2} +
2 2 2 2 2 2

°n Tan[i (a+bXH21 -Tan[i (a+bXH2} Tan[% (a+bXH2)J '

3+m
(3+2m) AppellF1|——, -m, 2 (2+m),
2
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;m’ Tan[% (a+bx)]2, —Tan[i (a+bx”2] Sec[% (a+bx”2]/

1+m

3
[AppellFl[ , =My 2 (14m),

1+m

(<3+m)AppellF1[ ,—m,2(1+m),3 ,Tan[l(a+bx”2,—Tan[§(a+bx)]2}—

2 2

2 mAppe11F1[3+—m, 1-m, 2 (1+m), Sﬂ, Tan[l <a+bx)]2, —Tan{l (a+bx)]2] +2 (1+m)
2 2 2
Appe11F1[3+—m, -m, 3+2m, Sﬂ, Tan[l (a+be2, —Tan[l <a+bx)]2]] Tan[l (a+bx)}2]) +
2 2 2 2 2
i23““ (3+m)Cos[1(a+bx>]ssin{1(a+bx)] Cos[l<a+bx)] —Sin[l(a+bx)]+sin[§(a+bx)}))m
1+m 2 2 2 2 2

+m

((( 1 m(1+m) Appe11F1[1+1+m, 1-m,3+2m, 1+ 3 ,Tan[l (a+bx)]2, 7Tan[1 (a+bx”2} Sec[1 (aerxH2
3+m 2 2 2 2 2

(1+m) (3+2m) AppellF1[1+ 1+m, -m, 4+2m, 1+ 3+m, Tan[1 (a+bx)]2, 7Tan[1 (a+bx”2}
3+m 2 2 2 2

/

3+m 5+m 1 2 1 2
mAppellFl[T, 1-m, 3+2m, - Tan[; (a+bx)]", —Tan[; (a+bx)]7] +
5+m

Tan[% (a+bx)] -

Sec[% (a+be2Tan[§ (a+bx)]

(3+m) AppellFl[ﬂ, -m, 3+2m, 3+_m) Tan[l (a+bx)]2, —Tan[1 (a+bx)}2} -
2 2 2 2

2

(3+2m) AppellFl{B%m, -m, 2 (2+m), , Tan{% (aerxHZJ _Tan[i (a+bx”2} Tan{% (a+bx”2)J +

/

3+m

[AppellFl[ler—m, -m, 2 (1+m), s Tan[% (a+bx)]2, —Tan[% (a+bx”2] Sec[% (a+be2Tan[§ (a+bx)]

3+m

1+m
[—

(<3+m)AppellF1 , =My 2 (14m), ,Tan[%(a+bx”2,—Tan[%(a+bx)]2}—

5+m

2

3+m
mAppellF1[——, 1-m, 2 (1+m),
2

s Tan[% <a+bx)]2, —Tan{% (a+bx)]2] +2 (1+m)

AppellFl[m,—m,3+2m, M, Tan[l(a+bx”2,—Tan[l(a+bx)]2] Tan[l(a+bx)}2]+
2 2 2 2 2
Sec[l<a+bx)]2(— m(1+m) Appe11F1[1+1+m,1—m,2(1+m),1+3+m,Tan[1(a+bx)]2,—Tan[1(a+bx)]2]
2 3+m 2 2 2 2
Sec[l(a+bx>]2Tan[1(a+bx)]— ! 2(1+m)2Appe11F1[1+1+m,—m,1+2(1+m),1+3+m,Tan[1(a+bx>]2,
2 2 3+m 2 2 2
—Tan[l(a+bx)]2]Sec[1(a+bx)]2Tan[l (a+bx”))/[(3+m) AppellFl[lJrJ, -m, 2 (1+m), 3+m,Tan[1<a+bx)]2,
2 2 2 2 2
—Tan[l(aerx)]z]—Z mAppellFl[M,l—m,2(1+m>, 5+m,Tan[1 (a+bx”2, —Tan[1<a+bx)]2]+2
2 2 2 2
(1+m) AppellFl[M, -m, 3+2m, Sﬂ, Tan[l(aertz, —Tan[l(a+bx)]2} Tan[l(aerxHZ -
2 2 2 2
1+m 3+m 1 2 1 2
AppellFl[ —, -m, 2 (1+m), ,Tan[—(a+bx)] ,—Tan[—(a+bx” ]Sec[—(a+bx”

2 2 2 2
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(—2 mAppe11F1[3+—m,1—m,2<1+m), +m,Tan[l<a+bx)]2, —Tan{l(a+bx)]2]+
2 2 2
2(1+m>AppellF1[3ﬂ, -m, 3+2m, 5+_m) Tan[l(a+bx)]2,—Tan[l(a+bx”2] Sec[l(a+bx)]2Tan[l(a+bx”+
2 2 2 2 2
(3+m) |- m(1+m)AppellF1[1+1+m,1—m,2(1+m),1+3;m,Tan[l(a+bx)]2, —Tan[l(a+bx”2]
3+m 2 2 2 2
Sec[l(a+bx)]2Tan[l(a+be— 2<1+m>2Appe11F1[1+1+m,—m,1+2(1+m),1+3+m,
2 2 3+m 2 2
Tan[l(aerx)]z, —Tan[l(aerXHZ} Sec[l(a+beZTan[1(a+bx)] —2Tan[1(a+bx)]2
2 2 2 2 2
m|- 2 (1+m) (3+m)AppellF1[1+3+m,1—m,1+2(1+m),1+5+m,Tan[1(a+bx>]2,—Tan[1(a+bx)]2]
5+m 2 2 2 2
1 2 1 3+m 5+m 1 2
Sec[f(aerxH Tan[f(a+bx)]+ (1-m) (3+m)AppellF1[1+ 5 2-m, 2 (1+m), 1+ ,Tan[f(a+bx)} B
2 2 5+m 2 2 2
7Tan[1(a+bx)]2]5ec[1(a+bx)]2Tan[1(a+bx” +2 (1+m) m(3+m)AppellF1[1+3+m,17m,3+2m,
2 2 2 5+m 2
5+m 2 1 2 1 2 1
1+ , Tan[= (a+bx) ], -Tan[= (a+bx) | ] Sec[= (a+bx)] Tan[= (a+bx)] - (3+m) (3+2m) AppellF1]
2 2 2 2 2 5+m
3+m 5+m
1+ , -my,4+2m, 1+ ——

2 1 Tan (e ox] % Tan [ (o 02| sec (o 0x) | Tan | (o b))
(<3+m) AppEllFl{lfm, “m, 2 (1+m)) 3+m

)/

-, Tan{l(a+bx”2,—Tan[l(a+bx)]2}—2 mAppe11F1[3+—m,
2 2 2
1-m, 2 (1+m), 5+_m’ Tan[l(a+bx”2,—Tan[l(a+bx)]2}+
2 2 2
2
2(1+m)AppellF1[3+7m,—m,3+2m, M,Tan[l(a+bx”2,—Tan[l(a+bx)]2]]Tan[l(a+be2 +
2 2 2 2
1+m 3+m 1 2 1 2 3+m
[AppellFl[—, -m, 3+2m, ——, Tan[ = (a+bx)|", -Tan[ = (a+bx) || [—Z(mAppellFl[—, 1-m,3+2m,
2 2 2 2
5+m,Tan[— (a+bx”2, —Tan[1 (a+bx)]2} +(3+2m) AppellFl[Bﬂ, -m, 2 (2+m), 5+m,Tan[l (a+bx)]2,
2 2 2 2 2
—Tan[l(a+bx)}2})5ec[l(a+bx)]2Tan[l(a+bx”+(3+m) o m(1+m>Appe11F1[1+1+m,1—m,3+2m,
2 2 2 3+m 2
1+3ﬂ, Tan{l (a+bx”2, —Tan[l (a+bx)]2} Sec[l (aerx)]zTan{l (a+bx)] - (1+m) (3+2m)
2 2 2 2 2 3+m
AppellF1[1+1+m,—m,4+2m,1+3+m,Tan[l(a+bx”2,—Tan[l<a+bx)]2]5ec[l(a+bx)]2Tan[l(a+be -
2 2 2 2 2
2Tan[1<a+bx)]2 m|- = (3+m) (3+2m>Appe11F1[1+3+m,1—m,4+2m,1+5+m,Tan[1(a+bx)]2, —Tan[l(aertz]
2 5+m 2 2 2 2
Sec[l(a+bx”2Tan[1(a+bx)]+ (1-m) (3+m) AppellF1[1+3+m,2—m,3+2m,1+5+m
2 2 5+m

" , ,Tan[%(aertz,
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—Tan[% (a+bx)]2] Sec[% (a+bx)]2Tan[§ (a+bx)]

3+m
m(3+m) AppellF1[1 +
5+m 2

1

s 1-m, 2 (2+m),

+(3+2m) (—

5+m
1+

- Tan[% <a+bx)]2, —Tan[% (a+bx)]2] Sec[% (a+bx)]2Tan[§ (a+bx)] -
3+m 5+m

s oMy 142 (24m), 1+
2 2

1+m

2 (2+m) (3+m) AppellF1]

)/

5+m

1+

, Tan[1 (a+bx)]2, —Tan[
2

N |

(a+bx”2] Sec| (a+bx”2Tan[§ (a+bx)]

1
2

(3+m) AppellF1| ,-m, 3+2m, 3+Tm, Tan|

N |

(a+bx)]2, 7Tan[§ (a+bx”2} -2

3+4m
m AppellF1 [ -,
2

5+m

1-m,3+2m, —, Tan[l (a+bx)]2, ~Tan| (a+bx)]2} +
2 2

N |

5+m

3+m
(3+2m) AppellF1|——, -m, 2 (2+m),
2

1 2 1 2 1 2\ 2
s Tan[; (a+bx)]", —Tan[g (a+bx)] ]] Tan[; (a+bx)] ] J)]
Problem 125: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
JSin[aerx} Sin[2a+2bx]™dx

Optimal (type 5, 82leaves, 2 steps):

2y M A 1-m 2+m 4+m X ) . .
(Cos[a+bx]?) 2 Hypergeometric2F1l| s s , Sinfa+bx]?| Sinfa+bx] Sin[2a+2bx]"Tan[a + b x]
b (2+m) 2 2 2

Result (type 5, 170leaves):
1

2-1-m -i (atbx) (1_ et (a+bx>>—m (—1'1 21 (arbx) (_1+ @41 (atbx) ) )m
b (—1+4m2)

(1-2m) Hypergeometric2F1|[~ (-1-2m), -m, 1 (3-2m), e*t (2P0 ]
4

N

e ! (@) (14 2m) Hyper‘geome‘cr‘icZFl[l (1-2m), -m, ! (5-2m), e (200 ]
4 4

Problem 126: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

JCsc[a+bx} Sin[2a+2bx]™dx

Optimal (type 5, 72leaves, 2 steps):

1-m
(Cos[a+bx]2)THyper‘geometr‘icZFl[lz;'“, ?, 2;'", Sinfa+bx]2] Sec[a+bx] Sin[2a+2bx]"

bm
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Result (type 6, 1737 leaves):
(a+bx)]2} Cscla+bx] Sin[2 (a+bx>}2m]/

N |

{(2+m) AppellFl[m, -m, 2m, 2+7m, Tan[1 (a+bx”2, -Tan]|
2 2 2
Zﬂ, Tan[1 (a+bx)]2, —Tan[1 (a+bx)]2] -2m AppellFl[z;m, 1-m, 2m, ;m, Tan[1 <a+bx)]2,
2 2

bm
2 2 2

m
(2+m) AppellF1[—, -m, 2m,
2

7Tan[1 (a+bx)]2} +2Appe11F1[2ﬂ, -m, 1+2m, 4;’") Tan[E (a+bx)]2, 7Tan[1 (a+bx”2}) Tan[1 (a+bx)]2)
2 2 2 2 2 2

m 2+m

([2 (2+m) AppellFl[z, -m, 2m, —, Tan[% (a+bx”2, -Tan]| (a+bx)]2] Cos[2 (a+bx)]Sin|2 (a+bx”’1+m]/

N |

m

(<2+m) AppellF1[—, -m, 2m, m, Tan{l (a+bx”2, ~Tan| (a+bx”2} -
2 2 2

N |

2+m 4+m 1 2 1 2
2m AppellFl[T,l—m,Zm, T, Tan[g(a+bx” , —Tan[; (a+bx” ]+

2Appe11F1[2;m, -m, 1+2m, ﬂ, Tan[E (a+bx”2, —Tan[1 (a+bx>]2}) Tan[l (a+bx”2) + ((2+m) Sin[z (a+bem
2 2 2 2 2

<a+bx)]2Tan[ (a+bx)] -

N |
N |

mZAppe11F1[1+m, 1-m,2m, 1+ 2+m’ Tan[l (a+bx”2, —Tan[l <a+bx)]2} Sec|
2 2 2

( 2+m

2m2AppellF1[1+T, —m,1+2m,1+2+m,Tan[1(a+bx)]2, —Tan[l(aerxHZ]Sec[l(a+bx)}2Tan[1(a+bx)] )/
2+m 2 2 2 2 2
m 2+m 1 2 1 2 2+m 4+m 1 2
m|(2+m) AppellF1[—, -m, 2m, ——, Tan[~ (a+bx)] , -Tan| = (a+bx” | -2m |AppellF1[~——, 1-m, 2m, —, Tan[~ (a+bx)] s
2 2 2 2 2 2 2
—Tan[l(a+bx)]2]+2AppellF1[2+7m, -m, 1+2m, u, Tan[l(a+bx”2,—Tan[1<a+bx)]2] Tan[l(aertz])—
2 2 2 2 2 2
((2+m) AppellFl[m,—m,Zm, ﬂ, Tan[l(a+bx)]2, —Tan[l(aerx)]z]Sin[Z (a+bx)]m
2 2 2 2
2+m 4+m 1 2 1 2
-2m |AppellF1[~—, 1-m, 2m, —, Tan[f(aerxH , —Tan[; (a+bx” |+
2 2 2
2Appe11F1[ﬂ, -m, 1+2m, M,Tan[l(awx)}z, —Tan[l(a+bx”2} Sec[l(aerxHZTan[l(a+bx)]+
2 2 2 2 2
(2+m) |- ! mZAppe11F1[1+T,17m,2m,1+2+m,Tan[l(a+be2,7Tan[1(a+bx”2}5ec[l(a+bx”2Tan[1(a+bx)]f
2+m 2 2 2 2 2 2
2+m2m2AppellF1[1+g,7m,1+2m,1+2;m,Tan[§(a+bx”2,7Tan[§(a+bx)]2}5ec[§(a+bx)]2Tan[§(a+be -
2mTan[1(a+bx)]2(f 2m (2+m) AppellF1|[1 + m,17m,1+2m,1+4+m,Tan[1<a+bx)]2, 7Tan[£(a+bx)]2]
2 4+m 2 2 2 2
Sec[l (a+be2Tan[1 (a+bx)]+ (1-m) (2+m) AppellF1[1+2+m, 2-m, 2m, 1+4+m,Tan[1 (a+bx”2,
2 2 2 2

4+m 2
m
,1-my,1+2m,

—Tan[l (a+bx”2} Sec[l (aerx)]zTan[l (a+bx)]+2]- m(2+m) AppellF1[1 + 2+
2 2 2 4+m 2
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4+m 1 2 1 2 1 2 1
1 , Tan[= b , —Tan|= b Sec| = b Tan[ = bx)] - 2 1+2
+ A an[2<a+ x)] an[z(a+ x)]] ec[z(a+ x)] an[z(a+ x)] 4+m< +m) (1+2m)
Appe11F1[1+2+m,—m,2+2m,1+ﬂ, Tan[l(a+bx)]2, —Tan[l(a+bx)}2]5ec[l(a+bx)}2Tan[l(a+bx)] )J/
2 2 2 2 2 2

4;"', Tan[1 (a+bx)]2,
2

+m

m 2
(2+m) AppellF1[—, -m, 2m, ——
2

m s Tan[1 (a+bx)]2, —Tan[l (a+bx”2] —2m AppellFl[ZJr—m, 1-m, 2m,
2

2 2

2
(a+bx)]2} +2Appe11F1[2+7m, -m, 1+2m, 4;"', Tan{1 (a+bx)]2, —Tan[1 (a+bx”2] Tan[1 (a+bx)]2) ]]
2 2 2 2

-Tan
[ 2

N |

Problem 127: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

JCsc[a+bx}ZSin[2a+2bx]md1x

Optimal (type 5, 85leaves, 2 steps):
1 in , 1-m
- (Cos[a+bx]?) 2 Cscla+bx] Hypergeometric2F1 [—,
b (1-m) 2

1+m
(-1+m), L Sinfa+bx]?| Sec[a+bx]Sin[2a+2bx]"

N |

Result (type 6, 4498 leaves):

[2*1”“Cot[§(a+bx)]Csc[a+bx}2 Cos[%(aerxH 7Sin[§(a+bx)}+sin[§(a+bx)] )m
Sin[z (a+bx”m(((1+m)2AppellF1[§(—1+m),—m,2m, 142r7m, Tan[%(aerx)}z, —Tan[i(aerxHZ})/

(a+bx)]’] -

(a+bx”2, ~Tan|

N |
N |

(1+m) AppellF1[= (-1+m), -m, 2m, 1%’ Tan |

N |

“—1+m)

1+m 3+m 1 2 1 2
2m |AppellF1[~——, 1-m, 2m, —, Tan[ = (a+bXx)]|", —Tan[; (a+bx)]"] +
2 2 2
2AppellF1[ﬂ, -m, 1+2m, 3;m, Tan[l(aerxHZ, —Tan[l(a+bx>]2})Tan[l(a+bx”2)J+
2 2 2 2 2
((3+m)AppellF1[1+—m, -m, 2m, 3;m, Tan[l(aerxHZ, —Tan[l(aerx)]z} Tan[l(a+bx>]2]/
2 2 2 2 2
1+m 3+m 1 2 1 2 3+m 5+m 1 2
((3+m) AppellF1[~——, -m, 2m, —, Tan[ = (a+bx)|", -Tan[= (a+bx) | | -2m |AppellF1[——, 1-m, 2m, ——, Tan[ =~ (a+bx) ],
2 2 2 2 2

7Tan[1 (a+bx)]2] +2AppellF1[3+—m, -m, 1+2m, S;m, Tan[1 (a+bx)]2, 7Tan[1 (a+bx)]2]] Tan[1 (a+bx”2]))/

2 2 2 2 2 2
(b(1+m) —1im2’2*"‘Csc[§(a+bx)]2 Cos[i(a+bx)] —Sin[%(a+bx)]+sin[§(a+bx”))
(((1+m)2AppellF1[§ (-1+m), -m, 2m, 1%m’ Tan{i (a+bx”2, —Tan[% (a+bx)]2})/ ((—1+m) (1+m) AppellFl[i (-1+m),
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1+m 1 2 1 2 1+m 3+m 1 2
-m, 2m, —, Tan[= (a+bx) |, -Tan[= (a+bx)| ] -2m [AppellF1[——, 1-m, 2m, ——, Tan[ = (a+bx) ]|,
2 2 2 2 2 2
—Tan[l(a+be2}+2AppellF1[1Lm, -m, 1+2m, 3;m, Tan[l(a+bx)]2, —Tan[l(a+bx”2])Tan[l<a+bx)]2)]+
2 2 2 2 2 2
(3+m) AppellFl{lﬂ, -m, 2m, M, Tan[l (a+bx>]2, —Tan[l(a+bx)]2]Tan[l(a+bx)]2)/((3+m) AppellF1|
2 2 2 2
1+m 3+m 1 2 1 2 3+m 5+m 1 2
, -my2m, —, Tan[= (a+bx) ], -Tan[= (a+bx] | ]—Zm(AppellFl[—, 1-m,2m, —, Tan| = (a+bx) ],
2 2 2 2 2 2 2
—Tan[l(a+bx”2}+2Appe11F1[3+7m,—m,1+2m, 5+7m, Tan[l(a+bx)]2, —Tan[l(a+bx”2])Tan[l(a+bx)]2J]+
2 2 2 2 2
2’1*mmCot{l(a+be (Cos[l(a+bx)] —Sin{l(a+bx)}+sin[z(a+bx)] )hm
1+m 2 2 2 2
(Cos[% (a+bx)] L%Cos[% (a+bx)] +§Cos[§ (a+bx)] 7§Sin[§ (a+bx)] (7Sin[§ (a+bx)] +Sin[§ (a+bx)] ]
2 1 1+m 1 2 1 2 1
([(1+m) AppellF1[= (-1+m), -m, 2m, ——, Tan|= (a+bx) ]|, -Tan[ = (a+bx)] ]J/ (-1+m) | (1+m) AppellF1[ = (-1+m),
2 2 2 2 2
1+m 1 2 1 2 1+m 3+m 1 2
“m, 2m, ——, Tan|[= b , —Tan| = b _2m |AppellF1[——, 1-m, 2m, ——, Tan|[= b ,
m, 2m A an[z(a+ x) | an[z(a+ x)]7] m | Appe [ A m, 2m A an[2<a+ x) |
—Tan[l(a+bx)]2]+2AppellF1[1+—m, -m, 1+2m, 3;m, Tan[l(a+bx”2,—Tan[1<a+bx)]2}]Tan[l(a+bx”2])+
2 2 2 2 2 2
[(3+m) AppellFl[lJr—m, -m, 2m, 3+_m) Tan[1 (a+bx)]2, —Tan[1 (a+bx”2} Tan[1 (a+bx”2]/ [(3+m)
2 2 2 2 2
1+m 3+m 1 2 1 2 3+m 5+m 1 2
AppellF1[~——, -m, 2m, —, Tan[ = (a+bx) |, -Tan[= (a+bx) | | -2m |AppellF1[——, 1-m, 2m, ——, Tan[ = (a+bXx) ],
2 2 2 2 2 2 2
—Tan[l (a+bx)]2] +2AppellF1[3+—m, -m, 1+2m, 5+m,Tan[1 (a+bx”2, —Tan[l (aerx)]z]]Tan[1 (a+bx”2]) +
2 2 2 2 2
2’1*’"Cot[1(a+bx)] Cos[l(a+bx)] —Sin[l(a+bx)]+Sin[i(a+bx> )m
1+m 2 2 2 2

(a+bx”2, —Tan[l <a+bx)]2] Sec[1 <a+bx)]2

m
R Tan[
2 2

)
(1+m)? i

1 1 1+
- (-1+m) mAppellF1[1+ — (-1+m), 1-m, 2m, 1+
2

|

1+m
Tan[1 (a+bx)] - 2 (-1+m) mAppellFl[lJrl (-1+m), -m, 1+2m, 1+ 1+m) Tan[1 (a+bx”2,
2 1+m 2 2 2
7Tan[1(a+bx)]2]5ec[1(a+bx)]2Tan[1(a+bx” )/[(71+m> (1+m)AppellF1[l(—1+m),7m,2m,1+m,
2 2 2 2 2

AppellFl[l;m, 1-m, 2m, B;m, Tan[1 (a+bx)]2, 7Tan[1 (a+bx)]2] +
2 2

Tan[—(a+bx)]2,7Tan[1(a+bx)]2]72m A A

2 2

2Appe11F1[1%m, -m, 1+2m, 3+Tm, Tan[% (a+be2, —Tan[% (a+bx”2}) Tan[% (a+bx)]2)J +

/

(3+m) AppellFl[lJr—m, -m, 2m, 3+_m) Tan[1 (a+bx)]2, —Tan[1 (a+bx”2} Sec[1 (a+be2Tan[1 (a+bx)]
2 2 2 2 2 2
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(<3+m) AppellFl{lﬂ,—m,Zm, M, Tan[l(a+bx)]2,—Tan[l(a+bx)]2]—
2 2 2
3+m 5+m 1 2 1 2
2m |AppellF1l[~—, 1-m, 2m, —, Tan{g(a+bx)] s —Tan[; a+bx)|7]+2
2

(

3+m 5+m 1 2 1

AppellF1[~——, -m, 1+2m, ——, Tan| = (a+bx)]", -Tan| =
2 2

5 <a+bx)]2]]Tan[§(a+be2 +

N

[(3+m) Tan[%(aerx)]2 —Bimm(1+m) Appe11F1{1+1;m,1—m,2m,1+3;m,Tan[§<a+bx)]2, —Tan[%(a+bx”2]
Sec[%(a+bx)]2Tan[%(a+bx)]—3 2m(1+m)Appe11F1[1+1;m,—m,1+2m,1+3;m,
+m

1 2 1 2 1 2 1
Tan[g(a+bx)] ,7Tan[£(a+bx)] ]Sec[;(aerx)] Tan[;(aerxH J/[(3+m)

1+m 3+m 2 1 2 3+m 5+m 1 2

AppellF1] , -m, 2m, ——, Tan[g (a+bx>] B —Tan[g (a+bx) |-2m AppellFl[T, 1-m, 2m, o Tan[g (a+bx)] ,
2 2

]
—Tan[l (a+bx)]2] +2Appe11F1[3+7m, -m, 1+2m, Sﬂ, Tan[1 (a+bx”2J —Tan[l <a+bx)]2]] Tan[1 (a+bx)}2] -
2 2 2 2 2
(1+m)2AppellF1[1<—1+m),—m,Zm, 1+7m, Tan[l(aerxHZ, —Tan[l(aertz} -2m AppellFl[ﬂ,l—m,Zm, M,
2 2 2 2 2 2

Tan[1 (a+bx”2, —Tan[l <a+bx)]2] +2Appe11F1[ﬂ, -m, 1+2m, 3+m’ Tan[E (a+bx”2, —Tan[l (a+bx)]2}]
2 2 2 2
Sec[l(aerxHZTan[l(a+bx”+(1+m) - (—1+m)mAppellF1[1+1(—1+m),1—m,2m,1+1+m,
2 2 1+m 2 2

Tan[1 (a+bx”2, 7Tan[1 (a+bx)]2] Sec[1 (a+bx)]2Tan[l (a+bx)] -

2 (-1+m) mAppellF1|
2 2 2 2 1+m

1+l (-1+m), -m, 1+2m, 1+ 1+m, Tan[1 (a+bx)]2, —Tan[l (a+bx)]2] Sec[l (a+bx)]2Tan[1 (a+bx)]
2 2 2 2 2 2

+m

2mTan| — (a+bx - 2m (1+m) AppellF1|1 + ,1-m,1+2m, 1+ , Tan|— (a+bx , —Tan|— (a+bx

LRI E = Tenly 20T Tan[ (e

(1-m) (1+m) Appe11F1[1+1+m, 2-m, 2m, 1+3+m,Tan[l (a+bx”2,

3+m 2 2 2

1 1+m 3+m
m(1+m) AppellF1|1+ ,1-my,1+2m, 1+ s

3+m 2 2

<a+bx>]—

Sec[% (a+bx)]2Tan[§ (a+bx)]+

~Tan| (a+bx)}2} Sec[1 (a+be2Tan[% (a+bx)]+2]|-

2

N |

2 1

(a+bx)]"] sec] Lem

(1+m) (1+2m) AppellF1[1+ ,
3+m 2

)/

Tan[ (a+bx)]2, —Tan[ (a+be2Tan[

N |
N =

-m, 2+2m, 1+

N[RN[R

2
m, Tan| (a+bx”2, —Tan[% <a+bx)]2] Sec[1 <a+bx)]2Tan[§ (a+bx”

2

2

(1+m) AppellF1|

N |

[(—1+m) (-1+m), -m, 2m, 1%m) Tan{% (a+bx”2, —Tan[% (a+bx>]2} -

2m (AppellFl[lJr—m, 1-m, 2m, 3—, Tan[l (a+bx”2, -Tan| <a+bx)]2] +
2

2

N |
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2
2Appe11F1[1+—m, -m, 1+2m, ﬂ, Tan[1 (a+bx>]2, —Tan[l (a+bx)]2]]Tan[1 (a+bx>]2) ]—
2 2 2 2
((3+m) AppellFl[ﬂ, -m, 2m, M, Tan[l(aerx)]z, —Tan[l(a+bx”2} Tan[l(aerxH2
2 2 2 2
3+m 5+m 1 2 1 2 3+m 5+m
-2m |AppellFl|~—, 1-m, 2m, —, Tan[; (a+bx)] , —Tan[; (a+bx)} | +2AppellF1[~——, -m, 1+2m, -
2 2
Tan[l(aerx)]z, —Tan[l(aerxHZ} Sec[l(aerx)]zTan[l(a+bx”+(3+m) I m(1+m)AppellF1[1+1+m,
2 2 2 2 3+m 2
1—m,2m,1+3+m,Tan[l(a+bx)]2, —Tan[l(aertz} Sec[l(a+bx”2Tan[1(a+bx)]— 2m (1+m)
2 2 2 2 2 3+m
AppellF1[1+1+m,7m,1+2m,1+3+m,Tan[l(a+bx”2,7Tan[1(a+bx)]2]5ec[1(a+bx)]2Tan[l(a+bx” -
2 2 2 2 2 2

2mTan[§ (aerx)]2 751m2m (3+m) AppellF1[1+ 3;m, 1-m,1+2m, 1+ S;m, Tan[% (a+bx)]2, 7Tan[§ (a+bx)]2]

(1-m) (3+m) AppellF1[1+ 3+m, 2-m,2m, 1+ 5+m, Tan[l (a+bx”2,
5+m 2 2 2
5+m

—Tan[l(a+bx)}2}5ec[l(a+bx)}2Tan[l(a+bx)]+2 - m(3+m)AppellF1[1+3+m,1—m,1+2m,1+ s
2 2 2 5+m 2 2

Sec[% (a+bx)]2Tan[§ (a+bx)]+

(a+bx)]2, —Tan[% (a+bx”2] Sec{% (a+be2Tan[§ <a+bx)] - 5+m<3+m) (1+2m) AppellF1|1 + 3;m,
[

(a+bx)]’] Sec[i <a*bx)]2Ta"[1 (a+bx)] ]))/

2

Tan|

N |

m, Tan[1 (a+bx”2, ~Tan

2 2

-m, 2+2m, 1+

1
2

(3+m>AppellF1[ﬂ,—m,2m, M,Tan[ (a+bx>]2,—Tan[ <a+bx)]2]—2m
2 2

N |

3+m
AppellF1l [ —> 1-m,
2

5+m

2

NIRE YR

2m, ,Tan[%(aerx)]z, ,Tan[ (a+bx”2}+

2
2AppellF1[3+—m, “m, 1+2m, Sﬂ’ Tan[l (a+bx)]2, _Tan[l (a+bx)]2]] Tan[l (a+bx>]zJ ])]
2 2 2 2 2

Problem 128: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

JCsc[a+bx]3Sin[2a+2bx]’“d1x

Optimal (type 5, 85leaves, 2 steps):
1 im . 1-m
- (Cos[a+bx]?) 2 Cscla+bx]?Hypergeometric2F1 [—.
b (2-m) 2

m
(-2+m), =, Sin[a+bx]?] Sec[a+bx] Sin[2a+2bx]"
2

N |-

Result (type 6, 5872 leaves):
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Tan[i (a+bx)]-Tan[2 (a+bx)]3

4t"cscla+bx]?sin[2 (a+bx) "

(1+Tan[§ (a+bx”2)2

1/ [

(—([AppellFl[1 (-2+m), -m, 2m, g, Tan[l (a+bx”2, —Tan[; (a+bx)]2} Cot[; (a+bx)]

2
—AppellFl[1 (-2+m), -m, 2m, m,Tan[1 (a+bx”2, —Tan[l <a+bx)]2] +2(Appe11F1[m, 1-m, 2m, , Tan[= (a+bx) ],
2 2 2 2 2
—Tan[l(a+bx)]2]+2AppellF1[T, -m, 1+2m, 2+_m’ Tan[l(a+bx)]2, ~Tan[= (a+bx)| ]| Tan[= (a+bx) | )])+
2 2 2 2
(2 (2+m) AppellFl[m, -m, 2m, 2;m, Tan[1<a+bx)]2, ~Tan[ = (a+bx) | ]J/
2 2 2
m 2+m 1 2 1 2 2+m 4+m
m|(2+m) AppellFl{;, -m, 2m, - Tan[;(a+bx)] s —Tan[; (a+bx)]"]-2m AppellFl[T,l—m,Zm, »Tan[= (a+bx) ],
—Tan[l(a+bx)]2]+2Appe11F1[2+m,—m,1+2m, ﬂ, Tan[l(a+be2,—Tan[l<a+bx)]2]]Tan[l(a+bx)}2])+
2 2 2 2 2 2
((4+m) AppellFl[M,—m,Zm, ﬂ, Tan{l(a+bx”2,—Tan[l(a+bx”2} Tan[l(a+bx>]2)/
2 2 2

2
)

((2+m) (4 +m) AppellF1[2+7m, -m, 2m, ﬂ, Tan{l (a+bx)]2, —Tan[1 (a+bx }2} -
2 2 2
4+m m 1 2 1 2
2m [AppellFl[——, 1-m, 2m, —, Tan|~ (a+bx)] , —Tan[; (a+bx” |+
2 2
2Appe11F1[4ﬂ, -m, 1+2m, J,Tan[l(a+bx)}2,fTan[l(a+bx)]2} Tan[l(a+bx”2)J]]/
2 2 2 2
Tan[l(a+be—Tan[l(a+bx)]3 e 1 m 1 5 1 X
b|41M"m 2 2 (—([AppellFl[f (-2+m), -m, 2m, —, Tan|— (a+bx)} , -Tan| = (a+bx)] ]
2 2 2 2

(1+Tan[§ (a+bx”2>2

Cot{% (a+bx)}2)/

m
(AppellFl (=, 1-m, 2m,
2

(-2+m) —AppellFl[l (-2+m), -m, 2m, T) Tan{l (a+bx”2, ~Tan[= (a+bx)| ] +2
2 2 2 2

0, L oo 7, ran[ (51087

2Appe11F1[m, m,1+2m, 2+_m) Tan{l (a+bx)]2, ~Tan[ = (a+bx”2}) ‘|'an{l (a+bx)]2)]] +
2 2 2 2

(2(2+m) AppellFl[m,—m,Zm, +m,Tan[l(a+be2,—Tan[l(a+bx)]2})/ mi|(2+m) AppellFl[m, -m, 2m,
2 2 2 2
2+m, Tan[1 (a+be2, —Tan[1 (a+bx)]2} -2m AppellFl[ﬂ, 1-m, 2m, ﬂ, Tan[1 (a+bx”2, —Tan[1 <a+bx)]2] +
2 2 2 2 2
[ Tan[l(a+bx)]z])+
2

2 AppellF1 2+7m) -m, 1+2m, 7m, Tan[1 (a+bx)]2, —Tan[1 (a+bx)]2]
2 2
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zﬂ, “m, 2m, Tan[l (a+bx)]2, —Tan[1 (a+bx)]2] Tan[l (a+bx)]2)/
2 2 2 2

2+m 4+m 1 2

Y -m,2m, —, Tan[; (a+bx)]", -Tan|
2

( (4 +m) AppellF1]

[(2+m)

2m

(a+bx)]"] -

x)]°]

,-m, 1+2m, G%m’ Tan[% (a+bx)]2, —Tan{2 (a+bx)]2]] Tan[% (a+bx)]2J)]

lSec[i (a+bx)]27§5ec[i (a+bx”2Tan[§ (a+bx)]2 ZSec[i (a+bx)}2Tan[§ (a+bx)] (Tan[i (a+bx)] 7Tan[§ (a+bx”3) ] )

(4 +m) AppellF1|

o N |

4 +m 6+m
AppellFl|——, 1-m, 2m, ——
2

s Tan[% (a+bx”2, —Tan[% (a+
1

4+m
2 AppellFl| —

2

2

(1+Tan[§(a+bx)]2) (1+Tan{%(a+bx”2)3

Tan[i (a+bx)] 7Tan[§ (aerxH3 "

4—1+m
2

(1+Tan[§ (a+bx)]2)

{(AppellFl[1 (-2+m), -m, 2m, m, Tan[1 (a+bx)]2, —Tan[l (a+bx)]2] Cot[1 (a+bx)] Csc[l (a+bx”2]/ (<72+m)
2 2 2 2 2 2
1 m 1 2 1 2 m 2+m 1 2
~AppellF1] ~ (-2+m), -m, 2m, —, Tan|~ (a+bx)] , ~Tan| = (a+bx” | +2 |AppellF1[—, 1-m, 2m, —, Tan|[~ (a+bx)} ,
2 2 2 2 2 2 2
1 2 m 2+m 1 2 1 2 1 2
—Tan[f (a+bx” }+2AppellF1[f, -m,1+2m, —, Tan[f (a+bx” B —Tan[7<a+bx)] ] Tan[f (a+bx” ])—
2 2 2 2 2 2
Cot[l(aerxHZ —(—2+m>AppellF1[1+l(—2+m),1—m,2m,1+m, Tan[l(a+bx)]2, —Tan[l(aerxHZ]
2 2 2 2 2
Sec[l(a+bx)]2Tan[1(a+bx)]—2(—2+m>AppellF1[1+E(—2+m>,—m,1+2m,1+
2 2 2
m 1 2 1 2 1 2 1
B tan[= (a+bx)]%, -Tan[= (a+b sec[= (a+bx)]’Tan[= (a+b /[ 2
A an[z(a+ x) | an[z(a+ x)]7] ec[z(a+ x) | an[z(a+ x) | (-2+m)
1 m 1 2 1 2 m 2+m 1 2
[7Appe11F1[— (-2+m), -m, 2m, >’ Tan[; (a+bx)]", 7Tan[; (a+bx)]7]+2 AppellFl[;,lfm, 2m, — Tan[; (a+bx)]",
2

—Tan[1 (a+bx”2} +2Appe11F1[m, -m, 1+2m, zﬂ, Tan[1 (a+bx”2, —Tan[1 <a+bx)]2]
2

2 2 2 2
(2 (2+m) (-

+m
m 2+m 1 2 1 2 1 2 1
2m? AppellF1|1+ —, -m, 1+2m, 1 , Tan| = b , -Tan|[ = b Sec| = b Tan| = b
- m? Appe [ +2 m,1+2m, 1+ A an[z(a+ x) | an[z(a+ x)]7] ec[z(a+ x) | an[z(a+ x) ]
z;m, Tan[l(a+bx”2,—Tan[l(a+bx)]2}—
2 2

Tan[% (a+bx”2]) +

! mzAppe11F1[1+m, 1-m,2m, 1+ 2 s Tan[1 (a+bx)]2, —Tan[1 (a+bx”2] Sec[1 (a+bx”2Tan[1 (a+bx)] -
2 2 2

2+m 2 2 2

m

m
(2+m) AppellF1[—, -m, 2m,
2

ﬂ, Tan[1 (a+bx”2, —Tan[l (a+bx)]2] +

2+m
2m (AppellFl[—, 1-m, 2m,
2 2 2 2
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2+m

2 AppellFi| ,-m, 1+2m, ﬂ, Tan[l (a+bx)]2, —Tan[l (a+bx)]2] Tan[l (a+bx)]2J) +
2

2 2 2
2+m 4+m 1 2
—, -m, 2m, —, Tan[~ (a+bx)] , -Tan|
2

A (a+bx)]2Tan[£(a+be

(a+bx)]2]Sec[ A

( (4 +m) AppellF1]

“2+m)

2m

/

NN|I—‘

2+m 4+m 1 1

(4+m) AppellF1[~———, -m, 2m, ——, Tan[ = (a+bx) | , -Tan| =
2 2 2 2
b

— N |

(a+bx

4+m 6+m 1 2
AppellFl{T, 1-m, 2m, - Tan[; (a+bx)]", -Tan|

4+m 6+m 1 2 1 2

2AppellFl| ——, -m, 1+2m, —, Tan[g (a+bx)]", —Tan[;(a+bx)] || Tan]|
2

[

N |

(a+bx)f])+

2+m m 1 2
m (2+m) AppellF1|1 + ,1-m,2m, 1+ » Tan[= (a+bx) ],
2

44+m 2 2

2 1 1

b T — b -
(a+ x)] an[z(a+ x” P
4+m

(a+bx)]” |-

((4+m) Tan|

N |

~Tan]| (a+bx)]2] Sec|

N |
N |

2+m
2m (2+m) AppellF1|1 + ,-m,1+2m, 1+

2 2
2+m 4 +m

“2+m) 2+n

2m

, Tan[l (a+be2, ~Tan|
2

N |

(a+bx”2} Sec[i (a+bx”2Tan[

N |

(a+bx)]

|/

(4 +m) AppellFl[

, -m, 2m, - Tan[i (a+bx”2, —Tan[% (a+bx)]2] -

4 +m 6+m
AppellFl[T, 1-m, 2m, T, Tan[

N |

2 1 2
(a+bx” s —Tan[g<a+bx)] |+

2Appe11F1[4;m, -m, 1+2m, u, Tan[1 (a+bx)]2, —Tan[l (a+bx)]2] Tan[1 (a+bx)]2J) +
2

2 2 2

(AppellFl[% (-2+m), -m, 2m, 2, Tan[% (a+bx)]2, 7Tan[§ (a+bx”2} Cot[% (aerxH2

(-2+m) AppellFl[lJr1 (-2+m), 1-m, 2m, 1+m, Tan[1 <a+bx)]2, 7Tan[l (a+bx)}2] Sec[l (aerxHZTan[1 (a+bx)]+
2 2 2 2 2 2

2 (-2+m) AppellF1[1+1<72+m),7m,1+2m,1+m, Tan[1<a+bx)]2, 7Tan[1(a+bx)]2]5ec[£(a+be2Tan[l(a+bx”+
2 2 2 2 2 2
m 2+m 1 2 1 2 m 2+m 1 2
2(Appe11F1[—, 1-m,2m, ——, Tan[= (a+bx)|", -Tan|= (a+bx) || +2AppellF1[—, -m, 1+2m, ——, Tan[= (a+bx)]|",
2 2 2 2 2 2 2
—Tan[l(a+bx)]2] Sec[l(a+bx)]2Tan{l(a+bx)]+2Tan[l(a+bx)]2 I ZmZAppellF1[1+m,1—m,1+2m,
2 2 2 2 2+m 2

2+m
1+

- Tan[% <a+bx)]2, —Tan{% (a+bx)]2] Sec[% (a+bx”2Tan[§ (a+bx)]+ 2+m(l—m) mAppellF1{1+g, 2-m,
2+

2m, 1+

2

m, Tan| (a+bx)]2, 7Tan[§ (a+bx”2} Sec[% (a+bx”2Tan[

N |

(a+bx)]+2]- ! mZAppellF1[1+T,
2

2+m

N |

2+
1-m,1+2m, 1+
2

(a+bXH7

m(1+2m)

|

m’ Tan[1 (a+bx>]2, ~Tan]|
2

N |

(a+bx)]2] Sec[% (a+bx)]2Tan[

N |

2+m

Appe11F1[1+E, -m, 2+2m, 1+ 2+m, Tan[1 <a+bx)]2, —Tan[l (a+bx”2] Sec[l (aerxHZTan[1 (a+bx)]
2 2 2 2 2 2

)/
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[(2+m) 7Appe11F1[1 (-2+m), -m, 2m, m, Tan[1 (a+bx)]2, 7Tan[l (a+bx”2] +2 AppellFl[m, 1-m, 2m,
2 2 2 2 2
2;m, Tan[% (a+bx)]2, 7Tan[§ (a+bx)}2] +2Appe11F1[g, -m, 1+2m, 2+Tm) Tan[% (a+bx)]2, 7Tan[§ (a+bx”2}

m l<a+bx)]2, —Tan[i(a+bx”2]

2+m
, -m, 2m, —, Tan|
2

Tan{l(a+bx”2)2J—(2 (2+m) AppellF1| A

2

N

4+m 1 2 1 2 2+m
——, Tan[ = (a+bx)] B —Tan[; (a+bx)] ]+2AppellF1[T, -m, 1+2m,
2

-2m

2+m
AppellF1 [ —> 1-m, 2m,
2

4+m

- Tan[% (a+bx)]2, 7Tan[§ (a+bx)}2] Sec[% <a+bx)]2Tan[§ (a+bx)] +

_ mzAppe11F1[1+m, 1-m,2m, 1+ 2 s Tan[1 (a+bx)]2, 7Tan[1 (a+bx)]2] Sec[1 (aerx)]zTan[1 (a+bx)] -

(2+m)
2+m 2 2 2 2 2 2

2+m 1 2 1 2 1 2 1
2m? AppellF1]1 9,7,12,1 , Tan| = b , -Tan| = b Sec|— b Tan|— b -
- m? Appe [ +2 m,1+2m, 1+ 2 an[2<a+ x) | an[z(a+ x)]7] ec[z(a+ x) | an[z(a+ x) |

2+m 4+m 1 2 1 2
2m (2+m) AppellF1|1 + ,1-m,1+2m, 1+ ,Tan[= (a+bx) ], -Tan[= (a+bx)]|]
4 +m 2 2 2 2

+m

2mTan[§ (aerxH2 (7

Sec[l(a+be2Tan[1(a+bx)]+ (1-m) (2+m)AppellF1[1+2 ,2—m,2m,1+4+m,Tan[1<a+bx)]2,
2 2 4+m 2 2 2

4+m
,1-my,1+2m, 1+ N

(a+bx)]2]5ec[l(a+bx)]2Tan[l(a+be+2 - m(2+m) Appe11F1{1+2Jrrn

-Tan|
2 2 2 4+m

(2+m) (1+2m) AppellF1[1+ sz,

)%

4+m

(a+bx”2} Sec|

-m, 2+2m, 1+ (a+bx)}2Tan[1<a+bx)]
2

1
2

s Tan[% (a+bx”2, —Tan[% (a+bx)]2} -2m

m

m 2
(2+m) AppellF1[—, -m, 2m, ——
2

2+m
AppellFl[——, 1-m,
2

4+m

- Tan[% (a+bx)]2, —Tan[% (a+bx)]2] +

2m,

2
2Appe11F1[u, -m, 1+2m, u, Tan[l (a+bx)}2, —Tan[l (a+bx”2}) Tan[1 (a+bx)]2) )
2 2 2 2 2

((4+m) AppellFl[zﬂ,—m,Zm, ﬂ, Tan[l(a+bx)]2,—Tan[l(a+bx)]2]Tan[l(a+bx)]2
2 2 2 2
4+m 6+m 1 2 1 2 4+m
-2m AppellFl[T,l—m,Zm, -, Tan[; (a+bx)]", —Tan[;(a+bx)] | +2AppellF1[——, -m, 1+2m,
G;m,Tan[§<a+bx)]2, —Tan[%(a+bx”2] Sec[§<a+bx)]2Tan[§(a+bx”+(4+m) —4imm(2+m)
Appe11F1[1+2;m,1—m,2m,1+4;m,Tan[%(a+bx)]2,—Tan{%(a+bx”2} Sec{%(a+be2Tan[§<a+bx)]—4+m2m
(2+m)AppellF1[1+2+m,—m,1+2m,1+ m,Tan[l(a+bx)]2, —Tan[l(a+bx”2]5ec[l(a+bx”2Tan[1(a+bx>] -
2 2 2 2 2
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1 2 1 4+m 6+m 1 2 1 2
2mTan| = (a+bx)]" |- 2m (4 +m) AppellF1[1 + ,1-my14+2m, 1+ ——, Tan[= (a+bx) ]|, -Tan[= (a+bx)|]
2 6+m 2 2

2 2

(1-m) (4+m) AppellF1[1+ 4+
6+m 2

Sec[l (a+bx>]2Tan[l (a+bx)] + ,2-m,2m, 1+6+m, Tan[l <a+bx)]2,
2 2 2 2

-Tan]| (a+bx)]2] Sec|

4+m 6+m
m (4 +m) AppellF1[1 + ,1-m,1+2m, 1+ s
6+m 2 2

N |
N |

(a+bx)]2Tan[§ (a+bx)]+2]-

4+m
Tan[

N |

(a+bx”2,—Tan[ (a+bx)] a+bx)]2Tan[ (a+bx)] -

(4+m) (1+2m) AppellF1[1+
6+m 2

}Sec[l (aerxﬂzTan[1 (a+bx)] )J]/

2 2
(a+bx)]2] -2m

)

N |

6+m

2

2+m

4+m 1 2
(4 +m) AppellF1] ,-m,2m, —, Tan[; (a+bx)]", -Tan]
2 2

-m, 2+2m, 1+

) Tan[

N[RN[R

(a+bx) ]2, -Tan

((2+m)

+m

[AppellF1[4%m, 1-m, 2m, 6 B Tan{% (a+bx”2, —Tan[% (a+bx)]2} +

Problem 136: Result more than twice size of optimal antiderivative.
JCos[aerx} Csc[2a+2bx] dx
Optimal (type 3, 14 leaves, 2 steps):

ArcTanh[Cos[a+bx]]
2b

Result (type 3, 42leaves):

Log[Cos[iH’f‘H Log[Sin[§+ bXH
- +

b b

1
2

Problem 137: Result more than twice size of optimal antiderivative.

JCos[aerx} Csc[2a+2bx]%dx

Optimal (type 3, 28 leaves, 4 steps):
ArcTanh[Sin[a+bx]] Csc[a+bx]

4b 4b
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Result (type 3, 94 leaves):

Cot[i (a+bx)] ) Log[Cos[% (a+bx)] —Sin[i (a+bx)]] ) Log[Cos[% (a+bx)] +Sin[§ (a+bx)]] _Tan[i (a+bx)]

2b b b 2b

1

4

Problem 138: Result more than twice size of optimal antiderivative.
JCos[aerx} Csc[2a+2bx]3dx
Optimal (type 3, 49leaves, 5steps):

3ArcTanh[Cos[a+bx]] 3Sec[la+bx] Cscla+bx]2Sec[a+bx]
_ i -
16 b 16 b 16b

Result (type 3, 143 leaves):

Csc[a+bx]*

2-6Cos[2 (a+bx)]|+2Cos[3 (a+bx)]|+3Cos[3 (a+bx)] Log[Cos[% (a+bx)]]-3Cos[3 (a+bx)| Log[Sin]|

/(16b [Csc[i (a+bx>]2—Sec[§ (a+bx”2])

Cos[a+bx]

7273Log[Cos[% (a+bx)]] +3Log[Sin[§ (a+bx)H)}

Problem 139: Result more than twice size of optimal antiderivative.

JCos[aerx} Csc[2a+2bx]%dx

Optimal (type 3, 66 leaves, 6 steps):

5ArcTanh[Sin[a+bx]] 5Cscla+bx] 5Cscla+bx]3 Cscla+bx]3Sec[a+bx]?
- - +

32b 32b 96 b 32b

Result (type 3, 215leaves):

13Cot[i (a+bx)] Cot[i (a+bx)] Csc[i (aerx)]2 5Log[Cos[§ (a+bx)] 7Sin[§ (a+bx)]]

+

192 b 384 b 32b
5Log[Cos[§ (a+bx)] +Sin[§ (a+bx)]]

+

1

32b 2

64 b (Cos{% (a+bx)] —Si”[% (a+bx)])

1 13Tan[%(a+bx)] Sec[§<a+bx)]2TanE(a+bx”

64b(Cos[§(a+bx)]+Sin[i(a+bx>”2 192b 384 b

N |

(asbx)]]+
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Problem 140: Result more than twice size of optimal antiderivative.

JCos[abe} Csc[2a+2bx]°dx

Optimal (type 3, 89leaves, 7 steps):
 35ArcTanh[Cos[a+bx]] 35Sec(a+bx] 35Sec[a+bx]3 ) 7Cscla+bx]2Sec[a+bx]3 B Csc[a+bx]*Sec[a+bx]3
256 b 256 b 768 b 256 b
Result (type 3, 268 leaves):
1

7685 [csc[ 2 (a+bx]|*-sec(3 (avbx] ?)

128 b

Csc[a+bx]™® (—204+658Cos[2 (a+bx)] -228Cos[3 (a+bx)]|+140Cos[4 (a+bx)]| -76Cos[5 (a+bx)]|-210Cos[6 (a+bx)] +

76 Cos |7 (a+bx) | -315Cos[3 (a+bx) | Log[Cos[% (a+bx)]]-105C0s[5 (a+bXx) ] Log[Cos{% (a+bx)]]+

105 Cos [7 (a+bx) | Log|Cos

<a+bX>H

(a+bx)]]-105Cos[7 (a+bx)]| Log[Sin]

+

(a+bx)]] |

(a+bx)]] +3Cos[a+bx] 76+105Log[Cos[1 (a+bx)]] -105Log[sin|
2

N |

315 Cos |3 (a+bx) | Log[Sin|

(a+bx)]] +105Cos[5 (a+bx)| Log[Sin]

N |

N |

Problem 158: Result more than twice size of optimal antiderivative.
JCos[a+bx]3CSc[2a+2bx]3d1X
Optimal (type 3, 34 leaves, 3 steps):

ArcTanh[Cos[a+bx]] Cot[a+bx] Csc[a+bx]
16b 16 b

Result (type 3, 79 leaves):

Csc[i (a+bx)]2 ) Log[Cos[i (a+bx)]] ) Log[sin[i (a+bx)]] ) sec[i (a+bx)]2

8b 2b 2b 8b

1
8

Problem 159: Result more than twice size of optimal antiderivative.

JCos[a+bx]3Csc[2a+2bx]4dlx
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Optimal (type 3, 43 leaves, 5steps):

ArcTanh[Sin[a+bx]] Cscla+bx] Cscl[a+bx]3

16b 16b 48 b
Result (type 3, 152 leaves):

1

16

7Cot[§ (a+bx)] Cot[% (a+bx)] Csc[i (a+bx)]2 Log[Cos[% (a+bx)] —Sin[% (a+bx)]]

¥
12b 24b b

Log[Cos[i(a+bx”+Sin[i(a+bx)H 7Tan[i<a+bx)] Sec[i(a+bx>]2Tan[i(a+be

b 12b 24b

Problem 160: Result more than twice size of optimal antiderivative.
JCos[a+bx]3Csc[2a+2bx]5d1X

Optimal (type 3, 70leaves, 6 steps):
715Ar‘cTanh[Cos[a+bx}] 15Sec[a+bx] 5Csc[a+bx]?Sec[a+bx] Csc[a+bx]*Sec[a+bx]

256 b 256 b 256 b 128 b

Result (type 3, 195leaves):

77Csc[%(a+bx”27Csc[i(a+be4 15Log[Cos[§(a+bx)H 15Log[Sin[§(a+bx)H 7Sec[§(a+bx>]2

- + + +
1024 b 2048 b 256 b 256 b 1024 b
Sec[%(a+bx”4 Sin[§<a+bx)] Sin[%(a+bx)}
. _
2048 b 32b(Cos[i<a+bx)]—Sin[%(a+bx>]) 32b(Cos[%(a+bx)}+$in[i(a+bx)])

Problem 187: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

JCos[a+bx}3Sin[2a+2bx]'“d1x

Optimal (type 5, 85leaves, 2 steps):

1 ; _ 1-m 4+m 6+m _— EEN
- Cos[a+bx]?Cot[a+bx] Hypergeometric2Fi | s B , Cos[a+bx]?] (Sin[a+bx]?) 2 Sin[2a+2bx]"
b (4+m) 2 2 2

Result (type 6, 10498 leaves):



212" (31 m) Cos[a+bx]3Sin[2 (a+bx)]mTan[1 (a+bx)]
2

|

Tan[i (a+bx)] —Tan[i (a+bx)]3]m
(1+Tan[i <a+bx)]2)2

1+m 3+m 1
AppellFl[i, -m,1+2m, —, Tan[
2 2

N (a+bx”2, —Tan[i (a+bx)]2] (1+Tan[

(a+bx)]2)3]/

N |

N

((3+m) AppellFl[l;m, -m, 1+2m, 3+_m) Tan[l (a+bx)]", —Tan[1 (a+bx”2} -
2 2 2 2
+m

2

mAppe11F1[3+—m, 1-m,1+2m, > s Tan[1 (a+bx)]2, —Tan[l (a+bx)]2] +
2 2 2

(1+2m) AppellFl[M, -m, 2 (1+m), 5+_m) Tan[l (a+bx)}2, —Tan[1 (a+bx)]2}) Tan[l (a+bx)}2) +
2 2 2 2

(leppellFl[lJr—m, -m, 3+2m, M, Tan[1 (a+bx”2, —Tan[l (a+bx)]2] 1+Tan[1 (a+bx)]2)]/
2 2 2

2 2
((3+m) AppellFl[lﬂ, -m, 3+2m, 3+_m) Tan[l (a+bx)]2, —Tan[1 (a+bx”2} -
2 2 2 2

3+m 5+m 1 2 1 2
mAppellFl[T, 1-m,3+2m, - Tan[= (a+bx)]|", —Tan[; (a+bx)]] +

2
5+m

2

(3+2m) AppellFl{3%m, -m, 2 (2+m), s Tan{l (a+bx”2, —Tan[% (a+bx)]2}) Tan{% (a+bx”2) -

2
(a+bx”2} 1+Tan[§ (a+bx)]2]2]/

Tan[ > (a+bx) 1%, ~Tan[ ~ (a-bx]]°] -

1+m 3+m

2

(6AppellF1[ , -my 2 (1+m), ,Tan[l(aerxHZ, ~Tan|
2

N |

1+m 3+m

((3+m) AppellF1| , -my 2 (1+m),

+m
2

mAppellFl[BJrTm, 1-m, 2 (1+m), > s Tan[% <a+bx)]2, —Tan{% (a+be2] +

2 (1+m) AppellFl{M, -m, 3+2m, 5+_m) Tan{l (a+bx)]2, —Tan[l (a+bx)}2}) Tan[l (a+bx)]2) -
2 2 2 2 2

1+m

(8Appe11F1[ , -my 2 (24m), B;m) Tan{E (a+bx”2, —Tan[% (a+bx)}2})/

2

1+m 3+m

((3+m)AppellF1[ , =My 2 (24m), ,Tan[%(a+bx”2,—Tan[—(a+bx)]2}—

2 (a+bXH2]+

N RN R

mAppellFl[?’;—m, 1-m, 2 (2+m), S%m’ Tan[i (a+bx)]2, ~Tan]|

2(2+m>Appe11F1[M,—m,5+2m, m,Tan[l(a+bx)]2, —Tan[ (a+bx”2} Tan[
2 2 2

N |
N |

<a+bx>12)]J/

1 23+2m(3+m> Sec[i(a+bX)]2Tan[§(a+bx>}z

b (1+m)

1 2)®
1+Tan{2 (a+bX)] ) <1+m) (1+Tan[§ <a+bX)]2)5
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Tan[i(a+bx)]7Tan[§(a+be " 1+m . ) 34m . 1 b1 T 1 b1
(1+Tan[§(a+b><)]2)2 [[App 1 p o mnEm et [2( ox) ], - [2< ox)]]
(1+Tan[i<a+bx)]2J3J/[(3+m) AppellFl[lJrTm, -m, 1+2m, Bﬂ, Tan[%(a+bx”2, —Tan[§<a+bx)]2}—
2

3+m 5+m 1 2 1 2
mAppellF1[~——, 1-m, 1+2m, —, Tan|~ (a+bx) |, -Tan[ = (a+bx) ]| +
2 2 2
3+m 5+m
(1+2m) AppellF1|——, -m, 2 (1+m), —
2

s Tan[% (a+bx”2, —Tan[% (a+bx”2}) Tan[% (a+bx)}2) +

1+Tan[§ (a+bx)]2)]/

s Tan[% (a+bx)]2, —Tan[% (a+bx”2} -

1+m 3+m 1 2 1 2
[12AppellF1[—, -m, 3+2m, —, Tan[ =~ (a+bXx) ]|, —Tan[; (a+bx)]7]
2 2

1+

m 3+m
(<3+m> AppellF1| ,-m, 3+2m, —
2

2

3+m 5+m
mAppellFl[~——, 1-m, 3+2m, —
2 2
(3+2m) AppellFl[M, -m, 2 (2+m), Ser,Tan[l (a+bx)}2, —Tan[1 (a+bx”2})Tan[l (a+bx”2) -
2 2 2 2 2
2 1 2)2
ox) 7] [1+Ten(2 (o 7)) /
" (a+ x)}} +an[2(a+ x”]]
3+m) AppellF1l 1;m, -m, 2 (1+m), 3m
2

1 2 1 2
,Tan[= (a+bx)]%, -Tan[= (a+bx)]*] -
A an[z(a+ x) | an[z(a+ x)]7]
mAppellF1[3+—m, 1-m, 2 (1+m), 5+m, Tan[1 (a+bx)]2, —Tan[l (a+bx)]2] +
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1+ 5+m, Tan[1 (a+bx)]2, —Tan[l (a+bx)]2] Sec[1 (aerx)]zTan[1 (a+bx)]+ (1-m) (3+m) AppellF1|
2 2 2 2 2 5+m
3+m

1+

5+m 2 1 2 1 2 1
,2-m, 3+2m, 1 , Tan[= b , —Tan[ = b Sec| = b Tan| = b
A m,3+2m, 1+ A an[z(a+ x” an[z(a+ x)]} ec[z(a+ x)] an[z(a+ x)] +

5+m

(3+2m) |- m(3+m)Appe11F1[1+3+m,1—m,2(2+m),1+ ,Tan[l(a+bx”2,—Tan[1(a+bx)]2}

5+m 2 2 2 2

Sec[1 (a+bx”2Tan[l (a+bx)] - 2 (2+m) (3+m) AppellF1[1+ 3am
2 2

, -m, 1+2 (2+m),
5+m 2



Szm, Tan{% (a+bx”2, —Tan[% (a+bx)}2} Sec[% (a+bx>]2Tan[§ (a+bx)]
(3+m) AppellFl{i, -m, 3+2m, 3+_m) Tan[l (a+bx)]2, —Tan[l (a+bx”2} -2
2 2

s Tan{% (a+bx)]2, —Tan[% (a+be2} +

1+

)/

3+m
)

o]

Problem 188: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

m AppellF1|

5+m
1-m,3+2m, ——
3+m

5+m

2

(3+2m) AppellF1| , -m, 2 (2+m),

, Tan[1 (a+bx)]2, ~Tan]|
2

N |

(a+bx)]2]] Tan|

N |

JCos[a+bx1ZSin[2a+2bx]’"d1x

Optimal (type 5, 85leaves, 2 steps):

) . 1-m 3+m 5+m
Cos[a+bx]“Cot[a+bxX] Hyper‘geometr‘1c2F1[

s B , Cos[a+bx]?] (Sin[a+bx]?)
2 2 2

b (3+m>

1-m
2

Sin[2a+2bx]"
Result (type 6, 7926 leaves):

22" (31 m) Cos[a+bx]2Sin[2 (a+bx)]mTan[1 (a+bx)]
2

Tan[i (a+bx)] 7Tan[§ (a+bx>]3]m
(1+Tan[i (a+bx)]2>2

1+m 3+m 1 2 1 2
({AppellFl[, -m,1+2m, —, Tan[f (a+bx” B —Tan[f <a+bx)] ] [1+Tan[
2 2 2 2
1+m

((3+m) AppellF1| ,-m, 1+2m, 3+_m) Tan[l (a+bx)]", 7Tan[1 (a+bx”2} -
2 2 2 2

N |

(a+bx)]2)2]/

N

2

3+m 5+m 1 2 1 2
mAppellF1[~——, 1-m, 1+2m, —, Tan|= (a+bx) |, —Tan[; (a+bx)]7] +
2 2 2

3+m +m

A ,Tan[%(a+bx”2,—Tan[%(a+bx)]2})Tan[§(a+bx”2)+

1+m 3+m 1 2 1 2 1+m 3+m

(4Appe11F1[—, -m, 3+2m, —, Tan[= (a+bx)|", -Tan[ = (a+bx) | ])/((3+m) AppellFl[——, -m, 3+2m, —
2 2 2 2 2

2
Tan|— <a+bx)]2, —Tan[l (a+bx)]2] -2 mAppellFl[—3+m, 1-m,3+2m, _5+m, Tan[l (a+bx”2, —Tan[1 (a+bx)]2} +
2 2 2 2 2 2
(3+2m) AppellFl[M, -m, 2 (2+m), 5+m, Tan[l (a+bx”2, —Tan[1 (a+bx)]2}) Tan[l (a+bx”2) -
2 2

(1+2m) AppellF1|

, -m, 2 (1+m), >

3

2 2
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, Tan{l (a+bx”2, —Tan[1 (a+bx”2} 1+Tan[§ (a+bx)]2J]/

2 2 2

+m

1l+m
(4AppellF1{—, -m, 2 (1+m),
2

[(3+m) AppellFl{lﬂ, -m, 2 (1+m), +m’ Tan[l (a+bx”2, —Tan[l (a+bx)]2} -
2 2 2 2

2 mAppe11F1[3+—m, 1-m, 2 (1+m), 5+m, Tan[l <a+bx)]2, —Tan{E (a+bx”2] +
2 2 2 2

2 (1+m) AppellFl{?’;m, -m, 3+2m, 5+7m) Tan{1 (a+bx)]2, ~Tan]| (a+bx)}2} Tan|
2 2 2

N |

1
2

<a+bx>]2)]}/

;3 212 (34 m) Sec[l (a+bx)]2Tan[1 (a+bx”2
(1+m) (1+Tan[i(a+bx”2) 2 2

1

[b (1+m> N

1+Tan[l (a+bx)]2)3 [—

m

Tan[ (a+bx)] - Tan[ (a+bx)]3 1+m 34m 1 2 1 X
(1+Tan[f(a+bXHZ)2 ((AppellFl[ p o mrEm et [2< ox) %, - [2( ox)]']
(1+Tan[i(a+bx”2]2)/((3+m) AppellFl[l%,—m,1+2m, 3+?m, Tan[%(a+bx)]2, —Tan[i(a+bx”2]—

3+m 5+m 1 2 1 2
2 (mAppellFl[—, 1-m,1+2m, —, Tan[= (a+bx)]|", 7Tan[£ (a+bx)]] +
2 2 2

(1+2m) AppellFl[?H—m, -m, 2 (1+m), S;m, Tan[1 (a+bx)]2, —Tan[1 (a+bx)]2]
2

1 2
5 A A Tan[ = (a+bx) | ]+

2

1+m 3+m 1 2 1 2 1+m 3+m
(4AppellF1[T, -m, 3+2m, - Tan[; (a+bx)]", —Tan[;(a+bx)] }]/((3+m) AppellFl[T, -m, 3+2m, -

Tan[l (a+bx)]2, —Tan[1 (a+bx”2} -2 mAppellFl[—3+m, 1-m,3+2m, _5+m, Tan[1 (a+bx)]2, —Tan[l (a+bx)]2] +
2 2 2 2 2 2
(3+2m) AppellFl[ﬂ, -m, 2 (2+m), Sﬂ, Tan[1 (a+bx)]2, —Tan[l (a+bx)]2]J Tan[1 (a+bx)]2J -
2 2 2 2 2

1+Tan[§ (a+bx)]2)J/

[(3+m) AppellFl[lJr—m, -m, 2 (1+m), M, Tan[l <a+bx)]2, —Tan{l (a+bx)]2] -
2 2 2 2

(4Appe11F1[1+—m, -m, 2 (1+m), M, Tan[1 (a+bx>]2, —Tan[l (a+bx)]2]
2 2 2 2

2 (mAppellFl{h—m, 1-m, 2 (1+m), 5+_m) Tan{l (a+bx”2, —Tan[l (a+bx>]2} +
2

2 2 2
2 (1+m) AppellFl[?HTm, -m, 3+2m, S%m, Tan[%(aerx)}z,Tan[%(a+bx)]2]]Tan[§(a+bx”2])+
,[Tan[2 (a+bx)] -Tan[% (a+bx "
11 2322m<3+m)5ec[§(a+bxﬂ ' [2( )]1 ' [2<22 )]
(1+m) (1+Tan[;(a+bx)] ) (1+Tan[;(a+bx)] )
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1+m

({AppellFl[ ,-m, 1+2m, 3%”', Tan[% (a+bx”2, —Tan[% (a+bx)]2} (1+Tan[§ <a+bx)]2J2]/
lﬂ

(<3+m) AppellF1| ,-m, 1+2m, 3+_m) Tan{l (a+bx)]2, ~Tan[ = (a+be2} -
2 2

2

N RN R

mAppellFl[Bz—m, 1-m,1+2m, B%m, Tan[% (a+be2, ~Tan| (a+bx)]2] +(1+2m)

5+m

—

3+m 1 2
AppellF1[——, -m, 2 (1+m), s Tan[; (a+bx)]|", -Tan
2

%(a+bx)]2]J Tan[% (a+bx)]2J +

[4AppellF1[1+7m, -m, 3+2m, 3+7m, Tan[1 (a+bx)]2, —Tan[l (a+bx”2])/ [(3+m) AppellFl[lJrirn -m, 3+2m, 3om
2 2 2 2 2

)

Tan[l(a+bx)]2,—Tan[l(a+bx)]2]—2 mAppellFl{?’;m,l—m,BJer, 5+7m, Tan{l(a+bx”2, —Tan[l(a+bx>}2}+
2 2 2 2 2 2
(3+2m> AppellFl[ﬂ, —m,2(2+m), -, Tan[l(a+bx”2, —Tan[1 (a+bx” })Tan[l(a+bx”2)—
2 2 2
[4AppellF1[1ﬂ,—m,2(1+m),M,Tan[l(a+bx)]2, —Tan[l(a+bx”2} 1+Tan[1(a+bx>]2))/
2 2 2 2 2
(<3+m) AppellFl[ﬂ,—m,2(1+m),ﬂ, Tan[l(aertz, —Tan[l(a+bx)]2}f
2 2 2 2
3+m 5+m 1 2 1 2
2 mAppellFl[i,l—m,2<1+m), —_—, Tan[7<a+bx)] , —Tan[f(aerx)] ]+2(1+m)
2 2 2 2

AppellF1[3+—m, -m, 3+2m, Sﬂ, Tan[1 (a+bx”2, —Tan[l (a+bx)]2]] Tan[l (a+bx”2]) +
2 2 2 2 2

-1+m

1

(1+m) (1+Tan[§ (a+bx)]2)

Tan[i (a+bx)] —Tan[i (a+bx)]3

; 212" m (3 +m) Tan[% (a+bx)]

1+ Tan]

N =
©
+
o
X

N

.

N

2

1+m 3+m
—Yy -m, 1+2m, —, Tan[
2

]
([AppenFl[lJrTm: -m, 1+2m, B%m, Tan[l (a+be2, —Tan[% <a+bx)]2} (1+Tan[§ (a+bx)]2)2]/

(<3+m)AppellF1[ (a+bx)]2,—Tan[%(aerxHZ}—

N RN R

2 mAppellFl[M,l—m,lJer, M, Tan| (a+bx”2,—Tan[l(a+bx)]2]+<1+2m)

2 2 2

AppellFl[M, -m, 2 (1+m), M, Tan[l(a+bx)]2, —Tan[l(aerx)]z]]Tan[l(a+bx)]2)+
2 2 2 2 2

1+m 3+m 1 2 1 2 1+m 3+m
[4Appe11F1[7, -m, 3+2m, —, Tan|— <a+bx)] s —Tan[; (a+bx” ]J/ [(3+m) AppellFl[T, -m, 3+2m, -
2 2 2
Tan[l(a+bx)]2,—Tan[l(aerx)]z]—Z mAppellFl[M,l—m,3+2m, M, Tan[l(aerxHZ, —Tan[l(a+bx”2}+
2 2 2 2 2 2
(3+2m) AppellFl[B;m, -m, 2 (2+m), Ser,Tan[l (a+bx”2, —Tan[l (a+bx”2})Tan[l (a+bx”2) -
2 2 2 2
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- Tan{% (a+bx)]2, —Tan[% (a+bx”2}

1+Tan[1 (a+bx>]2])/

2

1+m +m

3
[4Appe11F1[ , -my 2 (1+m),

1+m

(<3+m) AppellF1| , =My 2 (1+m), 32 B Tan{% (a+bx”2, —Tan[% (a+bx)]2} -

5+m
2

mAppellFl[Ber—m, 1-m, 2 (1+m), - Tan[% <a+bx)]2, —Tan{% (a+bx)]2] +2 (1+m)

AppellFl[?H—m, -m, 3+2m, M, Tan[1 (a+bx”2, 7Tan[1 (a+bx)]2]] Tan[1 (a+bx”2])
2 2

2 2 2
{%Sec[%(a+bx)}2_3sec[§(a+bx)]2TanE(a+bx”2_25ec[§(a+bx)]2Tan[%(a+be(Tan{%(a+bx”—Tan[%(a+bX)]3) +
[1+Tan[2 (arbx] ) (1+Tan[2 (a+bx) )’
1 321+2m (3+m) Tan[%(a+bx” Tan[%(a+bX)]—Tan[%(a+2bx>]3

(1+m) (1+Tan[i(a+bx)]2) (1+Tan[§(a+bx)]2)

1+m

((ZAppellFl[ , -m, 1+2m, B%m, Tan[% (a+bx”2, —Tan[% (a+bx)]2] Sec[% (a+bx)]2Tan[§ (a+bx)]

(1+Tan[§ <a+bx)]2)]/ ((3+m) AppellFl[l%, -m, 1+2m, 3J2r—m, Tan[% (a+bx”2, 7Tan[§ (a+bx”2} -

mAppellFl[?H—m, 1-m,1+2m, S;m, Tan[1 (a+bx”2, —Tan[1 (a+bx)]2] +(1+2m)
2 2 2 2

2

+m

AppellFl[?H—m, -m, 2 (1+m), > ,Tan[l(a+bx)]2, —Tan[l(a+bx)]2] Tan[l(a+bx)]2 +
2 2 2 2 2

1 1+m 3+m
[( m(1+m) AppellF1[1 + ,1-m,1+2m, 1+
3+m

, Tan[% (a+bx)]2, —Tan{i (a+bx”2} Sec| (aerxH2

o NP

Tan[

N |

(a+bx)] - , ~Tan|

(a+bx)]’]

(1+m) (1+2m) AppellF1[1+ Lem o 2e2m, 1 ™ Tan[1 (a+bx)]
3.m 2 2 2

(1+Tan[§ (a+bx)}2]2]/

(a+bx)]*] -2

N |

1+m 3+m
—_— —m,1+2m, —
2

Sec[% (a+be2Tan[§ (a+bx)]

(3+m) AppellF1|

Tan| (a+bx)]2, -Tan]|

N |
N |

3+m 5+m 1 2 2
mAppellFl[T,l—m,1+2m, - Tan[g(aerxH , -Tan[= (a+bx)| ] +

N |

3+m 5+m 1 2 1
(1+2m) AppellF1[~——, -m, 2 (1+m), —, Tan|[= (a+bx)|", -Tan|
2 2

X (a+bx”2} Tan[l(aerxH2 +

2 2
+m

3+m
,1-m, 3+2m, 1+

1 1
[4 [7 m (1+m) AppellF1|[1 +
3+m 2 2

, Tan[% (a+bx)}2, —Tan[i (a+bx”2} Sec| (a+bx”2

N |

Tan[

N |

(a+bx)] - (1+m) (3+2m) AppellF1[1 + 1+m, -m, 4+2m, 1+ 3+m, Tan[1 (a+bx)]2, ~Tan|

3+m 2 2 2

Sec[l (a+be2Tan[1 (a+bx)] J/ ((3+m) AppellFl[lJr—m, -m, 3+2m, B;m, Tan[1 (a+bx)]2, -Tan|
2 2 2 2 2

(a+bx”2}

(a+bx)]’] -

N R NIR
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2 mAppe11F1[3+—m,1—m,3+2m, Sﬂ, Tan[l(a+bx”2,—Tan[l(a+bx)]2]+(3+2m)
2 2 2
AppellF1[3+—m,—m,2(2+m>, 5+m,Tan[l(a+bx)]2, —Tan[l(a+bx)]2] Tan[%(a+bx)]2J—
2 2 2
[4Appe11F1[1+—m, -m, 2 (1+m), 3+m,Tan[l(a+bx)]2,—Tan[l(a+be2} Sec[%(a+be2Tan[%(a+bx)] /
2 2 2
(<3+m) AppellFl{lﬂ, -m, 2 (1+m), 3+m,Tan[l (a+bx”2, —Tan[l (a+bx)]2} -
2 2 2
3+m 5+m 1 2 1 2
2 [mAppellF1[——, 1-m, 2 (1+m), ——, Tan[ = (a+bx)|", -Tan[= (a+bx)]| | +2 (1+m)
2 2 2 2
Appe11F1[3+7m,—m,3+2m, M, Tan[l(a+bx”2,—Tan[l<a+bx)]2]]Tan[l(a+bx”2]—
2 2 2 2
[4[— 1 m<1+m)Appe11F1[1+1+m,1—m,2(1+m),1+3+m,Tan[l(a+bx”2, —Tan[l(a+bx)]}
3+m 2 2 2 2
Sec[l(a+bx)]2Tan[1(a+bx)]— 2(1+m)2Appe11F1[1+1+m,—m,1+2(1+m),1+3+m,
2 2 3+m 2 2
Tan[l(a+bx)]2,—Tan[l(a+bx)]2]5ec[1(aerx)]zTan[1 a+bx)} [1+Tan[l(a+bx”2”/
2 2 2 2 2
(<3+m) AppellFl[l;m, -m, 2 (1+m), 3+m,Tan[E (a+bx”2, —Tan[l (a+bx)]2} -
2 2 2
3+m 5+m 1 2 1 2
2 mAppellFl[—,l—m,2<1+m), T, Tan[;<a+bx)] B —Tan[g(aerx)] ]+2(1+m)
2

3+m 5+m 1 2 1 2 1 2
AppellF1[~——, -m, 3+2m, —, Tan| = (a+bx) ], 7Tan[;<a+bx)] ]]Tan[; (a+bx)] ]+
2 2 2

[4Appe11F1[1%m, -m, 2 (1+m), 3+_m) Tan[1 (a+bx)]2, 7Tan[§ (a+bx”2} (1+Tan[§ (a+bx>]2]

2 2
(72

mAppellFl[?H—m, 1-m, 2 (1+m), 5+_m, Tan[1 <a+bx)]2, 7Tan[£ (a+bx)]2] +
2 2 2 2
2 (1+m) AppellFl[ﬂ, -m, 3+2m, 5+_m, Tan[1 (a+bx)]2, —Tan[l (a+bx”2]
2 2 2

Sec[% (a+bx)]2Tan[§ (a+bx)]+

3+m

(3+m)

o1 m(1+m)Appe11F1[1+1+m,1—m,2(1+m),1+ ,Tan[l(a+bx)]2, —Tan[l(a+bx”2]
3+m 2 2 2 2

2 1+m 3+m
2 (1+m)*AppellF1[1+ > =My 142 (1+m), 1+ s
3+m 2 2

Sec[% (a+bx)]2Tan[§ (a+bx” -

Tan{l(a+bx)]2,—Tan[l(a+bx”2} Sec[l(a+be2Tan[l<a+bx)] —2Tan{l(a+bx)]2
2 2 2 2 2
m |- 1 2 (1+m) (3+m)Appe11F1[1+3+m,1—m,1+2(1+m),1+5+m,Tan[1(a+bx>]2,—Tan[l(a+bx)]2]
5+m 2 2 2 2
Sec[l(a+be2Tan[l(a+bx)]+ (1-m) (3+m)Appe11F1[1+3+m,2—m,2(1+m),1+5+m,Tan[l(a+bx”2,
2 2 5+m 2 2 2
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—Tan[l(a+bx)]2]5ec[l(a+bx)]2Tan[£(a+bx” +2(1+m) |- m(3+m) AppellF1[1 + ,1-m,3+2m,
2 2 2 5+m 2
5+m 1 2 1 2 1 2 1
1+ ,Tan[= (a+bx) ], -Tan[= (a+bx) | ] Sec[= (a+bx)] Tan[= (a+bx)] - (3+m) (3+2m) AppellF1]
2 2 2 2 2 5+m
3+m 5+m 1 2 1 2 1 2 1
1 » - J4 2 11 ,-T - b ,—T - b S - b T - b /
+ 5 m,4+2m, 1+ 5 an[z(a+ x) | an[z(a+ x)]7] ec[z(a+ x) | an[z(a+ x) ] ])]
(<3+m) AppellFl[ﬂ, -m, 2 (1+m), 3+m,Tan[E (a+bx”2, —Tan[l (a+bx)]2} -2 mAppellF1[3+7m,
2 2 2 2
1-m, 2 (1+m), 5+m,Tan[l (a+bx”2, —Tan[l <a+bx)]2} +
2 2 2
2
2 (1+m) AppellFl[M, -m, 3+2m, M, Tan[l(a+bx”2,—Tan[1<a+bx)]2]]Tan[l(a+bx”2] -
2 2 2 2
2
[AppellFl[lHn, -m, 1+2m, M, Tan[1 <a+bx)]2, —Tan[l (a+bx)]2] [1+Tan[l (a+bx”2)
2 2 2 2 2
3+m 5+m 1 2 1 2 3+m 5+m
(—2 mAppellF1[~——, 1-m, 1+2m, ——, Tan|— (a+bx)]", -Tan[ = (a+bx) ] | + (1+2m) AppellF1|——, -m, 2 (1+m), s
2 2 2 2 2
Tan[l(a+bx)]2,—Tan[l(a+bx”2} Sec[l(a+bx)]2Tan[l(a+bx)}+(3+m) - m(1+m)Appe11F1[1+1+m,
2 2 2 2

3+m
3+m
1-m,1+2m, 1+

s Tan[% (a+bx)]2, -Tan| (a+bx)]2] Sec|

N |
N |

(a+bx)]2Tan[§(a+be— (1+m) (1+2m)

3+m

1+m 3+m 1 2 1
AppellF1[1 + ,-m,2+2m, 1+ ,Tan[f(a+bx” , -Tan|[ =

2 2 2 2
1

- (3+m) (1+2m) AppellF1[1 + 3em
5+m

(a+bx)]2] Sec[i (a+bx)]2Tan[§ (a+bx)]| -

2Tan[§ (a+bx)]2

5+m 1 2
> 1-my 24+2m, 1+ ,Tan[*(aerX)],—Tan[
2

(a+bx)]?]

,Tan[l (a+bx”2,
2

N |

Sec| (a+bx”2Tan[ (a+bx)] +

3+m 5+m
-m +m) Appe + ,2-my1+2m, 1+
(1-m) (3+m) AppellF1|1 2-m,1+2m, 1

N |

5+m

- (a+bx)]2] Sec[% <a+bx)]2Tan[§ (a+bx”

-Tan + <1+2m)

u — N R
N R

3+m
m(3+m) AppellF1[1 +

s 1-my 2 (1+m),
5+m
+m

A ,Tan[;(a+bx)]2, 7Tan[§(a+bx)]2]5ec[§(a+bx)]2Tan[1(a+bx”7 = 2 (1+m) (3+m) AppellF1|

3+m 5+m : S )]]/

1+

1+

s =My 142 (1am), 1+
2

1+m

, Tan[1 (a+bx)]2, -Tan|
2

N |

(a+bx”2] Sec[% (a+bx”2Tan[§ (a+bx)]

3+m
k]

(<3+m) AppellFl[ , -m,1+2m, M, Tan[1 (a+bx)]2, —Tan[ (a+bx)}2} -2
2 2

mAppellFl[

N |

1-m,1+2m, M, Tan[l (a+bx”2, ~Tan| (a+bx”2} +
2 2

N |

5+m 2

(1+2m)AppellF1[3+7m, -m, 2 (1+m), ,Tan[l(a+bx)]2, —Tan[l(aerx)]z]]Tan[ -
2 2 2 2

N |

(a+bx)]2

1+m 1
{_ -

3+m 2 1 2 3+m
[4Appe11F1 ,-m,3+2m, ——, Tan[ = (a+bx) ], —Tan[; (a+bx)]7] [—2 (mAppellFl{T, 1-m,3+2m,
2 2
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3+m 5+m 1 2
—, -m, 2 (2+m), » Tan[= (a+bx) ],
2 2 2 2 2 2

1+
m (1+m) AppellF1[1+
3+m 2

(a+bx>]2Tan[ (a+bx)] -

,1-m, 3+2m,

3+m

1+

,Tan[f (a+bx)

, , (1+m) (3+2m)

N |

3+m

1+m 3+m 1 2 1 2
AppellF1[1 + , -m, 4+2m, 1+ ——, Tan| ,—Tan[7<a+bx)] ]Sec[*<a+bx)] Tan|
2 2 2 2 2
- (3+m) (3+2m>Appe11F1[1+3+m,1—m,4+2m,1+5+m,Tan[1(a+bx)]2, -Tan|

5+m 2 2 2

Sec[% (a+bx”2Tan[% (a+bx)] +

N |

(a+bx)} -

2Tan[§ <a+bx)]2

m

(a+bx”2]

N |

+m

(1-m) (3+m) AppellF1[1+ B m, 3e2m, 12 ,Tan[l (a+bx)]%,
5am 2 2 2
—Tan[l(a+bx)]2]5ec[l(a+bx)]2Tan[1(a+bx” wn
2 2 2

1 3
m(3+m) AppellF1[1 +
5+m 2

+<3+2m) (— ,1—m,2(2+m),

5+m
1+

1 2 1 2 1 2 1
)T - b ,—T - b S - b T — b _
A an[z(a+ x)] an[z(a+ x)]] ec[z(a+ x)] an[z(a+ x” —
3+m 5+m
s =My 142 (24m), 1+
2 2

1+m

2 (2+m) (3+m) AppellF1|

)/

+

, Tan| (a+bx)]2, -Tan|

N |
N |-

(a+bx”2] Sec{i (a+be2Tan[ (a+bx) |

1
2
(3+m) AppellF1| (a+bx)]2, -Tan]| mAppellFl[M)
2

, -m, 3+2m, M,Tan[ (a+bx)}2}—2
2

N |
N |

5+m
1-my3+2m, —, Tan[
2

N |

(a+bx”2, ~Tan|

N |

(a+bx)]’] +

(3+2m) AppellFl[m, -m, 2 (2+m), M, Tan[1 <a+bx)]2, —Tan[l (a+bx)]2]) Tan|
2 2 2 2

N |

<a+bx>]2]2]]]

Problem 189: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

JCos[aerx} Sin[2a+2bx]"dx

Optimal (type 5, 83 leaves, 2 steps):

1 A 1-m 2+m 4+m ) . Pl
- Cos[a+bx] Cot[a+bx] Hypergeometric2F1| , s , Cos[a+bx]?] (sinfa+bx]?)
b (2+m) 2 2 2

Sin[2a+2bx]"

Result (type 5, 173 leaves):
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1

i 2—1—m e—i (a+b x) (17@41 (a+bx)>*m (7]-1 e—ZJ‘l (a+b x) (71+e4i (a+bx)>)m
b (-1+4m?)

A 1
(-1+2m) Hypergeometric2F1[~ (-1-2m), -m,

. (3_2m>,e4j(a+bx)}+

BN

@2t (atbx) (1 +2 m) Hyper‘geometr‘iCZFl[ (1 -2m

P

, —m, (5_2m>’ e4i(a+bx)]

BRI
ENI

Problem 196: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

JCsc[c+bx}ZSin[a+bx] dx

Optimal (type 3, 36 leaves, 4 steps):
ArcTanh[Cos[c+bx]] Cos[a-c] Csc[c+bx]Sin[a-c]

b b

Result (type 3, 90 leaves):

bx bx

- Ar‘cTan[ (Cos[c] i Sin[c]) [Cos[c] Cos|®*|-sin[c] sin[°X]) ] Cos[a—c]
B iCos[c]Cos[bTX%Cos[bTx} Sin[c] _CSC[C+bX] Sin[a—c]
b b

Problem 201: Unable to integrate problem.

JSin[a+bx}ZSin[c+dx]”dlx

Optimal (type 5, 410leaves, 15 steps):

_ i 2—2—n e—i (2a+cn)-1i (2b+dn) x+in (c+dx) (1 _ eZJic+21'1dx> -n
2b+dn
. . 1 2b 1 2b 1
(e (<90 _j e (<99) " Hypergeometric2F1[ = (———n], -n, = [2— —-n|, et (a0 ],
2 d 2 d 2b-dn
. ) ) X . B . . 1/(2b 1 2b )
iz—Z—n el (2a-cn)+1i (2b-dn) x+in (c+dx) (1_621c+21dx) n (Jﬁ_e*l (c+dx) _ i el (C*dx))"Hyper‘geometr‘icZFl[— [__n), -n, = (2+ ~— _nl, 62] (c+dx)]
2

12710 (fet(edx) _j el (cxdx))N (1 _ 21 (c+dX)) "M Hypergeometric2Fl [-n, - 2, 1- 3, @2 (crdx) |

dn
Result (type 8, 19leaves):

Jsin[a+bx1zsin[c+dx1“d]x
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Problem 205: Unable to integrate problem.

JSin[a+bx}3Sin[c+dx}“dlx

Optimal (type 5, 600 leaves, 18 steps):

1 2—3—n e]‘l (3a-cn)+i (3b-dn) x+in (c+dx) (1 _ e21c+21dx)*n
3b-dn
. . 1/3b 1 3b . 1
(et (49X _j el (4X)) " Hypergeometric2F1| — (——n] , =N, — |2+ = -n|, et (4] _
2 \d 2 b-dn
, , , . . no. o . -dn 1 b 1
3 2—3—n el (a-cn)+1i (b-dn) x+in (c+dx) (1_621c+21dx> n (1 et (c+dx) _ i el “*dx))"Hyper‘geometr‘1c2F1[—n, , = (2+ —-nl, (621 (c+d x)
2d 2 d b+dn
3 2—3—n e—i (a+cn)-1i (b+dn) x+in (c+dx) <1_ezﬁc+2idx)*n (]-]_ et (c+d x) i el (C*d"))”Hyper‘geometr‘icZFl{—n, _ b+dn _ b+dn, 21 (c+dx)] 4 1
2d 2d 3b+dn
2—3—n e—]’l (3a+cn)-i (3b+dn) x+in (c+dXx) (1 _ eZ]‘LC+2]‘LdX>’n (j_ e—j (c+dx) _ i e]’l (c+dx))n Hyper‘geometr‘icZFl[—n, _ 3b+dn s l [2 _ & -n|, e211 (c+dx)]
2d 2 d

Result (type 8, 19leaves):

Jsin[a+bx13sin[c+dx1”dlx

Problem 214: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
JSec[c+bx}ZSin[a+bx] dx
Optimal (type 3, 34 leaves, 4 steps):

Cos[a-c] Sec[c+bx] ArcTanh[Sin[c+bx]] Sin[a -]
+
b b

Result (type 3, 88 leaves):

24 Ar‘cTan[ (i Cos[c]+Sin[c]) (Cos{i—x] Sin[c]+Cos[c] Sin{i—xm

| sinfa-c]
Cos[a-c] Sec[c+bx]

b b

Cos[c] Cos[h%] -1 Cos[bz—x} Sin[c]

Problem 227: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

JCos[a+be Csc[c+bx] dx

Optimal (type 3, 27 leaves, 3 steps):
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Cos[a-c] Log[Sin[c+bx]]
b

-xSin[a-c]

Result (type 3, 58 leaves):
-2iArcTan[Tan[c+bx]] Cos[a-c]+Cos[a-c] (2ibx+Log[Sin[c+bx]2])-2bxSin[a-c]
2b

Problem 228: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
JCos[aArbx} Csc[c+bx]?dx
Optimal (type 3, 35leaves, 4 steps):

Cos[a-c] Csc[c+bx] ArcTanh[Cos[c+bx]] Sin[a-c]
- +
b b

Result (type 3, 90 leaves):

- Ar‘cTan[ (Cos[c]-iSin[c]) (COSb[:] Cos[”;—*j -sin[c] sin[ %] ] Sinfa-c]
_Cos[a—c} CSC[C+bX] . JiCos[c]Cos[z—%Cos[T]Sin[c]
b b

Problem 231: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
Jsin[a+bx} Tan[c +bx]?dx
Optimal (type 3, 44 leaves, 6 steps):

Cos[a+bx] Cos[a-c]Sec[c+bx] ArcTanh[Sin[c+bx]] Sin[a-C]
+ +
b b b

Result (type 3, 109 leaves):

5 4 ArcTan [ (i Cos[c]+Sin[c]) (Cos[”%] Sin[c]+Cos[c] Sin[b%”

- — | sinfa-c]
Cos[a] Cos[bx] . Cos[a-c] Sec[c+bx] Cos [c] Cos| 2% |-i Cos[ 2*| sin[c] Sinfa] Sin[b x]

b b b ) b

Problem 232: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

JSin[a+bx} Tan[c + b x] dx

Optimal (type 3, 29 leaves, 3 steps):
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ArcTanh[Sin[c+bx]] Cos[a-c] Sin[a+bx]
b b

Result (type 3, 94 leaves):

(i Cos[c]+Sin[c]) (Cos{bz—x] Sin[c]+Cos[c] Sin[bz—x})

2 i ArcTan]| | Cosfa-c]

Cos[c] Cos | 2X|-i Cos | 2| sinc] Cos[bx] Sin[a] Cos[a] Sin[bx]

b b b

Problem 233: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
jCot[c +bx] Sin[a+bx] dx
Optimal (type 3, 29leaves, 3 steps):

ArcTanh[Cos[c +bx]] Sin[a-c] Sin[a+bx]
+

b b

Result (type 3, 93 leaves):

b’(}—Sin[c] Sin[bTX”

C -1 Si C C 2
21 ArcTan [ D ( et o] - ] sinfa-c]
Cos[bx] Sin[a] iCos[c] COS[T}*OS[T} sinfc] Cos[a] Sin[bx]
- +
b b b

Problem 234: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
JCot[c+bx1ZSin[a+bx1 dx
Optimal (type 3, 46 leaves, 6 steps):

ArcTanh[Cos[c+bx]] Cos[a-c] Cos[a+bx] Csc[c+bx]Sin[a-c]
_ N _

b b b

Result (type 3, 111 leaves):

b

(Cos[c]-1Sin[c]) (Cos[c] Cos[ ]—Sin[c] Sin[bz—x”

2 1 ArcTan Cos[a-c]
[ ]
Cos[a] Cos[bx] Csc[c+bx]Sin[a-c] Sin[a] Sin[bx]
4 _ _

b b b b

i Cos[c] Cos[b%} +Cos[ } Sin[c]

Problem 242: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

JCos[aerx} Sec[c +bx]?dx
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Optimal (type 3, 35leaves, 4 steps):
ArcTanh[Sin[c+bx]] Cos[a-c] Sec[c+bx]Sin[a-c]

b b

Result (type 3, 89leaves):

2 i ArcTan [ (1 Cos[c]+Sin[c]) (Cos{bz—x] Sin[c]+Cos[c] Sin[bz—’(”

- — | cCos[a-c]
Cos|[c] Cos{z—}—iCos[T} Sin[c] Sec[c+bx] Sin[a-c]

b b

Problem 248: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
JCos[a +bx] Tan[c + bx]2dx
Optimal (type 3, 46 leaves, 6 steps):

ArcTanh[Sin[c+bx]] Cos[a-c] Sec[c+bx]Sin[a-c] Sin[a+bx]
b b b

Result (type 3, 111 leaves):

(1 Cos[c]+Sin[c]) (Cos“z—x] Sin[c]+Cos[c] Sin[bTxH

2i ArcTan| | Cos[a-c]

COS[C]COS[%}MOS[% sin[c] Cos[bx] Sin[a] Sec[c+bx]Sin[a-c] Cos[a] Sin[bx]

b b b b

Problem 249: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
JCos[a +bx] Tan[c + b x] dx
Optimal (type 3, 30leaves, 3 steps):

Cos[a+bx] ArcTanh[Sin[c+bx]] Sin[a -]
b b

Result (type 3, 93 leaves):

b x
2 i ArcTan]| — = gl | sinfa-c]
Cos[a] Cos[bx] Cos[c] COS[ﬂ*iCOS[ﬂ Sinfc] Sin[a] Sin[b x]
- + +

b b b

(1 Cos[c]+Sin[c]) (COS“TW Sin[c]+Cos|[c] Sin{
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Problem 250: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

JCos[a+bx] Cot[c+bx] dx

Optimal (type 3, 29leaves, 3 steps):
7ArcTanh[Cos[c+bx}]Cos[a—c] Cos[a+bx]
b b

Result (type 3, 94 leaves):
[ (Cos[c]-1Sin[c]) (Cos[c] Cos[i—x]—sin[c] Sin[i—XH ] C [ ]
Oos|a-C
i Cos[c] Cos| %] cos|2X] sin[c] Cos[a] Cos[bx] Sin[a] Sin[b x]
_ N _

b b b

2 1 ArcTan

Problem 251: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

JCos[a+bx} Cot[c +bx]?dx

Optimal (type 3, 46 leaves, 6 steps):
Cos[a-c] Csc[c+bx] ArcTanh[Cos[c+bx]]Sin[a-c] Sin[a+bXx]

b b b

Result (type 3, 112leaves):

(Cos[c]-1Sin[c]) (Cos[c] Cos[bz—x}—sin[c] Sin[b%})

2i ArcTan| - - | sinfa-c]
Cos[a-c] Csc[c+bx] Cos[bx] Sin[a] ﬂCOS[C]COS[T]WOS[T] Sinfc] Cos[a] Sin[bx]

— — + —

b b b b

Test results for the 294 problems in "4.7.2 trig"m (a trig+b trig)*n.m"

Problem 6: Result more than twice size of optimal antiderivative.

JCSC[X]Z (aCos[x] +bSin[x]) dx

Optimal (type 3, 12leaves, 5steps):
-bArcTanh[Cos[x]] - aCsc[X]

Result (type 3, 25leaves):
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—aCsc[x] -b Log[Cos[iH +b Log[Sin[iH
2 2

Problem 8: Result unnecessarily involves imaginary or complex numbers.

Sin[x]3
J dx
aCos[x] +bSin[x]

Optimal (type 3, 91 leaves, 5steps):

a’bx b x a®log[aCos[x] +bSin[x]] bCos[x]Sin[x] aSin[x]?
+ _ _

(a2+b2)% 2 (a+?) (a2 + b2)? 2 (a?+ b2) 2 (a2 + b2)

Result (type 3, 94 leaves):

1
72(—411a3x+6a2bx+2b3x+4j1a3Ar‘cTan[Tan[x]1 +a (a?+b?) Cos[2x] - 2a® Log| (aCos [x] +bSin[x])2] —a’bsSin[2x] -b3sin[2x]
4 (a2+b2)

Problem 10: Result unnecessarily involves imaginary or complex numbers.

Sin[x]
J dx
aCos[x] +bSin[x]

Optimal (type 3, 35leaves, 2 steps):
b x alogl[aCos[x] +bSin[x]]

a%+b? a%+b?

Result (type 3, 47 leaves):

2 (-ia+b)x+2iaArcTan[Tan[x]] -aLog|(aCos[x] +bsSin[x])?]
2 <a2+b2)

Problem 16: Result unnecessarily involves imaginary or complex numbers.

j Sin[x]? dx
(aCos[x] +bsin[x] )2

Optimal (type 3, 64 leaves, 4 steps):

(a% - b?) x a 2ablog[aCos[x] +bSin[x]]

+

(a2+b2)?  (a®+b?) (b+aCot(x]) (a? +b2)?

Result (type 3, 121 leaves):
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(—aCos[x] ((a+ib)2x+abLog[<aCos[x] +bSin[x])2]) + (a3+ab2 (1-21ix)-a’bx+b>x-ab’Log|(aCos[x] +bSin[x])2]) Sin[x] +

2iabArcTan[Tan[x]] (aCos[x] +bSin[x}>)/(<a2+b2)2 (aCos[x] +bSin[x])>

Problem 21: Result more than twice size of optimal antiderivative.

Csc[x]3 dx
J (aCos[x] +bsin[x] )2

Optimal (type 3, 118leaves, 11 steps):
ArcTanh[Cos[x]] 2b2ArcTanh[Cos[x]] (a%+b?) ArcTanh[Cos[x]]

- +

2 a2 a* a*
3b \/mAr‘cTanh[—[—]—[—Lbcos X]-aSin[x
\/ a%+b? 2bCsc[x] Cot[x] Csc[x] a?+b?
+ - +
a* a3 2a2 a* (aCos[x] +bsSin[x])

Result (type 3, 270leaves):

-b+aTan|?®
! -48 b +/a? + b? Ar‘cTanh[—[z]] (b+acCot[x]) +8a®Csc[x] +
8a* (b+acCot[x]) VaZ+b?

8ab?Csc[x] -12 aszog[Cos[i]] -24b3 Log[Cos[i]] - 12 a3 Cot [X] Log[Cos[i]] - 24 ab?Cot[x] Log[Cos[gH +
2 2 2

12a2bLog[Sin[iH +24b3 Log{sin[iH +12 a3 Cot [x] Log[Sin[iH +24 ab? Cot[x] Log[Sin[iH +a2bSec[§}2+
2 2 2 2

a3 Cot[x] Sec[i]z—aCsc[i]2 (-4abCos(x] +a’Cot[x] +b (a-4bSin[x])) +8ab2Tan[i] +8a%bCot[x] Tan{f]
2 2 2

Problem 22: Result unnecessarily involves imaginary or complex numbers.

Sin[x]3
J dx
(aCos[x] +bSin[x]) 3

Optimal (type 3, 98 leaves, 5 steps):
b (3a%-b?) x a 2ab a (a?-3b?) Log[aCos[x] +bSin[x]]

+ + +

(a2+b2)3 2 (a%+b?) (b+aCot[x])2 (a2+b2)2(b+aCot[x]> (a2+b2)3

Result (type 3, 114 leaves):
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b (-3a?+b?) x a(a?-3b?) LoglaCos[x] +bSin[x]] a3 3absin[x]

+ + +

(a2+b2)3 (a2+b2)3 2(a—1’1b)2(a+j1b)2(aCos[x]+bSin[x])2 (a2+b2)2(aCos[x]+bSin[x])

Problem 24: Result more than twice size of optimal antiderivative.

Sin[x]
J dx
(acCos[x] +bsin[x])?

Optimal (type 3, 15leaves, 2 steps):
1

2a (b+aCot[x])2

Result (type 3, 47 leaves):
2b2sin[x]?+a (a+bsSin[2x])

2a (a2+b?) (aCos[x] +bSin[x])?

Problem 25: Result unnecessarily involves imaginary or complex numbers.

J = dx
(acCos[x] +bsin[x])?

Optimal (type 3, 73 leaves, 3 steps):
ArcTanh [ bCos[x]-aSin[x ]

</ a2+b? b Cos[x] -aSin[x]
2 (a2+b2)3/2 2 (a?+b?) (aCos[x] +bSin[x])2

Result (type 3, 101 leaves):
(a%+b?) (-bCos[x] +aSin[x]) +2+/a*+b? Ar‘cTanh[M] (acCos[x] +bSin[x])2

a%+b?

2 (a—ib)2 (a+1’1b)2 (aCos[x] +bSin[x])2

Problem 29: Result unnecessarily involves higher level functions and more than twice size of optimal antiderivative.

Jsin[c+dx}‘“ (aCos[c+dx} +J‘Lasin[c+dx])”dlx

Optimal (type 5, 66 leaves, 1step):
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1 1
- i Hypergeometric2F1[1, n, 1+n, - — i (1'1+Cot[c+dx])] Sin[c+dx] ™" (aCos[c+dx] +iaSin[c+dx])"
2dn 2

Result (type 6, 2971 leaves):

n (c+dx)
[e‘l n(crdx)ntog(Cosferdx]+isinlcrdx]] (Cos[c+dx] + 1 Sin[c+dx] ) welcos[cax]sisimeax]] (@ (Cos[c+dx] +iSin[c+dx]))"

2
Sinfc+dx]2"Tan[ = (c+dx)] —Hyper‘geometr‘icZFl[l—Zn,1—n,2—n,—jTan[l(c+dx)H [1+J’1Tan[l(c+dx” n+

2 2

N |

((72+n) AppellF1[1-n, -2n, 1, 2-n, 71'1Tan[§ (c+dx)], jTan[% <c+dx)H)/

((1+Tan[§ (c+dx)]

(J‘L (-2+n) AppellF1[1-n, -2n, 1, 2-n, 711Tan[§ (c+dx)], J‘LTan[i (c+dx)]]+

(ZnAppellFl[Z—n, 1-2n,1,3-n, —J'LTan[1 (c+dx)], JiTan[l (c+dx)]]+
2 2

AppellF1[2-n, -2n, 2, 3-n, —JiTan[1 (c+dx)], JiTan[1 <c+dx)H)Tan[— (c+dx)]
2 2

1 2 nes _
Sec[~ (c+dx)|" (Cos[c+dx]+iSin[c+dx])"Sin[c+dx]™"
2 (-1+n) 2

P(—1+n)

-2n
+

. _ 1 _ 1
(Hyper‘geometr‘lczFl[lZn, 1-n,2-n, -iTan[ =~ (c+dx)]] (1+1Tan[; (c+dx)]
2

1
2

[(—2+n> AppellF1[1-n, -2n, 1, 2-n, -iTan|

(c+dx)], iTan[% (c+dx)H)/ ({J'HTan{% (c+dx)]

. 1 , 1 ) 1
1-n,-2n,1,2-n, -iTan[= (c+dx) ], iTan[= (c+dx)]] + [ZnAppellFl[Z—n, 1-2n,1,3-n, -iTan[= (c+dx) ],
2 2 2

)

(Ji (-2+n) AppellF1]

1Tan|— (c+dx + AppellF1|2-n, -2n, 2,3-n, -iTan|— (c+dx]) |, i Tan|— (c+d X Tan|— (c+dx
[ (e-ax)]] | [~ (evdx)], iTan[ > (c-dx)]]| Tan[ > (cdx)]

1
nCos[c+dx] (Cos[c+dx] +iSin[c+dx])"Sin[c+dx] *"Tan[ = (c+dX) ]
-1+n 2
-2n

. 1 1
(—Hyper‘geometr‘1c2F1[1—2n, 1-n,2-n, —jTan[; (c+dx>H (1+J’1Tan[£ (c+dx)] +

[(—2+n>Appe11F1[1—n, -2n,1,2-n, —iTan[% (c+dx)], jTan[% (c+dx)H)/ ({1+Tan[§ (c+dx)]

[J’l (-2+n) AppellF1]

1-n, -2n,1,2-n, —JiTan[l (c+dx)], JiTan[1 (c+dx)]]+ [ZnAppellFl[Z—n, 1-2n,1,3-n, —JiTan[1 (c+dx)],
2

2 a1

1'1Tan[l (c+dx)H +AppellF1[2-n, -2n, 2, 3-n, —J’lTan[l (c+dx)], iTan| = (c+dx)H Tan|— (c+dx)}

1 ) 1
2 2 2 2

1

n(iCos[c+dx] -Sin[c+dx]) (Cos[c+dX] +J'1Sin[c+dx])'1”‘Sin[c+dx}*”Tan[1 (c+dx)]
-1+n 2
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(—Hyper‘geometr‘icZFl[l—2n,1—n,2—n,—jTan[§(c+dx)H 1+1‘1Tan[§(c+dx)] 72n+
[(—2+n>AppellF1[1—n,—2n, 1,2—n,—jTan[§<c+dx)],jTan[i(c+dx)H)/
((J‘L+Tan[§(c+dx)}) [jl (-2+n) AppellF1[1-n, -2n, 1,2—n,—jTan[%(Cerx)],jTan[%(c+dx)H+
(ZnAppellFl[Z—n,l—Zn, 1,3—n,—iTan[%(c+dx”,jTan[§(c+dx)H+

AppellF1[2-n, -2n, 2, 3-n, —JiTan[l (c+dx)], JiTan[l (c+dx)H) Tan[l (c+dx)]
2 2 2

Ik

1
i nHypergeometric2F1[1-2n, 1-n, 2-n, -iTan[ = (c+dx) ||

1
(Cos[c+dx] +isSin[c+dx])"Sin[c+dx] "Tan[ = (c+dX) |

-1+n 2 2
12
Sec[% <c+dx)]2 1+J’1Tan[§ (c+dx)] n—% (1-n) Csc[i (c+dx)] Sec[% (c+dx)]
1 1 -1+2n 1 -2n
(Hyper‘geometr‘iczFl[lzn,ln,2n, —J'lTan[f(c+dx)]]+[1+1’1Tan[f(c+dx” (1+]’1Tan[7<c+dx)] -
2 2 2

[(—2+n> AppellF1[1-n, -2n, 1, 2-n, -iTan|
(2 (I'L+Tan[

(ZnAppellFl[Z—n, 1-2n,1,3-n, —J'LTan[l (c+dx)], JiTan[l (c+dx)]]+
2 2

N |

(c+dx)], jTan[% (c+dx)]] Sec[% (c+dXH2]/

(c+dx)]

N |

2
(1‘1 (—2+n)AppellF1[1—n, -2n,1, 2-n, —J‘LTan[l (c+dx”, J'LTan[E (c+dx)H +
2 2

AppellF1[2-n, -2n, 2, 3-n, -1iTan| <c+dx)], iTan]

N | R

1
(c+dx)H Tan[g (c+dx)]

N |

] ;

[(2+n> i (1-n)nAppellfF1[2-n,1-2n, 1,3—n,—1’1Tan[1(c+dx)],jTan[l<c+dx)HSec[1(c+dx”2+
2-n 2 2 2
! i (1-n) AppellFi[2-n, -2n,2,3-n 'Tan[l(c dx) | 'Tan[1<c dx)HSec[l(c dx”zj/
i(1- -n, -2n,2,3-n, -1 — (c+ , 1 — (c+ — (c+
2 (2-n) 2 2 2
((J‘L+Tan[l(c+dx”) {J’l (-2+n) AppellF1[1-n, -2n, 1,2—n,—jTan[l(c+dx)],jTan[1<c+dx)H+
2 2 2
1 1
(ZnAppellFl[Z—n,l—Zn, 1,3—n,—J‘LTan[—(c+dx”,iTan[;(c+dx)H+Appe11F1[2—n,—2n, 2,3-n,
2
, 1 , 1 1 , 1
—1Tan[—(c+dx”,1Tan[;(c+dx)H Tan[;(c+dx” J—[(—2+n)AppellF1[1—n,—2n, 1,2-n, -iTan[= (c+dx)],
2

2

1’1Tan[1 (c+dx)]] [1 [ZnAppellFl[zfn, 1-2n,1,3-n, 71'1Tan[1 (c+dx)], ]iTan[1 (c+dx)]]+
2 2 2 2

AppellF1[2-n, -2n, 2, 3-n, -1iTan| <c+dx)], J'lTan[1 (c+dx)H
2

1 1 2
— S — d
A ec[z(c+ x)] +
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i(1-n)nAppellfF1[2-n,1-2n,1,3-n, 711Tan[1 (c+dx)], JiTan[1 (c+dx)]] Sec[1 (c+dx”2+
2-n 2 2 2

= i (1-n) AppellF1[2-n, -2n, 2, 3-n, —J'LTan[l (c+dx)], JiTan[l (c+dx)]] Sec[l (c+dx)]2
2 (2-n) 2 2 2

+

[ = i(2-n)nAppellF1[{3-n,1-2n,2,4-n, —J'LTan[l (c+dx)], JiTan[l (c+dx)]] Sec[l (c+dx)]2+
3-n 2 2 2

i(2-n) AppellF1[3-n, -2n, 3, 4-n, —jTan[l (c+dx)], J'1Tan[1 <c+dx)H Sec[1 (c+dx)}2+2n
2 2 2

AppellF1[3-n, 1-2n, 2, 4-n, —JiTan[l (c+dx)], JiTan[1 (c+dx)]] Sec[l (c+dx”2—
2 2 2

AppellF1[3-n, 2-2n,1,4-n, —J’lTan[l <c+dx)], J'lTan[1 (c+dx>H Sec[l (c+dx”2
2 2 2

[(inan[l (crdx)]

2

[J’l (-2+n) AppellF1[1-n, -2n, 1, 2-n, —JiTan[l (c+dx)], J'lTan[l (c+dx)]]+

1

[ZnAppellFl[Z—n, 1-2n,1,3-n, —JiTan[l (c+dx)], J'LTan[1 (c+dx)]]+
2 2

AppellF1[2-n, -2n, 2, 3-n, —J'LTan[l (c+dx)], JiTan[l (c+dx)]] Tan[1 (c+dx)]
2 2 2

Problem 37: Result more than twice size of optimal antiderivative.

JSec[c+dx]2 (aCos[c+dx] +bSin[c+dx]) dx

Optimal (type 3, 24 leaves, 5steps):
aArcTanh[Sin[c+dx]] bSec[c+dx]
+
d d

Result (type 3, 81 leaves):

aLog[Cos[§+d?x}—Sin[§+dTXH aLog[Cos[i dTX]+Sin[§+d?XH bSsec[c+dx]
- + +

d d d

Problem 41: Result more than twice size of optimal antiderivative.

JSec[c+dx}6 (aCos[c+dx] +bSin[c+dx]) dx

Optimal (type 3, 74 leaves, 7 steps):
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3aArcTanh[Sin[c+dx]] bSec[c+dx]> 3aSec[c+dx]Tan[c+dx] aSec[c+dx]3Tan[c+dx]
+ + +
8d 5d 8d 4d

Result (type 3, 207 leaves):

73aLog[Cos[§ (c+dx)] 7Sin[§ (c+dx)]] 3aLog[Cos[i (c+dx)] +Sin[i (c+dx)]]

+ +
8d 8d
bSec[c+dx]° a 3a
+ +
5d 16d(Cos[i(c+dxH—Sin[i(c+dx)])4 16d(Cos[§(c+dx)]—Sin[i(c+dx)])2
a 3a

16d (Cos[% (c+dx) ] +Sin[% (c+dx)”4 16d (Cos[% (c+dx) ] +Sin[% (c+dx)”2

Problem 51: Result more than twice size of optimal antiderivative.

JSec[c+dx}3 (aCos[c+dx] +bSin[c+dx])?dx

Optimal (type 3, 67 leaves, 7 steps):
a? ArcTanh[Sin[c+dx]] b?ArcTanh[Sin[c+dx]] 2abSec[c+dx] b?Sec[c+dx] Tan[c+dx]
- + +

d 2d d 2d
Result (type 3, 181 leaves):

i 8ab+ (-4a’+2b?) Log[Cos[% (c+dx)] —Sin{% (c+dx)]]+
4a2Log[Cos[§ (c+dx) | +Sin[% (c+dx)]] —2b2Log[Cos{§ (c+dx)] +Sin[§ (c+dx)]]+
b? 2+16abSec[c+dx]Sin[1(c+dx>]27 b? ;
(Cos[i(c+dx)}fsin[i(c+dx)]) 2 (Cos[i(c+dx)]+sin[§(c+dx>])

Problem 53: Result more than twice size of optimal antiderivative.

jSec[c+dx}5 (aCos[c+dx] +bSin[c+dx])?dx

Optimal (type 3, 120leaves, 9 steps):
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a’?ArcTanh[Sin[c+dx]] b2ArcTanh[Sin[c+dx]] 2abSec[c+dx]3

+ +
2d 8d 3d
a?Sec[c+dx] Tan[c+dx] b2Sec[c+dx]Tan[c+dx] b2Sec[c+dx]3Tan[c+dx]
- +
2d 8d 4d

Result (type 3, 851 leaves):

abCos[c+dx]? (a+bTan[c+dx])> (-4 a2+ b?) Cos[c+dx]2Log[Cos[% (c+dx) ] —Sin[% (c+dx)]] (a+bTan[c+dx])?
+ +
3d (aCos[c+dx] +bSin[c+dx])? 8d (aCos[c+dx] +bSin[c+dx])?

(4a%-b2) Cos[c+dx}2Log[Cos[% (c+dx)] +Sin[§ (c+dx)]] (a+bTan[c+dx])?

N
8d (aCos[c+dx] +bSin[c+dx])?

b2Cos[c+dx]? (a+bTan[c+dx])?

+

16 d (Cos[% (c+dx)] —Sin[% (c+dx)”4 (aCos[c+dx] +bSin[c+dx])?

(12a2+8ab-3b?) Cos[c+dx]? (a+bTan[c+dx])?

+
48d (Cos[i (c+dx)] —Sin[i (c+dx>”2 (aCos[c+dx] +bSin[c+dx}>2

abCos[c+dx]ZSinE (c+dx)] (a+bTan[c+dx])?

+

3d (Cos[% (c+dx)] 7Sin[§ (c+dx)])3 (aCos[c+dx] +bSin[c+dx])?

abCos[c+dx1ZSin[i (c+dx)] (a+bTan[c+dx])?

3d (Cos[% (c+dx)] 7Sin[§ (c+dx)]) (aCos[c+dx] +bSin[c+dx])?

b2 Cos[c +dx]?2 (a+bTan[c+dx]>2

16d (Cos[i (c+dx)] +Sin[§ (c+dx>”4 (aCos[c+dx] +bSin[c+dx}>2

abCos[c+dx]ZSin{% (c+dx)] (a+bTan[c+dx])?

+

3d (Cos[i (c+dx)] +Sin[§ (c+dx)])3 (aCos[c+dx] +bSin[c+dx])?

(-12a?+8ab+3b2) Cos[c+dx]2 (a+bTan[c+dx])?

48d (Cos[% (c+dx)] +Sin[§ (c+dx)”2 (aCos[c+dx] +bSin[c+dx])?

abCos[c+dx]ZSin[§ (c+dx)] (a+bTan[c+dx])?

3d (Cos[% (c+dx)] +Sin[% (c+dx)]) (aCos[c+dx] +bSin[c+dx])?
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Problem 55: Result more than twice size of optimal antiderivative.

JSec[c+dx}7 (aCos[c+dx] +bSin[c+dx]>2dlx

Optimal (type 3, 168 leaves, 11 steps):

3a%ArcTanh[Sin[c+dx]] b?ArcTanh[Sin[c+dx]] 2abSec[c+dx]> 3a?Sec[c+dx] Tan[c+dx]
_ ' + _
8d 16d 5d 8d
b2Sec[c+dx] Tan[c+dx] a?Sec[c+dx]3Tan[c+dx] b?Sec[c+dx]3Tan[c+dx] b?Sec[c+dx]°Tan[c+dXx]
+ - +
16d 4d 24.d 6d

Result (type 3, 1175leaves):

3abCos[c+dx]? (asbTan[c+dx])> (-6a2+b?) Cos[c+dx]2Log[Cos[§ (c+dx) ] —Sin[% (c+dx)]] (a+bTan[c+dx])?
+ +
20d (aCos[c+dx] +bSin[c+dx])? 16d (aCos[c+dx] +bSin[c+dx])?

(6 a% - b2) Cos[c+dx}2Log[Cos[i (c+dx)] +Sin[§ (c+dx)]] (a+bTan[c+dx])?

.
16d (aCos[c+dx] +bSin[c+dx])?

b2Cos[c+dx]? (a+bTan[c+dx])?

+

48d (Cos[i (c+dx)] —Sin[% (c+dx)”6 (aCos[c+dx] +bSin[c+dx])?

<5a2+4ab) Cos[c+dx]? (a+bTan[c+dx])2

+

80d (Cos[L (c+dx)]-Sin[L (c+dx ¢ aCos[c+dx] +bSin[c+dx] 2
( [2 2

(30a%+12ab-5b?) Cos[c+dx]? (a+bTan[c+dx])2

+

160 d (Cos{% (c+dx)] —Sin[i (c+dx)])2 (aCos[c+dx] +bSin[c+dx])?

abCos[c+dx}ZSin[§ (c+dx)] (a+bTan[c+dx])2

+

10d (Cos[i (c+dx) ] —Sin[% (c+dx)”5 (aCos[c+dx] +bSin[c+dx])?

3abCos[c+dx]ZSin[% (c+dx)] (a+bTan[c+dx1)2

+

20d [Cos[L (c+dx)] -sin[L (c+dx)])> (aCos[c+dx] +bSin[c+dx])?
( [2 2

3abCos[c+dx}ZSin[§ (c+dx)] (a+bTan[c+dx])?

20d (Cos[i (c+dx)] 7Sin[§ (c+dx)” (aCos[c+dx] +bSin[c+dx])?

b2Cos[c+dx]? (a+bTan[c+dx])?

48d (Cos[i (c+dx)] +Sin[§ (c+dx)”6 (aCos[c+dx] +bSin[c+dx])?
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abCos[c+dx}ZSin[§ (c+dx)] (a+bTan[c+dx])2

+

10d (Cos[i (c+dx)] +Sin[i (c+dx>”5 (aCos[c+dx] +bSin[c+dx}>2

(-5a2+4ab) Cos[c+dx]? (a+bTan[c+dx])?
4

80d (Cos|= (c+dx) | +Sin|= (c+dx aCos[c+dx] +bSin[c+dx]
|Cos[ (c+dx)]+sin[3 (crdx)])" )?

3abCos[c+dx]ZSin[% (c+dx)] (a+bTan[c+dx])?

+

20d (Cos[i (c+dx)] +Sin[§ (c+dx)”3 (aCos[c+dx] +bSin[c+dx])?

(-30a%+12ab+5b?) Cos[c+dx]? <a+bTan[c+dx1)2

160 d (Cos{% (c+dx)] +Sin[i (c+dx)])2 (aCos[c+dx] +bSin[c+dx])?

3abCos[c+dx1ZSin[§ (c+dx)] (a+bTan[c+dx])?

20d (Cos[i (c+dx)] +Sin[i (c+dx)” (aCos[c+dx] +bSin[c+dx])?

Problem 66: Result more than twice size of optimal antiderivative.

JSec[c+dx}4 (aCos[c+dx] +bSin[c+dx1>3d1x

Optimal (type 3, 103 leaves, 9 steps):

a®ArcTanh[Sin[c+dx]] 3ab?ArcTanh[Sin[c+dx]] 3a?’bSec[c+dx] b3Sec[c+dx] b3>Sec[c+dx]3> 3ab?Sec[c+dx] Tan[c+dx]

+ + +

d 2d d d 3d 2d

Result (type 3, 293 leaves):

Ld 36a’b-10b°-6a (2a”-3b?) Log[Cos[1 (c+dx)] —Sin[l (c+dx)]] +12a3Log[Cos[1 (c+dx)] +Sin[1 (c+dx)]]-
12 2 2 2 2

2 3
183 b7 Log[Cos | > (c+dx) | +sin[ > (c+dx]]] + 22t . 0
2

2 (Cos[i (c+dx)] —Sin[% (c+dx)])2 (Cos[i (c+dx)] —Sin[i (c+dx)])2

+

2b (18a%-b’+2b*Cos[c+dx] + (18a*-5b?) Cos[2 (c+dX) |) Sec[c+dx]3Sin[l (c+dx)]2—
2
9 ab? b3

+

(Cos[i (c+dx)] +Sin[§ (c+dx)”2 (Cos[i (c+dx)] +Sin[§ (c+dx)])2
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Problem 67: Result more than twice size of optimal antiderivative.
JSec[c+dx}5 (aCos[c+dx] +bSin[c+dx]>3dlx
Optimal (type 3, 30leaves, 2 steps):

(b+aCot[c+dx})4Tan[c+dx]4
4bd

Result (type 3, 79leaves):

iSec[Cerx}4 (<6a2b—2b3>Cos[2 (c+dx” +a(6ab+2 (a®+b?) Ssin[2 (c+dx)] + (a® - b?) Sin[4 (c+dx>”)

Problem 68: Result more than twice size of optimal antiderivative.

JSec[c+dx}6 (acCos[c+dx] +bSin[c+dx])>dx

Optimal (type 3, 158 leaves, 12 steps):

a®ArcTanh[Sin[c+dx]] 3ab?ArcTanh[Sin[c+dx]] a’bSec[c+dx]3 b3Sec[c+dx]?
- + - +

2d 8d d 3d

b3Sec[c+dx]® a*Sec[c+dx]Tan[c+dx] 3ab?Sec[c+dx] Tan[c+dx] 3ab?Sec[c+dx]3Tan[c+dx]
+ - +

5d 2d 8d 4d

Result (type 3, 464 leaves):

Sec[c+dx]® |960a’b+64b°+320 (3a’b-b?) Cos[2 (c+dx)] -
1920d

300 a° Cos|[3 (c+dx) | Log[Cos[% (c+dx)] —Sin[i (c+dx)]]+225ab?Cos[3 (c+dXx) | Log[Cos[% (c+dx)] —Sin[% (c+dx)]]-

60 a’ Cos[5 (c+dx)] Log[Cos[% (c+dx)] —Sin[% (c+dx)]] +45ab?Cos |5 (c+dx)] Log[Cos[% (c+dx)] —Sin[% (c+dx)]]-

150 a (4a*-3b?) Cos[c+dX] Log[Cos[%(c+dx>]—Sin{%(c+dx)]]—Log[Cos[§(c+dxH+Sin[ (c+dx)]]|+

N |

3003’ Cos|[3 (c+dx) | Log[Cos|~ (c+dx)] +Sin

N |

[i (c+dx)]]-225ab’Cos[3 (c+dX) | Log[Cos[% (c+dx) | +Sin[§ (c+dx)]]+
60 a’ Cos|[5 (c+dx)] Log[Cos[% (c+dx)] +Sin[§ (c+dx)]]-45ab?Cos[5 (c+dx)] Log[Cos[i (c+dx)] +Sin[% (c+dx)]]+

2402°Sin[2 (c+dx)| +540ab?Sin[2 (c+dx)] +120a*Sin[4 (c+dx)]| -98ab?Sin[4 (c+dx) |



Problem 70: Result more than twice size of optimal antiderivative.

JSec[c+dx}8 (aCos[c+dx] +bSin[c+dx]>3dlx

Optimal (type 3, 210leaves, 14 steps):
3a®ArcTanh[Sin[c+dx]] 3ab?ArcTanh[Sin[c +dx]]
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+

8d led 5d 5d 7d

+

3ab?Sec[c+dx] Tan[c+dx] a>Sec[c+dx]3>Tan[c+dx] ab?Sec[c+dx]3>Tan[c+dx] ab?Sec[c+dx]>Tan[c+dx]

3a2bSec[c+dx]®> b3Sec[c+dx]®> b3>Sec[c+dx]’ 3a*Sec[c+dx] Tan[c +dx]
- +

+ - +

le6d 4d 8d 2d

Result (type 3, 637 leaves):

Sec[c+dx]’ [10752a% b+ 1536 b + 3584 (3a’b-b?) Cos[2 (c+dx)] -
35840d

2

8d

4410 a° Cos [3 (c+dx) ] Log[Cos[% (c+dx)] —Sin[l (c+dx)]]+2205ab*Cos |3 (c+dx) | Log[Cos[% (c+dx)] —Sin[i (c+dx)]] -

1470 a* Cos [5 (c+d x) | Log[Cos[i (c+dx)] —Sin[% (c+dx)]]+735ab’Cos[5 (c+dx)] Log[Cos[% (c+dx)] —Sin[% (c+dx)]] -

210 3% Cos |7 (c+dx) | Log[Cos[% (c+dx)] 7Sin[1 (c+dx)]]+105ab?Cos[7 (c+dXx) ] Log[Cos[i (c+dx)] 7Sin[% (c+dx)]]-

2

3675a (2a? - b?) Cos[c+dx] Log[Cos[% (c+dx)] 7Sin[§ (c+dx)]] 7Log[Cos[§ (c+dx)] +Sin[§ (c+dx)]]|+

4410 a° Cos [3 (c+dx) ] Log[Cos[% (c+dx)] JrSin[1 (c+dx)]|] -

N

2205ab’Cos |3 (c+dx) | Log[Cos[1 (c+dx)] +sin
2

735ab?Cos |5 (c+dx) ] Log[Cos{1 (c+dx)]+sin]

1
[2
1

2 2

1

105 a b? Cos [7 (c+dx) | Log[Cos[1 (c+dx)] +sin|
2 2

2800 a° Sin[4 (c+dx) | -140@ab’>Sin[4 (c+dx)| +420a°Sin[6 (c+dx)] -210ab®Sin[6 (c+dx)]

Problem 72: Result more than twice size of optimal antiderivative.

JSec[c+dx}1° (aCos[c+dx] +bSin[c+dx])>dx

Optimal (type 3, 259 leaves, 16 steps):

(c+dx)H +4340a3Sin[2 (c+dx)] +6790abZSin[2 (c+dx>] +

(c+dx)]]+1470a%Cos|[5 (c+dX) | Log[Cos[% (c+dx)] +Sin{l (c+dx)]]-

(c+dx)]]+210a°Cos[7 (c+dx)] Log[Cos[i (c+dx) | +Sin[% (c+dx)]]-
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5a®ArcTanh[Sin[c+dx]] 15ab?ArcTanh[Sin[c+dx]] 3a?bSec[c+dx]’ b3*Sec[c+dx]’
- + - +
16d 128 d 7d 7d
b3>Sec[c+dx]®° 5a*Sec[c+dx] Tan[c+dx] 15ab?Sec[c+dx]Tan[c+dx] 5a*Sec[c+dx]3>Tan[c+dx]
+ - + -

9d 16d 128 d 24 d
5ab?Sec[c+dx]3Tan[c+dx] a*Sec[c+dx]°Tan[c+dx] ab?Sec[c+dx]°Tan[c+dx] 3ab?Sec[c+dx]’Tan[c+dx]

+ - +

64d 6d le6d 8d

Result (type 3, 1924 leaves):
5b (-216a%+23b%) Cos[c+dx]? (a+bTan[c+dx])>

8064 d (aCos[c+dx] +bSin[c+dx])>

5 (8a*-3ab?) Cos[c+dx]3Log[Cos[§ (c+dx) ] 7Sin[i (c+dx)]] (a+bTan[c+dx])?

+

128d (aCos[c +dx] +bSin[c+dx])3

5 (8a°-3ab?) Cos[c+dx]3Log[Cos[§ (c+dx) ] +Sin[i (c+dx)]] (a+bTan[c+dx])?

N
128d (aCos[c +dx] +bSin[c+dx])3

(27ab2+4b%) Cos[c+dx]? (a+bTan[c+dx])?

+

1152 d (Cos[i (c+dx)] —Sin[i (c+dx>”8 (aCos[c+dx] +bSin[c+dx])>

(84a%+108a2b+63ab?-b?) Cos[c+dx]3 (a+bTan[c+dx])’

+

4032 d (Cos[l (c+dx)] —Sin[l (c+dx)”6 (aCos[c+dx] +bSin[c+dx])>

(336 +288a%b-63ab?- 26b3)Cos c+dx]® (a+bTan[c+dx])?

[
5376d (Cos[% (c+dx)]-sin[} (c+dx) ) (acCos[c+dx] +bSin[c+dx}>3

5 (504a3+216a2b—189ab2—23b3) Cos[c+dx]® (a+bTan[c+dx])>

)2 (aCos[c+dx] +bSin[c+dx})3

]
] (a+bTan[c+dx])?
9 3

] <a+bTan[c+dx])3
9

)
)
144 d (Cos[i (c+dx)] 7Sin[§ (c+dx)]) (aCos[c+dx] +bSin[c+dx])
)
) (aCos[c+dx] +bSin[c+dx])3

144d (Cos{% (c+dx)] +Sin[% (c+dx)]

(-27ab?+4b3) Cos[c+dx]> (a+bTan[c+dx})3

+

1152 d (Cos[i (c+dx)] +Sin[§ (c+dx)”8 (aCos[c+dx] +bSin[c+dx])>



4.7 Miscellaneous.nb | 65

(-84a%+108a%b-63ab?-b3) Cos[c+dx]? (a+bTan[c+dx])?

+

4032d (Cos[i (c+dx)] +Sin[§ (C+dXH)6 (acos[c+dx] +bSin[c+dx])>

(-336a%+288a2b+63ab2-26b%) Cos[c+dx]? (a+bTan[c+dx])>

5376 d (Cos[i (c+dx)] +Sin[% (c+dx)”4 (aCos[c+dx] +bSin[c+dx])>

5 (504 a®-216a’b-189ab? +23b%) Cos[c+dx]? (a+bTan[c+dx])3

+

16128d (Cos[% (c+dx)] +Sin[§ (c+dx)])2 (aCos[c+dx] +bSin[c+dx])>

Cos[c+dx]3 (144azbSin[§ (c+dx)] —13b3Sin[i (c+dx)” <a+bTan[c+dx})3

+

1344 d (Cos[i (c+dx)] —Sin[% (c+dx>”5 (aCos[c+dx] +bSin[c+dx])>

Cos[c+dx]3 (1e8a2bsin[§ (c+dx)] 7b3Sin[§ <c+dx)]) (a+bTan[c+dx])>

+

2016 d (Cos[i (c+dx) ] —Sin[% (c+dx)])7 (aCos[c+dx] +bSin[c+dx])>

Cos[c+dx]3 (—108a2bSin[% (c+dx)] +b3Sin[§ (c+dx”) (a+bTan[c+dx])>

+

2016 d (Cos[i (c+dx)] +Sin[§ (c+dx)])7 (aCos[c+dx] +bSin[c+dx])>

Cos[c+dx]3 (—144a2bSin[% (c+dx)] +13b3Sin[§ (c+dx)]) (a+bTan[c+dx])3

1344 d (Cos[% (c+dx)] +Sin[§ <c+dx)])5 (aCos[c+dx] +bSin[c+dx])>

5Cos[c+dx]3 (—216a2bSin[§ (c+dx)] +23b351n[i (c+dx)]) (a+bTan[c+dx])>

8064 d (Cos[i (c+dx)] 7Sin[i (Cerx)”3 (aCos[c+dx] +bSin[c+dx])>

5Cos[c+dx]3 (—216a2bSin[§ (c+dx)] +23b3Sin[§ (c+dx)]) (a+bTan[c+dx])>

+

8064 d (Cos[i (c+dx)] —Sin[i (c+dx)]) (aCos[c+dx] +bSin[c+dx])>

5Cos[c+dx]3 (—216a2bSin[§ (c+dx)] +23b3Sin[% (c+dx)]) (a+bTan[c+dx])>

+

8064 d (Cos[i (c+dx)] +Sin[i (Cerx)”3 (aCos[c+dx] +bSin[c+dx])>

5Cos[c+dx]3 (—216a2bSin[% (c+dx)] +23b3Sin[§ (c+dx)]) (a+bTan[c+dx])>

8064 d (Cos[i (c+dx)] +Sin[i (c+dx)]) (aCos[c+dx] +bSin[c+dx])>

Problem 77: Result unnecessarily involves imaginary or complex numbers.
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JCos[c+dx}2 (aCos[c+dx] +bSin[c+dx]>4dlx

Optimal (type 3, 301 leaves, 19 steps):

5a*x 3 , b*x 2a’bCos[c+dx]® 5a*Cos[c+dx]Sin[c+dx] 3a’b?Cos[c+dx]Sin[c+dx]
+—a“ b x+ - + + +
16 8 16 3d 16d 8d
b*Cos[c+dx] Sin[c+dx] 5a*Cos[c+dx]3>Sin[c+dx] a?b%?Cos[c+dx]3Sin[c+dx] b*Cos[c+dx]3Sin[c+dx]
+ + - +
16d 24.d 4d 8d
a*Cos[c+dx]°>Sin[c+dx] a?b?Cos[c+dx]°>Sin[c+dx] b*Cos[c+dx]3>Sin[c+dx]3> ab3>Sin[c+dx]* 2ab3>Sin[c+dx]®
_ " _
6d d 6d d 3d

Result (type 3, 178 leaves):
%(12 (a-ib) (a+ib) (5a%+b?) (c+dX) —12ab(5a2+3b2)Cos[2(c+dx)] -24a*bCos |4 (c+dx>] —4ab(a2—b2)Cos[6 <c+dx)] +
192

3(15a*+6a’b?-b*) Sin[2 (c+dx)| +3 (3a*-6a’b?-b*) Sin[4 (c+dx) ]| + (a*-6a’b?+b*) Sin[6 (c+dx) )

Problem 84: Result more than twice size of optimal antiderivative.

JSec[c+dx}5 (aCos[c+dx] +bSin[c+dx]>4dlx

Optimal (type 3, 168 leaves, 12 steps):
a*ArcTanh[Sin[c+dx]] 3a?b%ArcTanh[Sin[c+dx]] 3b*ArcTanh[Sin[c+dx]] 4a’bSec[c+dx] 4ab3Sec[c+dx]

+ +
d d 8d d d
4ab3Sec[c+dx]® 3a?b?Sec[c+dx] Tan[c+dx] 3b*Sec[c+dx] Tan[c+dx] b*Sec[c+dx] Tan[c+dx]3
+ - +

3d d 8d 4d

+

Result (type 3, 936 leaves):
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2ab (6a*-5b?) Cos[c+dx]* (a+bTan[c+dx])4

+

3d (aCos[c+dx] +bSin[c+dx])*

(-8a*+24a2b%-3b%) Cos[c+dx]4Log[Cos[i (c+dx)] 7Sin[i (c+dx)]] (a+bTan[c+dx])*

+

8d (aCos[c+dx] +bSin[c+dx1)4

(8a*-24a2b2+3b%) Cos[c+dx}4Log[Cos[i (c+dx)] +Sin[§ (c+dx)]] (a+bTan[c+dx])*

+

8d (aCos[c+dx] +bSin[c+dx])*

b*Cos[c+dx]* (a+bTan[c+dx])*

+

16d (Cos[i (c+dx)] 7Sin[i (Cerx)”4 (aCos[c+dx] +bSin[c+dx])*

(72a2b? +16ab> - 15b%) Cos[c+dx]* (a+bTan[c+dx])*

+

48d (Cos[i (c+dx) ] —Sin[% (c+dx)”2 (aCos[c+dx] +bSin[c+dx])*

2ab3Cos[c+dx]4Sin[§ (c+dx)] (a+bTan[c+dx])*

3d (Cos[L (c+dx)]-sin[L (c+dx)])’ (aCos[c+dx] +bSin[c+dx])*
[cos|; 2

b* Cos[c+dx]* (a+bTan[c+dx1)4

16d (Cos[i (c+dx)] +Sin[% (c+dx)”4 (aCos[c+dx] +bSin[c+dx])*

2ab3Cos[c+dx]4Sin[i (c+dx)] (a+bTan[c+dx])4

+

3d (Cos[% (c+dx) ] +Sin[% (c+dx)])3 (aCos[c+dx] +bSin[c+dx])*

(-72a%b?+16ab?+15b%) Cos[c+dx]* (a+bTan[c+dx])4

+

48 d (Cos[i (c+dx)] +Sin[i (c+dx)”2 (aCos[c+dx] +bSin[c+dx])*

2Cos[c+dx]* (6a3bSin[§ (c+dx)] 75ab3Sin[i (c+dx)]) (a+bTan[c+dx])*

3d (Cos[i (c+dx)] —Sin[% (c+dx)]) (aCos[c+dx] +bSin[c+dx])*

2Cos[c+dx]* (6a3bSin[§ (c+dx)] —5ab3Sin[§ (c+dx)]) (a+bTan[c+dx])*

3d (Cos[i (c+dx)] +Sin[§ (c+dx)]) (aCos[c+dx] +bSin[c+dx])*

Problem 85: Result more than twice size of optimal antiderivative.

JSec[c+dx}6 (aCos[c+dx] +bSin[c+dx1>4d1x
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Optimal (type 3, 30leaves, 2 steps):
(b+aCot[c+dx])°Tan[c+dx]®
S5bd

Result (type 3, 131 leaves):
((a+bTan[c+dx])4
(10ab (a®-b®) Cos[c+dx]?+ (5a*-1@a*b’+b*) Cos[c+dx]?Sin[c+dx] +b* ((5a®-b?) Sin[2 (c+dx) ] +b (5a+bTan[c+dx]))))/
(Sd (aCos[c+dx] +bSin[c+dx}>4)

Problem 86: Result more than twice size of optimal antiderivative.

JSec[c+dx]7 (aCos[c+dx] +bSin[c+dx])*dx

Optimal (type 3, 258 leaves, 16 steps):

a*ArcTanh[Sin[c+dx]] 3a?b?ArcTanh[Sin[c+dx]] b*ArcTanh[Sin[c+dx]] 4a’bSec[c+dx]3
2d ) 4d i 16d ’ 3d )
4ab3Sec[c+dx]® 4ab3Sec[c+dx]®> a*Sec[c+dx] Tan[c+dx] 3a’b?Sec[c+dx] Tan[c+dXx]
3d ' 5d : 2d ) 4d :
b*Sec[c+dx] Tan[c+dx] 3a’b?Sec[c+dx]3>Tan[c+dx] b*Sec[c+dx]3Tan[c+dx] b*Sec[c+dx]3Tan[c+dx]3
16d : 2d ) 8d ' 6d

Result (type 3, 1342 leaves):
ab (20a%-11b2) Cos[c+dx]* (a+bTan[c+dx])*

+

30d (aCos[c+dx] +bSin[c+dx])*

(-8a*+12a2b? - b*) Cos[c+dx]4Log[CosE (c+dx) ] 7Sin[i (c+dx)]] (a+bTan[c+dx])*

+

16d (aCos[c+dx] +bSin[c+dx])*

(8a*-12a%b? + b*) Cos[c+dx]4Log[Cos[i (c+dx)] +Sin[§ (c+dx)]] (a+bTan[c+dx])*

+

16d (aCos[c+dx] +bSin[c+dx])*

b*Cos[c+dx]* (a+bTan[c+dx])*

+

48d (Cos[i (c+dx)] 7Sin[§ (c+dx)”6 (aCos[c+dx] +bSin[c+dx])*

(30a2b2+8ab’-5b%) Cos[c+dx]* (a+bTan[c+dx])*

+

80d (Cos[i (c+dx)] —Sin[i (C+dX>H4 (aCos[c+dx] +bSin[c+dx])*
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(120a* + 160 a* b - 180 a2 b2 - 88 a b> + 15b*) Cos[c +d x]* (a+bTan[c+dx])4

+

480d (Cos[i (c+dx)] 7Sin[§ (C+dX>”2 (aCos[c+dx] +bSin[c+dx])*

ab3Cos[c+dx]4Sin[% (c+dx)] (a+bTan[c+dx])*

5d (Cos[% (c+dx)] —Sin[i <c+dx)])5 (aCos[c+dx] +bSin[c+dx])4

b*Cos[c+dx]* (a+bTan[c+dx])*

48d (Cos[% (c+dx)] +Sin[% (c+dx)”6 (aCos[c+dx] +bSin[c+dx])*

ab3Cos[c+dx]4Sin[i (c+dx)] (a+bTan[c+dx])*

+

5d (Cos[L (c+dx)]+sin[L (c+dx)])’ (aCos[c+dx] +bSin[c+dx])*
[cos|; 2

(-36a%b2+8ab>+5b*) Cos[c+dx]* (a+bTan[c+dx])*

+

80 d (Cos[% (c+dx)] +Sin[% (c+dx)”4 (acCos(c+dx] +bSin[c+dx])*

(-120a* + 160 2’ b + 180 a2 b2 - 88 a b* - 15b*) Cos[c +d x]* (a+bTan[c+dx])4

.
480d (Cos[i (c+dx)] +Sin[§ (c+dx)])2 (aCos[c+dx] +bSin[c+dx])*

Cos[c+dx]% (20a3bsin|[L (c+dx)]-11ab3sSin|[L (c+dx a+bTan[c+dx])*
2 2

N
30d (Cos[% (c+dx) ] 7Sin[§ (c+dx”)3 (aCos[c+dx] +bSin[c+dx])*

Cos[c+dx]? (20a°bSin|= (c+dx]) | -11ab?*Sin|= (c+dx a+bTan[c+dx]
4 3 ; 3 ; 4

+
30d (Cos[i (c+dx)} —Sin[i (c+dx)]) (aCos[c+dx] +bSin[c+dx])4

Cos[c+dx]* (—20a3bSin[% (c+dx)] +11ab3Sin[§ (c+dx)” (a+bTan[c+dx])*

N
30d (Cos[i (c+dx)] +Sin[§ (Cerx)”3 (aCos[c+dx] +bSin[c+dx])*

Cos[c+dx]* (—20a3bSinE (c+dx)] +11ab3Sin[i (c+dx)” <a+bTan[c+dX}>4

30d (Cos[2 (c+dx)] +Sin[Y (c+dx aCos[c+dx] +bSin[c+dx] 4
(cos [} 2

Problem 88: Result more than twice size of optimal antiderivative.

JSec[c+dx}9 (acCos[c+dx] +bSin[c+dx])*dx

Optimal (type 3, 330leaves, 19 steps):
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3a*ArcTanh[Sin[c+dx]] 3a%?b%2ArcTanh[Sin[c+dx]] 3b*ArcTanh[Sin[c+dx]] 4a*bSec[c+dx]>
_ . . _
8d 8d 128d 5d
4ab3Sec[c+dx]> 4ab3Sec[c+dx]’ 3a*Sec[c+dx] Tan[c+dx] 3a?b?Sec[c+dx] Tan[c+dXx]
+ + - +
5d 7d 8d 8d
3b*Sec[c+dx] Tan[c+dx] a*Sec[c+dx]3>Tan[c+dx] a%?b?Sec[c+dx]3>Tan[c+dx]
+ - +
128d 4d 4d
b*Sec[c+dx]3Tan[c+dx] a?b?Sec[c+dx]>Tan[c+dx] b*Sec[c+dx]>Tan[c+dx] b*Sec[c+dx]>Tan[c+dx]3
+ - +
64d d 16d 8d

Result (type 3, 1732 leaves):
ab (42a2-17b2) Cos[c+dx]* (a+bTan[c+dx])*

140d (aCos[c+dx] +bSin[c+dx])*

3 (16a* - 16 a% b2 + b*) Cos[c+dx]4Log[Cos[§ (c+dx) ] 7Sin[§ (c+dx)]] (a+bTan[c+dx])*

+

128d (aCos[c+dx] +bSin[c+dx])*

3 (16a* - 16 a% b2 + b*) Cos[c+dx]4Log[Cos[§ (c+dx)] +Sin[§ (c+dx)]] (a+bTan[c+dx])*

+

128d (aCos[c +dx] +bSin[c+dx])4

b*Cos[c+dx]* (a+bTan[c+dx])*

+

128d (Cos[% (c+dx)] —Sin[i (c+dx)])8 (aCos[c+dx] +bSin[c+dx])*

(56a2b?+16ab>-7b*) Cos[c+dx]* (a+bTan[c+dx])*

+

448 d (Cos[i (c+dx)] 7Sin[§ (c+dx)])6 (aCos[c+dx] +bSin[c+dx])*

(560 a* + 896 a> b - 256 ab® - 35 b*) Cos[c+dx]* (a+bTan[c+dx])*

+

8960 d (Cos[% (c+dx)] —Sin[% (c+dx”)4 (aCos[c+dx] +bSin[c+dx])*

(1680 a* + 1344 a* b - 1680 a® b? - 544 a b> + 105 b*) Cos[c + d x]* (a+bTan[c+dx}>4

+

8960 d (Cos[i (c+dx” —Sin[i (c+dx)])2 (aCos[c+dx] +bSin[c+dx])4

ab3Cos[c+dx]4Sin[§ (c+dx)] (a+bTan[c+dx])*

14d (Cos[i (c+dx)] —Sin[i (C+dX>”7 (aCos[c+dx] +bSin[c+dx])*

b*Cos[c+dx]* (a+bTan[c+dx])*

128d (Cos[% (c+dx)] +Sin[i (c+dx)])8 (aCos[c+dx] +bSin[c+dx])*



ab3Cos[c+dx]4SinE (c+dx)] (a+bTan[c+dx])*

+

14d (Cos[i (c+dx)] +Sin[i (c+dx>”7 (aCos[c+dx] +bSin[c+dx}>4

(-56a2b2+16ab®+7b*) Cos[c+dx]* (a+bTan[c+dx])*

+

448d (Cos[% (c+dx)] +Sin[% (c+dx)])6 (aCos[c+dx] +bSin[c+dx])*

(-560a* + 896 a>b - 256 ab> + 35b*) Cos[c+dx]* (a+bTan[c+dx])*

+

8960 d (Cos[i <c+dx)] +Sin[§ (CerxH)4 (aCos[c+dx] +bSin[c+dx}>4

(-1680 a* + 1344 2> b + 1680 a® b? - 544 a b> - 185 b*) Cos[c +d x]* (a+bTan[c+dx])4

+

8960 d (Cos[% (c+dx)] +Sin[l (c+dx)”2 (acCos(c+dx] +bSin[c+dx])*

Cos[c+dx]4(42a3bSin[i(c+dx)] 17ab351n[ (c+dx)])(a+bTan[c+dx])4
+
(

c+dx>]) (aCos[c+dx] +bSin[c+dx])*

140d (Cos[% (c+dx) ] —Sin[%
Cos[c+dx]* (42a3b51n[i (c+dx)] 717ab3Sin[i (c+dx)]) (a+bTan[c+dx])*
.
(

c+dx”) (aCos[c+dx] +bSin[c+dx])*

140d (Cos[ (c+dx)] —Sin[%

Cos[c+dx]* (7a3bSinb (c+dx” —2ab3Sin[i (c+dx)]) (a+bTan[c+dx])4

+

35d (Cos[% (c+dx) ] —Sin[% (c+dx)])5 (aCos[c+dx] +bSin[c+dx])*

Cos[c+dx]* (—7a3bSin[% (c+dx)] +2ab3Sin[§ (c+dx)” (a+bTan[c+dx])*

+

35d (Cos[i (c+dx)] +Sin[§ (c+dx)])5 (aCos[c+dx] +bSin[c+dx])*

Cos[c+dx]* (—42a3bSin[§ (c+dx)] +17ab3Sin[i (c+dx)” <a+bTan[c+dX}>4

140 d (Cos[i (c+dx)] +Sin[§ <c+dx)])3 (aCos[c+dx] +bSin[c+dx])*

Cos[c+dx]* (—4Za3bsin[i (c+dx)] +17ab3Sin[§ (c+dx)” <a+bTan[c+dx}>4

140 d (Cos[i (c+dx)] +Sin[§ (c+dx)” (aCos[c+dx] +bSin[c+dx])*

Problem 94: Result unnecessarily involves imaginary or complex numbers.

jCos[c+dx}3 (aCos[c+dx] +bSin[c+dx])®dx

Optimal (type 3, 426 leaves, 25 steps):
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35a°x 25 , , 4 5aZ2b3Cos[c+dx]® 5a*bCos[c+dx]® 5a’b3Cos[c+dx]® 35a°Cos[c+dx] Sin[c+dx]
+—a’bx+ ab*x- - + + +
128 64 128 3d 8d 4d 128 d
25a3b%2Cos[c+dx] Sin[c+dx] 15ab*Cos[c+dx]Sin[c+dx] 35a°Cos[c+dx]3Sin[c+dx] 25a®>b?Cos[c+dx]3Sin[c+dx]
+ + + +
64d 128d 192d 96 d
5ab*Cos[c+dx]3Sin[c+dx] 7a°Cos[c+dx]°>Sin[c+dx] 5a*’b?2Cos[c+dx]>Sin[c+dx] 5ab*Cos[c+dx]°>Sin[c+dx]
+ + - +
64d 48 d 24.d 16d
a®Cos[c+dx]’Sin[c+dx] 5a3b?2Cos[c+dx]7Sin[c+dx] 5ab*Cos[c+dx]>Sin[c+dx]> b>Sin[c+dx]® b>Sin[c+dx]8
_ _ . _
8d 4d 8d 6d 8d

Result (type 3, 259 leaves):

y (120a (a-ib) (a+ib) (7a*>+3b?) (c+dx) -24b (35a*+30a°b”+3b*) Cos{z(c+dx)} +12b (-35a*- 10 a’ b? + b*) Cos[4(c+dx)] +
3072

8b (-15a*+10a”b? + b*) Cos[6 (c+dx) | -3b (5a*-10a’b? +b*) Cos[8 (c+dx) | +96a> (7a”+5b?) Sin[2 (c+dx) ]| +
24a (7a*-10a”b> - 5b*) Sin[4(c+dx)] +32a° (a?-5b?) Sin|6 (c+dx)] +3a (a*-10a’b’ +5b?) Sin|8 (c+dx)])

Problem 98: Result more than twice size of optimal antiderivative.

JSec[c+dx} (aCos[c+dx] +bSin[c+dx])®dx

Optimal (type 3, 170leaves, 8steps):

5 s 5
la(3a4+10a2b2+15b4)x7b Log[Slr;[c+dx]] +b Log[Taz[c+dxH
8

(4b (5a%*-b*) +5a (a?-3b?) (a®+b?) Cot[c+dx])Sin[c+dx]? (b (5a*-10a?b?+b*) +a (a*-10a?b?+5b*) Cot[c+dx]) Sin[c+dx]*

8d 4d

+

Result (type 3, 408 leaves):

a(3a*+10a2b%+15b%) (c+dx) Cos[c+dx]® (a+bTan[c+dx])> b (5a*+10a2b2-3b%) Cos[c+dx]5Cos|[2 (c+dx)] (a+bTan[c+dx])”
( ) ) ( ) ( ) [2 ( )] )

8d (aCos[c+dx] +bSin[c+dx])® 8d (aCos[c+dx] +bSin[c+dx])°

b (5a%*-10a%b2+b*) Cos[c+dx]°Cos[4 (c+dx)]| (a+bTan[c+dx])® b°Cos[c+dx]°Log[Cos[c+dx]] (a+bTan[c+dx])’

+

32d (aCos[c+dx] +bSin[c+dx])® d(aCos[c+dx] +bSin[c+dx])®

a(a*-5b*) Cos[c+dx]5Sin[2 (c+dx)] (a+bTan[c+dx])® a (a*-1@a?b?+5b*) Cos[c+dx]®°Sin[4 (c+dx)] (a+bTan[c+dx])®
+

4d (aCos[c+dx] +bSin[c+dx])® 32d (aCos[c+dx] +bSin[c+dx])®

Problem 99: Result more than twice size of optimal antiderivative.

JSec[c+dx}2 (aCos[c+dx] +bSin[c+dx])®dx
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Optimal (type 3, 205leaves, 17 steps):

5ab*ArcTanh[Sin[c+dx]] 10a?b3Cos[c+dx] 2b°Cos[c+dx] 5a*bCos[c+dx]® 10a?b3*Cos[c+dx]?
+

_ _ + _
d d d 3d 3d
b>Cos[c+dx]®> b>Sec[c+dx] a’Sin[c+dx] 5ab*Sin[c+dx] a°Sin[c+dx]3 10a*>b?Sin[c+dx]3® 5ab*Sin[c+dx]3
+ + - - + -
3d d d d 3d 3d 3d

Result (type 3, 632 leaves):

b5 Cos[c+dx]°> (a+bTan[c+dx])5 b (5a*+30a2b?-7b*) Cos[c+dx]® (a+bTan[c+dx])5

d(aCos[c+dx] +bSin[c+dx])® 4d (aCos[c+dx] +bSin[c+dx])®

b (5a*-10a2b? + b*) Cos[c+dx]®Cos|3 (c+dx>] (a+bTan[c+dx])5

12d (aCos[c+dx] +bSin[c+dx])®

5ab4Cos[c+dx}5Log[Cos[% (c+dx)] 7Sin[i (c+dx)]] (a+bTan[c+dx])®

+

d (aCos[c+dx] +bSin[c+dx])5

5ab4Cos[c+dx}5Log[Cos[i (c+dx)] +Sin[§ (c+dx)]] (a+bTan[c+dx])®

+

d (aCos[c+dx] +bSin[c+dx])®

b5Cos[c+dx]SSin[§ (c+dx)] (a+bTan[c+dx])®

d (Cos[% (c+dx) ] —Sin[% (c+dx)]) (aCos[c+dx] +bSin[c+dx])®

bSCos[c+dx]5Sin[§ (c+dx)] (a+bTan[c+dx])®

+

d (Cos[% (c+dx)] +Sin[§ (c+dx)]) (aCos[c+dx] +bSin[c+dx])®

a(3a*+10a2b?-25b*) Cos[c+dx]>Sin[c+dx] (a+bTan[c+dx])5
.

a (a*-10a2b?+5b*) Cos[c+dx]®Sin[3 (c+dx) | (a+bTan[c+dx])5

4d (aCos[c+dx] +bSin[c+dx])° 12d (aCos[c+dx] +bSin[c+dx])’

Problem 100: Result more than twice size of optimal antiderivative.

JSEC[C+dX}3 (aCos[c+dx] +bSin[c+dx])®dx

Optimal (type 3, 169leaves, 7 steps):
la (a% 4 1032 b7 - 15 b°) x - 2b? (5a%-b?) Log[Sin[c+dx]] X 2b? (5a%-b?) Log[Tan[c+dx]] X
2 d d

(b (5a*-10a%b?+b*) +a (a*-10a2b? +5b*) Cot[c+dx]) Sin[c+dx]?

5ab*Tan[c+dx] b°Tan[c+dx]?
+ +

2d d 2d
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Result (type 3, 382leaves):
b® Cos[c+dx]3 (a+bTan[c+dx])5 a(a*+10a?b?-15b%) (c+dx) Cos[c+dx]® <a+bTan[c+dx1)5

+ —

2d (aCos[c+dx] +bSin[c+dx])® 2d (aCos[c+dx] +bSin[c+dx])®

b (5a*-10a%b?+b*) Cos[c+dx]®Cos[2 (c+dx) | (a+bTan[c+dx])5 2 (5a%b-b°) Cos[c+dx]®Log[Cos[c+dx]] (a+bTan[c+dx])5

.
4d (aCos[c+dx] +bSin[c+dx])® d(aCos[c+dx] +bSin[c+dx])°

5ab*Cos[c+dx]*Sin[c+dx] (a+bTan[c+dx1)5 a (a*-10a2b?+5b*) Cos[c+dx]®°Sin[2 (c+dx) | (a+bTan[c+dx}>5
+

5

d (aCos[c+dx] +bSin[c+dx]) 4d (aCos[c+dx] +bSin[c+dx])°

Problem 101: Result more than twice size of optimal antiderivative.
JSec[c+dx}4 (aCos[c+dx] +bSin[c+dx])®dx

Optimal (type 3, 204 leaves, 17 steps):
10 a3 b% ArcTanh[Sin[c+dx]] 15ab*ArcTanh[Sin[c+dx]] 5a*bCos[c+dx] 10a?b3Cos[c+dx] b>Cos[c+dx] 1@a?b3>Sec[c+dx]

_ _ + _ + _
d 2d d d d d
2b°Sec[c+dx] b°Sec[c+dx]?® a°Sin[c+dx] 1@a3b?Sin[c+dx] 15ab*Sin[c+dx] 5ab*Sin[c+dx] Tan[c+dx]?
+ + - + +
d 3d d d 2d 2d

Result (type 3, 892 leaves):
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b* (-60a%+11b2) Cos[c+dx]® (a+bTan[c+dx])5 b (5a*-10a2b?+b*) Cos[c+dx]® (a+bTan[c+dx]>5

6d (aCos[c+dx] +bSin[c+dx])® d(aCos[c+dx] +bSin[c+dx])®

5 (4a%b?-3ab) Cos[c+dx]5Log[Cos[i (c+dx)] —Sin[% (c+dx)]] (a+bTan[c+dx])®

+

2d (aCos[c+dx] +bSin[c+dx1>5

5 (4a%b?-3ab) Cos[c+dx]5Log[Cos[i (c+dx)] +Sin[§ (c+dx)]] (a+bTan[c+dx])®

+

2d (aCos[c+dx] +bSin[c+dx])®

5

+

(15ab*+b°) Cos[c+dx]® (a+bTan[c+dx])
12d (Cos[i (c+dx)] 7Sin[i (Cerx)”2 (aCos[c+dx] +bSin[c+dx])®

b5Cos[c+dx]5Sin[§ (c+dx)] (a+bTan[c+dx])®

6d (Cos[i (c+dx) ] —Sin[i (c+dx)])3 (aCos[c+dx] +bSin[c+dx])®

b5Cos[c+dx]5Sin[§ (c+dx)] (a+bTan[c+dx])®

+

6d (Cos[% (c+dx)] +Sin[§ (c+dx)])3 (aCos[c+dx] +bSin[c+dx])®

(-15ab*+b°) Cos[c+dx]® (a+bTan[c+dx])®

+

12d (Cos[% (c+dx)] +Sin[i (c+dx)”2 (aCos[c+dx] +bSin[c+dx])®

Cos[c+dx]® (60a2b3sin[i (c+dx)] —11bSSin[i (c+dx”) (a+bTan[c+dx])5

+

6d (Cos[i (c+dx)] 7Sin[§ (c+dx)]) (aCos[c+dx] +bSin[c+dx])®

Cos[c+dx]® (—60a2b3sin[§ (c+dx) ] +11bSSin[§ (c+dx)]) (a+bTan[c+dx])®

+

6d (Cos[i (c+dx)] +Sin[i (c+dx)]) (aCos[c+dx] +bSin[c+dx])®

a(a*-10a2b?+5b*) Cos[c+dx]®Sin[c+dx] (a+bTan[c+dx}>5

d(aCos[c+dx] +bSin[c+dx])®

Problem 102: Result more than twice size of optimal antiderivative.

JSEC[C+dX}5 (aCos[c+dx] +bSin[c+dx])®dx

Optimal (type 3, 147 leaves, 6 steps):
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b (5a*-10a?b?+b*) Log[Cos[c+dx]] 4ab? (a’-b?) Tan[c+dx]

a (a*-10a*b”>+5b%) x - + +
d d
b (3a%-b?) (aerTan[Cerx])2 2ab(a+bTan[c+dx})3 b(a+bTan[c+dx])4
+ +
2d 3d 4d

Result (type 3, 369 leaves):

b>Cos[c+dx] (a+bTan[c+dx])® b (-5a2+b?) Cos[c+dx]? (a+bTan[c+dx])°
- +

4d (aCos[c+dx] +bSin[c+dx])® d(aCos[c+dx] +bSin[c+dx])®

a(a*-10a?b?+5b*) (c+dx) Cos[c+dx]® (a+bTan[c+dx})5 (-5a*b+10a%b® - b®) Cos[c+dx]>Log[Cos[c+dx]] (a+bTan[c+dx])5
+

N
d(aCos[c+dx] +bSin[c+dx])® d (aCos[c+dx] +bSin[c+dx])®

5ab*Cos[c+dx]2Sin[c+dx] (aerTan[(:erx})5 10 Cos[c+dx]* (3a°b2Sin[c+dx] -2ab*Sin[c+dx]) (a+bTan[c+dx])5

N
3d (aCos[c+dx] +bSin[c+dx])® 3d (aCos[c+dx] +bSin[c+dx])®

Problem 103: Result more than twice size of optimal antiderivative.

JSec[c+dx}6 (aCos[c+dx] +bSin[c+dx1>5d1x

Optimal (type 3, 224 leaves, 15 steps):
a® ArcTanh[Sin[c+dx]] 5a®>b%ArcTanh[Sin[c+dx]] 15ab*ArcTanh[Sin[c+dXx]]

- + +
d d 8d
5a*bSec[c+dx] 10a?b3Sec[c+dx] b>Sec[c+dx] 10a’b3Sec[c+dx]> 2b°Sec[c+dx]3
- + + - +
d d d 3d 3d
b>Sec[c+dx]® 5a*b?Sec[c+dx] Tan[c+dx] 15ab*Sec[c+dx] Tan[c+dx] 5ab*Sec[c+dx] Tan[c+dx]3
+ - +
5d d 8d 4d

Result (type 3, 1219 leaves):
b (600 a* - 1000 a% b2 + 89 b*) Cos[c +dx]° (a+bTan[c+dx])°

120d (aCos[c+dx] +bSin[c+dx])®

(-8a°+40ab%-15ab*) Cos[c+dx15Log[Cos[i (c+dx)]-sin[ (c+dx)]|] (a+bTan[c+dx])®

+

(8a°-40a%b? +15ab?) Cos[c+dx]5Log{Cos[i (c+dx)] +sin[2 (c+dx)]|] (a+bTan[c+dx])®

+

8d (aCos[c+dx] +bSin[c+dx])®



(25ab*+2b%) Cos[c+dx]® (a+bTan[c:+dx])5

+

80d (Cos[% (c+dx)] —Sin[i (c+dx) )4 (aCos[c+dx] +bSin[c+dx])®

+

]
(600 a® b? + 200 a b*> - 375ab* - 31b>) Cos[c+dx]*® (a+bTan[c+dx])5
dx)

240d (Cos[% (c+dx)]-sin[% (c+

: ])2(aCos c+dx] +bSin[c+dx])®

b5Cos[c+dx1SSin[i (c+dx)] (a+bTan[c+dx])®

20d [Cos[L (c+dx)] -sin[% (c+dx)])” (aCos[c+dx] +bSin[c+dx])®
[Cos 3 2

b5Cos[c+dx}5Sin[§ (c+dx)] (a+bTan[c+dx])®

+

20d (Cos[% (c+dx)] +Sin[i (c+dx)”5 (aCos[c+dx] +bSin[c+dx])®

(-25ab*+2b%) Cos[c+dx]® (a+bTan[c+dx])°

+

80 d (Cos[i (c+dx)] +Sin[§ (c+dx)”4 (aCos[c+dx] +bSin[c+dx])®

(-600a*b? + 200 2% b® + 375ab* - 31b°) Cos[c+dx]° (a+bTan[c+dx})5

+

240d (Cos[i (c+dx)] +Sin[§ (c+dx)])2 (aCos[c+dx] +bSin[c+dx])®

-seea“bSin[1 (c+dx)] +1ee)(aa2b351n[1 (c+dx)]-89b°sin|

(Cos[c+dx]5
2 2

N |

(c+dx) | (a+bTan[c+dx1>5J/

120d [Cos [~ (c+dx)] +sin[~ (c+dx)]

2 2
Cos[c+dx]® (2@0a2b3sin[i (c+dx)] —31bssin[§ <c+dx)]) (a+bTan[c+dx])®

(acCos[c+dx] +bSin[c+dx])5) +

+

120d (Cos[i (c+dx)] —Sin[i (c+dx)])3 (aCos[c+dx] +bSin[c+dx])®

Cos[c+dx]® (—Z%azb?’sin[% (c+dx) ] +31b55in[§ (c+dx”) (a+bTan[c+dx])®

+

120 d (Cos[i (c+dx) ] +Sin[i (c+dx)])3 (aCos[c+dx] +bSin[c+dx])®

600a4bSin[l (c+dxH —1009a2b351n[l (c+dx)] +89bSSin{l (c+dx”

(Cos[c+dx]5
2 2 2

(a+bTan[c+dx])5]/

Cos[l (c+dx)] —Sin[l (c+dx)]

(120 d
2 2

(acCos[c+dx] +bSin[c+dx])5)

Problem 104: Result more than twice size of optimal antiderivative.

JSec[c+dx}7 (aCos[c+dx] +bSin[c+dx]>5dlx

4.7 Miscellaneous.nb | 77
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Optimal (type 3, 30leaves, 2 steps):
(b+aCot[c+dx1)GTan[c+dx]6
6bd

Result (type 3, 370leaves):

b3 (-5a%+b?) Cos[c+dx] (a+bTan[c+dx1)5 b (5a*-10a2b?+b*) Cos[c+dx]> (a+bTan[c+dx])5 b® Sec[c +dx] (a+bTan[c+dx1)5
- +

+

2d (aCos[c+dx] +bSin[c+dx])® 2d (aCos[c+dx] +bSin[c+dx])® 6d (aCos[c+dx] +bSin[c+dx])®

ab%sin[c+dx] (a+bTan[c+dx1>5 2Cos[c+dx]? (5a°b2Sin[c+dx] -3ab*Sin[c+dx]) (a+bTan[c+dx1)5
+

.
d(aCos[c+dx] +bSin[c+dx])® 3d (aCos[c+dx] +bSin[c+dx])®

Cos[c+dx]* (3a°Sin[c+dx] -10a’b?Sin[c+dx] +3ab*Sin[c+dx]) (a+bTan[c+dx])5

3d (aCos[c+dx] +bSin[c+dx])®

Problem 105: Result more than twice size of optimal antiderivative.

JSec[c+dx]8 (aCos[c+dx] +bSin[c+dx])®dx

Optimal (type 3, 318 leaves, 19 steps):

a° ArcTanh[Sin[c+dx]] 5a®b?ArcTanh[Sin[c+dx]] 5ab*ArcTanh[Sin[c+dx]] 5a*bSec[c+dx]® 10a%’b3Sec[c+dx]3
2d ) 4d : 16d : 3d ) 3d :
b>Sec[c+dx]3 2a’b3Sec[c+dx]®> 2b°Sec[c+dx]> b>Sec[c+dx]’ a’>Sec[c+dx] Tan[c+dx] 5a3b?Sec[c+dx] Tan[c+dx]
3d ' d ) 5d : 7d ' 2d ) 4d '
S5ab*Sec[c+dx] Tan[c+dx] 5a®*b2Sec[c+dx]3®Tan[c+dx] 5ab*Sec[c+dx]3Tan[c+dx] 5ab*Sec[c+dx]3>Tan[c+dx]3
16d : 2d ) 8d : 6d

Result (type 3, 1677 leaves):
b (1400 a* - 1540 a® b? + 103 b*) Cos[c +d x]° (a+bTan[c+dx])5

.
1680 d (aCos[c+dx] +bSin[c+dx])®

(-8a°+20a°b?-5ab) Cos[c+dx]5Log{Cos[§ (c+dx) ] —Sin[% (c+dx)]] (a+bTan[c+dx])®

N
16d (aCos[c+dx] +bSin[c+dx])®

(8a°-20a%b?+5ab?) Cos[c+dx}5Log[Cos[§ (c+dx)] +Sin[% (c+dx)]] (a+bTan[c+dx])®

+

16d (aCos[c+dx] +bSin[c+dx])®

(35ab*+3b%) Cos[c+dx]® (a+bTan[c+dx])®

+

336 d (Cos{% (c+dx)] —Sin[% (c+dx)])6 (aCos[c+dx] +bSin[c+dx])®

+



(350a%b? + 1402’ b* - 175ab* - 18 b>) Cos[c+dx]® (a+bTan[c+dx])5

+

560 d (Cos[i (c+dx)] 7Sin[i (c+dx)])4 (aCos[c+dx] +bSin[c+dx])®

(840 a° + 1400 a* b - 2100 a° b2 - 1540 a2 b® + 525 a b* + 103 b°) Cos[c +d x]° (a+bTan[c+dx])5

+

3360d (Cos|[L (c+dx)]-sin[L (c+dx)])* (aCos[c+dx] +bSin[c+dx])®
2 2

b5Cos[c+dx}SSin[§ (c+dx)] (a+bTan[c+dx])®

56 d (Cos[% (c+dx)] —Sin[% (c+dx)”7 (aCos[c+dx] +bSin[c+dx])®

bSCos[c+dx}SSin[i (c+dx)] (a+bTan[c+dx])®

+

56 d (Cos[% (c+dx)] +Sin[§ (c+dx)”7 (aCos[c+dx] +bSin[c+dx])®

(-35ab*+3b%) Cos[c+dx]® (a+bTan[c+dx])®

+

336d [Cos[L (c+dx)] +Sin[L (c+dx)])® (acCos[c+dx] +bSin[c+dx])®
2 2

(-350a°b? +140a%b® + 175ab* - 18 b>) Cos[c +dx]*® (a+bTan[c+dx})5

+

560 d (Cos[% (c+dx)] +Sin[i (c+dx)])4 (aCos[c+dx] +bSin[c+dx])®

(-840 a° + 1400 a* b + 2100 a> b? - 1540 a2 b - 525 ab* + 183 b°) Cos[c +d x]® (a+bTan[c+dx])®

+

3360d (Cos[i (c+dx)] +Sin[§ (c+dx>])2 (aCos[c+dx] +bSin[c+dx])®

(Cos[c+dx]5 -14eea4bSin[1(c+dx)}+1540a2b351n[1(c+dx)]-103b551n[1(c+dx)] (a+bTan[c+dx])5)/
2 2 2
1 .ol 3 . 5
[168@d Cos[ = (c+dx)|+Sin[= (c+dx)]|| (aCos[c+dx]+bSin[c+dx]) ]+
2 2
Cos[c+dx]® —1400a4bSin[1(c+dx)}+1540a2b3sin[1(c+dx)]—103bssin[l(c+dx)] (a+bTan[c+dx1)5)/
2 2 2

1680 d cOs[1 (c+dx)] +Sin[1 (c+dx) |

2 2

(aCos[c+dx] +bSin[c+dx})5] +

Cos[c+dx]® (70a2b?Sin] (c+dx” —9b55in[§ (c+dx)]) (a+bTan[c+dx])®

+

(
140d( s[% (c+dx)] —Sln[ (c+dx)”5 (aCos[c+dx] +bSin[c+dx])®
-

Cos[c+dx]® (-70a%b>Sin| > <c+dx)] +9b55in[§ (c+dx)]) (a+bTan[c+dx])®

+

140 d (Cos[; (c+dx)] +Sin[§ (c+dx)”5 (aCos[c+dx] +bSin[c+dx])®

(Cos[c+dx]5

1490a“b$in[l (c+dx)] —1540a2b3Sin[l (c+dx)] +103bSSin[l (c+dx)] (a+bTan[c+dx])5]/
2 2 2
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[1680d (Cos[% (c+dx)] —Sin[% (c+dx>] ’

(acCos[c+dx] +bSin[c+dx}>5] +

(Cos[c+dx]5

14@0a“b$in[1 (c+dx)] —1540a2b3Sin[l (c+dx)] +1(a:«xb5s:'m[1 (c+dx)] (a+bTan[c+dx])5]/
2 2 2

[1680 d

Cos[% (c+dx)] 7Sin[§ (c+dx)]

(aCos[c+dx] +bSin[c+dx])5]

Problem 112: Result unnecessarily involves imaginary or complex numbers.

J Cos[c+dx]3 4
X
aCos[c+dx] +bSin[c+dx]
Optimal (type 3, 1191leaves, 5 steps):
ab?x ax bCos[c+dx]? b?>LoglaCos[c+dx] +bSin[c+dx]] aCos[c+dx]Sin[c+dx]
+ +

+ +

(a2+b2)% 2 (a®+b?) 2 (a*+b?)d (a2 + b2)2 d 2 (a2 +b2) d

Result (type 3, 143 leaves):

1 3 2 13 3 2 .13 .
72(2a c+6ab‘c+4ib’c+2a*dx+6ab“dx+4ib°dx-41b’°ArcTan[Tan[c+dXx]] +
4(a2+b2> d

b (a*+ b?) Cos |2 (c+dx)} +2b3Log[(aCos[c+dx] +bSin[c+dx])2} +a’sin|2 (c+dx)] +ab?sin|2 (c+dx)”

Problem 119: Result more than twice size of optimal antiderivative.

Sec[c+dx]* dx
JaCos[c+dx] +bSin[c +dx]
Optimal (type 3, 153 leaves, 7 steps):
aArcTanh[Sin[c+dx]] a (a*+b?) ArcTanh[Sin[c+dx]]

2b2d b* d
(az n b2>3/2 ArcTanh [ bCos[c+dx]-aSin[c+dx] }
Jaib? (az+b2) Sec[c+dXx] Sec[c+dx]® aSec[c+dx] Tan[c+dx]

+ +

b* d b3d 3bd 2b%d

Result (type 3, 321 leaves):
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1 —b+aTan[l(c+dx)]
48 (a2+b2)3/2 Ar‘cTanh[ 2 ] +
24b% d ST

Sec[c +dx]3 (12a2b+20b3+12b (a®+b?) Cos[2 (c+dx)] +6a®Cos[3 (c+dx) | Log[Cos|

N R

(c+dx) | —Sin[% (c+dx)]]+

9ab?Cos[3 (c+dx)| Log[Cos|[= (c+dX)] —Sin[1 (c+dx)]]+9a (2a®+3b?) Cos[c+dx]
2

N |

(Log[Cos[% (c+dx)]-sin]

N |

(c+dx)]] 7Log[Cos[§ (c+dx)] +sin|

N R

(c+dx)]]|-6a®Cos[3 (c+dx)]

Log{Cos[% (c+dx)] +Sin[% (c+dx)]]-9ab*Cos[3 (c+dx) | Log[Cos[% (c+dx)] +Sin[% (c+dx)]]-6ab*sin|2 (c+dx)])

Problem 121: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

Sec[c+dx]® dx
JaCos[c+dx] +bSin[c +dx]
Optimal (type 3, 262 leaves, 11 steps):

3aArcTanh[Sin[c+dx]] a (a?+b?) ArcTanh[Sin[c+dx]] a (az+b2)2Ar‘cTanh[Sin[c+dx}}

8b%d 2b%d bé d
(az 4 b2>5/2 ArcTanh { bCos[c+dx]-aSin[c+d x] }
A/ a2+b? (a2+b2)25ec[c+dx} (a2 +b?) Sec[c+dx]® Sec[c+dx]5
+ + +
bé d b> d 3b3d 5bd
3aSec[c+dx] Tan[c+dx] a (a®+b?)Sec[c+dx]Tan[c+dx] aSec[c+dx]3Tan[c+dXx]
8b2d 2b%d 4b2d

Result (type 3, 1313 leaves):
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(120 a* + 260 a? b? + 149 b*) Sec[c+dx] (aCos[c+dx] +bSin[c+dx]) 1

120b°d (a+bTan[c+dx]) +b6d(a+bTan[c+dx])

VaZ+b? (- 1, casin(®(c.
2 (oo 15)? (as 18] o767 arcrann [ o (bCosly (c+dx)] »aSinf; e dx)]

aZCos[i (c+dx)] +b2Cos[§ (c+dx)]

| sec[c+dx] (aCos[c+dx] +bSin[c+dx]) +

= (8a°+20a°b”+15ab*) Log[Cos[l<c+dx)]—Sin[l(c+dx)HSec[c+dx] (aCos[c+dx] +bSin[c+dx]) +
8b®d (a+bTan[c+dx]) 2 2
= (-8a°>-20a°b”>-15ab?) Log[Cos[l(c+dx”+Sin[l<c+dx)HSec[c+dx1 (aCos[c+dx] +bSin[c+dx]) +
8b®d (a+bTan[c+dx]) 2 2
(-5a+2b) Sec[c+dx] (aCos[c+dx] +bSin[c+dx]) (-60a®+20a%b-105ab?+29b%) Sec[c+dx] (aCos[c+dx] +bSin[c+dx])
+ +
80b2d(Cos[%(c+dx)]—Sin[%(c+dx)])4(a+bTan[c+dx]) 240b4d(Cos[%(c+dx>}—$in{%(c+dx)”2(a+bTan[c+dx1)
sec[c +dx] Sin[i(c+dx)] (aCos[c+dx] +bSin[c+dx]) Sec[c +dx] Sin[i(c+dx” (aCos[c+dx] +bSin[c+dx])

- +

20bd (Cos[i (c+dx)] —Sin[% (c+dx)])5 (a+bTan[c+dx]) 20bd (Cos{% (c+dx) ] +Sin[§ (c+dx)])5 (a+bTan[c+dx])

(5a+2b) Sec[c+dx] (aCos[c+dx] +bSin[c+dx]) (60 a*+20a%b+105ab?+29b%) Sec[c+dx] (aCos[c+dx] +bSin[c+dx])

+ +

80 b2d (Cos[i (c+dx) ] +Sin[i (c+dx)])4 (a+bTan[c+dx]) 240 b* d (Cos[% (c+dx) ] +Sin[i (c+dx)])2 (a+bTan[c+dx])

Sec[c +dx] (—Zeazsin[i (c+dx)] —29bZSin[i (c+dx)]) (aCos[c+dx] +bSin[c+dx])
3

+

120 b3 d (Cos[i (c+dx)] +Sin[i (c+dx)]) (a+bTan[c+dx])

Sec[c +d x] (Zeazsin[i (c+dx)] +29b25in[§ (c+dx>” (aCos[c+dx] +bSin[c+dx])

+

120 b3 d (Cos[i (c+dx) ] —Sin[% (c+dx)])3 (a+bTan[c+dx])

—120a4Sin[1 (c+dx)] —260a2b25in[1 (c+dx)] —149b4Sin[l (c+dx)]

Sec[c +dX] -
2 2 2

/

(aCos[c+dx] +bsSin[c+dx])

+

[120 b° d

Cos[% (c+dx)] +Sin|

(a+bTan[c+dx])

12(aa451n[1 (c+dx ]+260a2b251n[l (c+dx)] +149b“51n[1 (c+dx)]
2 2 2

Sec[c +dx] (aCos[c+dx] +bSin[c+dx])

/

Cos[1 (c+dx)]-sin]

(a+bTan[c+dx])
2

[120 b° d

Problem 124: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

Cos[c+dx]?
J dx

(aCos[c+dx] +bSin[c+dx])?
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Optimal (type 3, 82leaves, 4 steps):
(a2-b?) x 2abloglaCos[c+dx] +bSin[c+dx]] b
N

<a2+b2)2 <a2+b2)2d (a2+b?) d (a+bTan[c+dx])

Result (type 3, 192 leaves):
(aZCos[c+dx] ((a+1‘1b)2 (c+dx) +ablog|(aCos[c+dx] +bSin[c+dx])2}) +
b ((a+1‘1b> (-ib*+ab(1+ic+idx)+a® (c+dx)) +a2bLog[(aCos[c+dx} +bSin[c+dx])2]) Sin[c+dx] -

2ia’bArcTan[Tan[c+dx]] (aCos[c+dx] +bSin[c+dx]))/(a (a2+b2>2d (aCos[c+dx] +bSin[c+dx}))

Problem 129: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

Sec[c+dx]3
J dx
(aCos[c+dx] +bSin[c+dx])2

Optimal (type 3, 179leaves, 11 steps):
2a2ArcTanh[Sin[c+dx]] ArcTanh[Sin[c+dx]] (a?+b?)ArcTanh[Sin[c+dXx]]
+

+ +
b*d 2b%d b*d
33 m ArcTanh [ b Cos[c+d x]-aSin[c+d x]
A/ a%+b? 2aSec[c+dx] a?+b? Sec[c+dx] Tan[c +dX]
- - +
b*d b3d b*d (aCos[c+dx] +bSin[c+dx]) 2b2d

Result (type 3, 709 leaves):
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(a-ib) (a+ib)Sec[c+dx]? (aCos[c+dx]+bSin[c+dx]) 2aSec[c+dx]? (aCos[c+dx] +bSin[c+dx])2

bf‘d(a+bTan[c+dx})2 b3d(a+bTan[c+dx])2

A/ a%+b? (- Loes +asin| (e
6a+a’+b? Ar‘cTanh[ s (bfos{z(cc‘xw aSlln[z(c dX)U]Sec[c+dx]2(aCos[c+dx1+bSin[c+dx])2
aZCos{;(udx)%bZCos[;(c+dx)}

b*d (a+bTan[c+dx])?

3 (2a%+b?) Log[Cos[i (c+dx)] —Sin[i (c+dx)]]sec[c+dx]? (aCos[c+dx] +bSin[c+dx])?

+

2b*d (a+bTan[c+dx])2

3 (2a%+b?) Log[Cos[% (c+dx)] +Sin[§ (c+dx)]]sec[c+dx]? (aCos[c+dx] +bSin[c+dx])?

+

2b*d (a+bTan[c+dx])2

Sec[c+dx])? (aCos[c+dx] +bSin[c+dx])> 2aSec[c+dx]2Sin[% (c+dx)] (aCos[c+dx] +bSin[c+dx])?

402d (Cos[i (c+dx) ] 7Sin[§ (c+dx)})2 (a+bTan[c+dx])? b3d (Cos[i (c+dx)] —Sin[i (c+dx)” (a+bTan[c+dx])?

Sec[c+dx]? (aCos[c+dx] +bSin[c+dx])2 2aSec[c+dx]ZSin[% (c+dx)] (aCos[c+dx] +bSin[c+dx])?
+

4b2d (Cos[% (c+dx)] +Sin[% (c+dx)”2 (a+bTan[c+dx])? b3 d (COS[i (c+dx)] +Sin[§ (c+dx)” (a+bTan[c+dx])?

Problem 131: Result unnecessarily involves imaginary or complex numbers.

Cos[c+dx]*
J dx
(aCos[c+dx] +bSin[c+dx])>

Optimal (type 3, 216 leaves, ? steps):
3b% (432 - b?) ArcTann[ 2200

N b (3a?-b?) Cos[c+dx] a(a?-3b?) Sin[c+dx]

- + + +

a2+ b2)7/2d a2 +b2)3d a2 +b2)3d
( ) ( ) ( )

b*Sinfc+dx] b* (8 a2 + b?)

2a <a2+b2)2d (aCos[c+dx] +bSin[c+dx])2 2a <a2+b2)3d (aCos[c+dx] +bSin[c+dx])

Result (type 3, 211 leaves):
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_b+aTan|t (c+d x)

6 b2 (-4 a2+ b?) ArcTanh [

1 / a%+b? }

— |- - + +

2d <a2+b2>7/2 <a2+b2>3 <a2+b2>3

2b (-3a2+b?) Cos[c+dx] 2a(a?-3b?) Sin[c+dx]

b*Sin[c +dx] b* (8 a2 + b?)

a (a—jlb)2 (a+1’1b)2 (aCos[c+dx] +bSin[c+dx])2 a (a2+b2)3 (aCos[c+dx] +bSin[c+dx])

Problem 132: Result unnecessarily involves imaginary or complex numbers.

Cos[c+dx]3
J dx
(aCos[c+dx] +bSin[c+dx])?

Optimal (type 3, 122leaves, 5steps):
a(a?-3b%)x b (3a*-b?)LoglaCos[c+dx] +bSin[c+dx]] b 2ab
+

(a? +b2)? (a2 +b2)°d 2 (a2+b?)d(a+bTan[c+dx])* (a?2+b?)*d (a+bTan[c+dx])
Result (type 3, 154 leaves):
1
2d

2a(a?-3b?) (c+dx) 2b(-3a?+b?) LoglaCos[c+dx]+bSin[c+dx]]

(a2 1 b2)? (a2 1 b2)? .

b3 6b2Sin[c+dx]

N
(afjlb)2 (a+1’1b)2 (acCos[c+dx] +bSin[c+dx])2 (a2+b2)2 (aCos[c+dx] +bsSin[c+dx])

Problem 134: Result more than twice size of optimal antiderivative.

Cos[c +dx]
J dx
(aCos[c+dx] +bSin[c+dx])>

Optimal (type 3, 22leaves, 2 steps):
1

_2bd (a+bTan[c+dx})2

Result (type 3, 57 leaves):
beos[Z <c+dx)] +aSin[2 (c+dx)}

2 (a?+b?) d (aCos[c+dx] +bSin[c+dx])?
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Problem 135: Result unnecessarily involves imaginary or complex numbers.
1

dx
J(aCos[c:+dx] +bSin[c+dx])3

Optimal (type 3, 103 leaves, 3 steps):

ArcTanh [ b Cos[c+d x]-aSin[c+d x] }

+/ a2+b? bCos[c+dx] -aSin[c +dXx]
2 (a2+b2)*%d 2 (a2+b?) d (aCos[c+dx] +bSin[c+dx])?

Result (type 3, 132leaves):
-b+aTan[> (c+dx) ]
2

| (aCos[c+dx] +bSin[c+dx])?

/

[(a2+b2) (-bCos[c+dx] +asSin[c+dx]) +2+/a®+b? ArcTanh|

(2 (a-ib)? (a+ib)?d (aCos[c+dx] +bSin[c+dx])?

Problem 139: Result unnecessarily involves imaginary or complex numbers.

Sec[c+dx]*
J dx
(aCos[c+dx] +bSin[c+dx])3

Optimal (type 3, 383 leaves, 31 steps):

8 a2 A/ a2 4 bz ArcTanh [ b Cos[c+dx]-aSin[c+d x] }

4a3ArcTanh([Sin[c+dx]] 3aArcTanh[Sin[c+dx]] 6a (a?+b?)ArcTanh[Sin[c+dx]] Jator
) b d ) 2b4d ) be d ) be d
PR b Cos [cdx] -aSinlcedx] 221372 bCos[cidx]-aSin[cidx]
Va? +b? ArcTanh| Ve | 2 (a*+b?)**ArcTanh| Ny ] aa?secic+dx] 2 (a?+b?) Secic+dx]
2b%d . be d : bS d ' bS d :
Sec[c+dx]?® (a?+b?) (bCos[c+dx]-aSin[c+dx]) 4a (a?+b?) 3aSec[c+dx] Tan[c +d x]
3b%d 2b*d (aCos[c+dx] +bSin[c+dx])? +b5d(aCos[c+dx1+bSin[c+dx]) 2b*d

Result (type 3, 688 leaves):
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1

12b%d (a+bTan[c+dx])>

6b2 (a2 +b2)?si d 6(a-ib i b) b (8a%-b? C d b Si d
Secc +dx? (aCos[c+dx] +bSin[cdx]) (a?+b%)*sin[c+dx] . (a-ib) (a+ib)b (8a ) (aCos[c+dx] +bSin[c+dx])

a a

+

7b+aTan[l (c+dx”
2

30a (4a’+3b?) Log[Cos[1 (c+dx)] 7Sin[l (c+dx)]] (aCos[c+dx] +bSin[c+dx])?*-
2 2

2b (36a%+13b*) (aCos[c+dx] +bSin[c+dx])2+60xla2+b2 (4a2+b2>Ar‘cTanh[ ] (aCos[c+dx] +bSin[c+dx])2+

30a (4a%+3b?) Log[Cos[1 (c+dx)] +Sin[l (c+dx)]] (aCos[c+dx] +bSin[c+dx])*+
2 2

b2 (-9a+b) (aCos[c+dx] +bSin[c+dx])? 2b3Sin[i (c+dx)] (aCos[c+dx] +bSin[c+dx])?

+ +

(Cos[i (c+dx)] —Sin[i (c+dx)])3

(Cos[% (c+dx)] —Sin[i (c+dx)])2

2b (36 a2+ 13 b?) Sin[% (c+dx)] (aCos[c+dx] +bSin[c+dx])? 2b3Sin[§ (c+dx)] (aCos[c+dx] +bSin[c+dx])?

- +

Cos[i (c+dx)] 7Sin[i (c+dx)] (Cos[% (c+dx)] +Sin[i (c+dx)})3

b2 (9a+b) (aCos[c+dx] +bSin[c+dx])> 2b (3682 + 13 b?) Sin[% (c+dx)] (aCos[c+dx] +bSin[c+dx])?

2

(Cos[i (c+dx)] +Sin[§ (c+dx>]) COS[% (c+dx)] +Sin[§ (c+dx)]

Problem 140: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J Sec[c+dXx]? dx
(aCos[c+dx] +bSin[c+dx])>
Optimal (type 3, 232 leaves, 3 steps):
(a2+b2)3 (5a%-b?) (a2+b2)2 3 (a?2+b?) (5a%+b?) Log[b+aCot[c+dx]]

+ +

2a?b°d (b+aCot[c+dx])? a’b°d (b+acCot[c+dx]) b7 d

3 (a?+b?) (5a%+b?) Log[Tan[c+dx]] a (1@a?+9b?) Tan[c+dx] 3 (2a’+b?)Tan[c+dx]? aTan[c+dx]3 Tan[c+dx]*
- +

- +
b’ d b® d 2b°d b* d 4b3d

Result (type 3, 5301leaves):
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(a—jb)2 <a+jb)25ec[c+dx}3 (aCos[c+dx] +bSin[c+dx])

2b%d (a+bTan[c+dx})3

3 (5a*+6a’b?+b*) Log[Cos[c+dx]] Sec[c+dx]* (aCos[c+dx] +bSin[c+dx}>3

+

b7 d (a+bTan[c+dx])3

3 (5a*+6a’b?+b*) Log[aCos[c+dx] +bSin[c+dx]] Sec[c+dx]> (aCos[c+dx] +bSin[c+dx])3

+

b’ d (a+bTan[c+dx])3

(3a%+b?) Sec[c+dx]® (aCos[c+dXx] +bSin[c+dx})3 Sec[c+dx]7 (aCos[c+dXx] +bSin[c+dx}>3
+ _

b5d<a+bTan[c+dx}>3 4b3d(a+bTan[c+dx])3

2Sec[c+dx]* (aCos[c+dx] +bSin[c+dx])3 (5a*sin[c+dx] +4ab?Sin[c+dx])

béd (a+bTan[c+dx])3

5Sec[c+dx]> (aCos[c+dx] +bSin[c+dx])2 (a*sin[c+dx] +2a?b?Sin[c+dx] +b*Sin[c+dx])

béd (a+bTan[c+dx])3

asSec[c+dx]® (aCos[c+dx] +bSin[c+dx])3Tan[c+dx}

b*d (a+bTan[c+dx})3

Problem 141: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

Cos[c+dx]*
J dx
(aCos[c+dx] +bSin[c+dx])*
Optimal (type 3, 165leaves, 6 steps):
(a*-6a?b?+b*) x 4ab (a’-b?) LoglaCos[c+dx]+bSin[c+dx]]
+
(a2 +b2)* (a?+b?)*d
b ab b (3a%-b?)

3 (a?2+b?)d(a+bTan[c+dx])> (a?+b2)?d (a+bTan[c+dx])®> (a?+b2)°d (a+bTan[c+dx])

Result (type 3, 419leaves):
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(a2-2ab-b?) (a2+2ab-b?) (c+dx)
(a-ib)* (a+1ib)*d

+

4 (ia®b+a’b?+2iafb*+2a’b*-2ia%*b’-2a%b®-ia?b®-ab) (c+dx) 4i (a’b-ab?) ArcTan[Tan[c+dx]]
- +

(a-ib)® (a+ib)’d (a?+b?)*d
2 (a*b-ab?) Log[(aCos[c+dx] +bSin[c+dx])?] b%Sin[c +dx]
(a2 +b2)*d +3a (a-ib)?(a+1ib)?d (aCos[c+dx] +bSin[c+dx])> )
b* (6 a% + b?) 2 (9a*b?sin[c+dx] -2b*Sin[c+dx])

+

3a (a—Jib)3 (a+1’1b)3d (aCos[c+dx] +bSin[c+dx])2 3a (a—ib)3 (a+1’1b)3d (aCos[c+dx] +bSin[c+dx])

Problem 142: Result unnecessarily involves imaginary or complex numbers.

Cos[c+dx]3
j dx

(aCos[c+dx] +bSin[c+dx])*
Optimal (type 3, 157 leaves, ? steps):

a (2a%-3b?) Ar‘cTanh[fb+aTan 2 (crdx) ]
-3 (3a*b-a%b®+b%) Cos[2 (c+dx)] +§b (-9a2+b?) (2 (a?+b?) +3absSin[2 (c+dx)])

~/ a2+b?
+

(a2+b2)7/2d 6 (a2+b2)3d (aCos[c+dx] +bS.in[c+dx})3

Result (type 3, 165leaves):

6a (2a2-3b?) Ar‘cTanh[m}
-3 (3a%b-a? b%+b°) Cos[2 (c+d x)]+§b (-9a2+b?) (2 (a2+b?)+3absSin[2 (c+dx)])

a2+b?

n
(aubz)?/z (a-ib)? (a+ib)? (aCos[c+dx]+bSin[c+dx])3

6d

Problem 143: Result more than twice size of optimal antiderivative.

Cos[c+dx]?
J dx
(aCos[c+dx] +bSin[c+dx])*

Optimal (type 3, 30leaves, 2 steps):
Cot[c+dx]3

3bd (b+aCot[c+dx])>

Result (type 3, 124 leaves):
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(-6ab (a*+b*) Cos[c+dx] + (-6a*b+2ab’) Cos[3 (c+dx)]|+2(a®-b?) (3a>+b*+ (3a>-b?) Cos[2 (c+dx)]) Sin[c+dxj)/
(12a (a+b?)*d (aCos[c+dx] +bSin[c+dx])3)

Problem 146: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

Sec[c +dx]
J dx
(aCos[c+dx] +bSin[c+dx])*

Optimal (type 3, 231 leaves, 8 steps):

a ArcTanh { b Cos[c+dx]-aSin[c+d x] } aArcTanh [ b Cos[c+d x]-aSin[c+d x] ]

ArcTanh[Sin[c +dx]] A/ a?+b? Jarib?
+ + -
b* d 2b2 (a2 +b2)%2 d b*+/a? + b? d
1 a(bCos[c+dx]-asSin[c+dx]) 1

. _
3bd (aCos[c+dx] +bSin[c+dx}>3 2b? (a?+b?) d (aCos[c+dx] +bSin[c+dx}>2 b*d (aCos[c+dx] +bSin[c+dx])
Result (type 3, 478 leaves):
Sec[c+dx]* (aCos[c+dx] +bSin[c+dx]) (-2a?-b2)Sec[c+dx]* (aCos[c+dx] +bSin[c+dx])>

— + —

3bd (a+bTan[c+dx])* 2b* (-ia+b) (ia+b)d(a+bTan[c+dx])*

Va?z+b?2 (-bCos[t (c+dx)] +asin[% (c+dx
a-/a?+b? (2a2+3b2)Ar'cTanh[ ( [2( ” [2( H)

aZCos[% (c+dx) ] +b2CosE (c+dx) ]

] sec[c+dx]* (aCos[c+dx] +bSin[c+dx])* /

Log[Cos|[% (c+dx)] -sin[% (c+dx)]] Sec[c+dx]* (aCos[c+dx] +bSin[c+dx])*
(a*b®+2a2b®+b®) d (a+bTan[c+dx])*) - cosls ) H )] ( ) +
b*d (a+bTan[c+dx])*

Log[Cos[i (c+dx)] +Sin[§ (c+dx)]]sec[c+dx]* (aCos[c+dx] +bSin[c+dx])*

b*d (a+bTan[c+dx])*

Sec[c+dx]? (aCos[c+dx] +bSin[c+dx])2Tan[c+dx]

2b*d (a+bTan[c+dx])*

Problem 169: Result more than twice size of optimal antiderivative.

Sec[c+dx]
J dx
(aCos[c+dx] +iaSin[c+dx])?

Optimal (type 3, 46 leaves, 8steps):



ArcTanh[Sin[c +d x]]

21 Cos[c+dx] 2Sin[c+dx]
a’d a’d a’d
Result (type 3, 184 leaves):
1

7a2d (—1'1+Tan[c+dx])2

Sec[c+dx]? (Cos[% (c+dx)] [21+Log[Cos[§ (c+dx)] —Sin[i (c+dx)]] —Log[Cos[% (c+dx)] +Sin[§ (c+dx)]]] +

2+iLog[Cos[§ (c+dx)] —Sin[% (c+dx)]] —iLog[Cos[% (c+dx)] +Sin[§ (c+dx)]] Sin[% (c+dx)]

Cos[z (c+dx)] +jSin[§ (c+dx)]

Problem 171: Result more than twice size of optimal antiderivative.

Sec[c+dx]3
J dx
(aCos[c+dx] +iaSin[c+dx])?

Optimal (type 3, 56 leaves, 8 steps):
3ArcTanh[Sin[c+dx]] 2iSec[c+dx] Sec[c+dx] Tan[c+dX]

2a%d ad 2 a%d

Result (type 3, 146 leaves):

1 2
- Sec[c +dx]

oy (cvdx)]] +

1
81 Cos[c+dx] +3Log[Cos[; (c+dx)]-sin]

N |

3Cos[2 (c+dx) ]

Log[Cos[% (c+dx)] —Sin[% (c+dx)]] —Log[Cos[% (c+dx)] +Sin[§ (c+dx)]]|-

3Log[Cos[l (c+dx)] +Sin[l (c+dx)]]+2sin[c+dx]
2 2

Problem 173: Result more than twice size of optimal antiderivative.

J Sec[c+dx]*

(aCos[c+dx] +iaSin[c+dx])?

dx

Optimal (type 3, 84 leaves, 10 steps):
5ArcTanh[Sin[c+dx]] 2iSec[c+dx]® 5Sec[c+dx]Tan[c+dx] Sec[c+dx]3>Tan[c+dx]
+

8a%d 3a%d 8a%d 4a%d

Result (type 3, 215leaves):
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1
192 a2d

Sec[c+dx]* (1281‘1Cos[c+dx] +45 Log|Cos | (c+dx” - Sin| <c+dx)H +

N |-
N |

60 Cos[2 (c+dx) |

Log[Cos[% (c+dx)] 7Sin[§ (c+dx)]] —Log[Cos[i (c+dx)] +Sin[§ (c+dx)H) +

15Cos[4 (c+dx) |

Log[Cos[% (c+dx)] 7Sin[§ (c+dx)]] —Log[Cos[% (c+dx)] +Sin[§ (c+dx)H) -

45L0g[Cos[l (c+dx)]+sin[ = (c+dx) ]| +18Sin[c+dx] -38Sin[3 (c+dx) |
2

1
2

Problem 179: Result more than twice size of optimal antiderivative.

Cos[c+dx]
J dx
(aCos[c+dx] +iasSin[c+dx])?

Optimal (type 3, 32leaves, 2 steps):
i Cot[c+dx]?

2a%d (J‘L+Cot[c+dx])2

Result (type 3, 77 leaves):
iCos[2 (c+dx)] X iCos[4 (c+dx)] sin[2(c+dx)| Sin[4 (c+dx)]

+ +

4a3d 8a3d 4a3d 8a3d

Problem 185: Result more than twice size of optimal antiderivative.

Sec[c+dXx]?
J dx
(aCos[c+dx] +iasSin[c+dx])?

Optimal (type 3, 34 leaves, 3 steps):
i (Ji—Cot[Cerx})ATan[c+dx]4

4a3d

Result (type 3, 90leaves):

; i Sec[c] Sec[c+dx]* (3Cos[c] +2Cos[c+2dx] +2Cos[3c+2dx] -31Sin[c] +21Sin[c+2dx] -21Sin[3c+2dX] +jSin[3c+4dx})
43a°d

Problem 188: Result more than twice size of optimal antiderivative.

J ! dx
Sec[x] + Tan[x]



4.7 Miscellaneous.nb | 93
Optimal (type 3, 5leaves, 3 steps):
Log[1+Sin[x]]
Result (type 3, 16 leaves):
X X
2 Log[Cos[;} + Sln[;] ]

Problem 191: Result more than twice size of optimal antiderivative.
J Tan [X] dx
Sec[x] + Tan[Xx]
Optimal (type 3, 11leaves, 3 steps):

Cos [x]

1+Sin[x]

X +

Result (type 3, 25leaves):
2sin[ 2]

Cos[f] +Sin[§]

Problem 192: Result more than twice size of optimal antiderivative.
J Cot [x] dx
Sec[x] + Tan[Xx]
Optimal (type 3, 9leaves, 4 steps):

-X - ArcTanh[Cos [X] ]

Result (type 3, 20 leaves):

X Log[Cos[g]] + Log[Sin[g]]

Problem 193: Result more than twice size of optimal antiderivative.
J Sec [X] dx
Sec[x] + Tan[X]

Optimal (type 3, 10leaves, 2 steps):
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Cos [x]
1+Sin[x]

Result (type 3, 23 leaves):

2sin[ ]

Cos[i] +Sin[§}

Problem 199: Result more than twice size of optimal antiderivative.
J Cot [x] .
Sec[x] - Tan[Xx]
Optimal (type 3, 7 leaves, 4 steps):
X — ArcTanh [Cos [X] ]

Result (type 3, 18leaves):

X - Log[Cos[EH + Log[Sin[g]]

Problem 200: Result more than twice size of optimal antiderivative.
J Sec [Xx] dx
Sec[x] - Tan[X]
Optimal (type 3, 11leaves, 2 steps):

Cos [Xx]
1-Sin[x]

Result (type 3, 25leaves):
2sin[*]

Cos[i] —Sin[ﬂ
Problem 203: Result more than twice size of optimal antiderivative.
J Sin[x] dx
Cot[x] + Csc[X]

Optimal (type 3, 6leaves, 3 steps):

X - Sin[x]
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Result (type 3, 14 leaves):

X Sin[x]

2 2

Problem 205: Result more than twice size of optimal antiderivative.
J Tan[x] x
Cot [x] + Csc[x]
Optimal (type 3, 7 leaves, 4 steps):

-X+ArcTanh[Sin[x] ]

Result (type 3, 36 leaves):

_X_Log[cos[f] —Sin[EH +Log[Cos[§] +Sin[§]]

Problem 209: Result more than twice size of optimal antiderivative.

Sin[x]
J dx
-Cot[x] +Csc[X]

Optimal (type 3, 4leaves, 3 steps):

X +Sin[x]

Result (type 3, 14 leaves):

x Sin[x]
2,22

2 2

Problem 211: Result more than twice size of optimal antiderivative.

Tan[x]
J dx
-Cot[x] +Csc[X]

Optimal (type 3, 5leaves, 4 steps):

X + ArcTanh [Sin[x]]

Result (type 3, 46 leaves):

> g_iLog[Cos[z]—Sin[gHJriLog[Cos{z]+Sin[§]]
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Problem 215: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

1
JCsc[c+dx] +Sin[c+dx]

dx

Optimal (type 3, 23 leaves, 3 steps):
ArcTanh [ Cosle dx] Cz*dx ]

V2 d
Result (type 3, 61 leaves):

0s[c]-(-i+Sinfc]) Tan[dT‘}

V2

os[c]-(i+Sin[c]) Tan{dZ_X] }

] + ArcTanh [ ¢
V2

C
Ar‘cTanh[

V2 d

Problem 218: Result more than twice size of optimal antiderivative.

Tan[c +dXx]
J dx
Csc[c+dx] +Sin[c+dx]

Optimal (type 3, 29 leaves, 4 steps):
ArcTan[Sin[c+dx]] ArcTanh[Sin[c+dXx]]
+
2d 2d

Result (type 3, 63 leaves):

7%(ArcTan[Sin[c+dx]] +Log[Cos[1 (c+dx)] 7Sin[l (c+dx)]] 7Log[Cos[l (c+dx)] +Sin[1 (c+dx)]]
2 2 2 2 2

Problem 225: Result more than twice size of optimal antiderivative.

Tan[c +dXx]
J dx
Csc[c+dx] -Sin[c+dx]

Optimal (type 3, 34 leaves, 3 steps):
ArcTanh[Sin[c+dx]] Sec[c+dx] Tan[c +dX]
+
2d 2d

Result (type 3, 69 leaves):

id Log[Cos[1 (c+dx)] 7Sin[l (c+dx)]] 7Log[Cos[l (c+dx)] +Sin[1 (c+dx)]] +sSec[c+dx] Tan[c+dx]
2 2 2 2 2



Problem 226: Result more than twice size of optimal antiderivative.

Cot[c +dx]
J dx
Csc[c+dx] -Sin[c +dXx]

Optimal (type 3, 11leaves, 2steps):
ArcTanh[Sin[c +dXx]]
d

Result (type 3, 68 leaves):
Log[Cos[i + de} 7Sin[§+ dTX]] Log|Cos |

- +

d d

Problem 240: Result more than twice size of optimal antiderivative.

jSec[c+dx] (asin[c+dx] +bTan[c+dx})2d1x

Optimal (type 3, 90leaves, 7 steps):

(2a%-b?) ArcTanh[Sin[c+dx]] 3a2Sin[c+dx] abTan[c+dx] (b+aCos[c+dx])ZSec[c+dx] Tan[c +d x]

-2abx+ - + +

2d 2d d
Result (type 3, 265 leaves):

1
- —Sec[c+dx]?

y 4abc+4abdx+2a2Log[Cos[l(c+dx”7$in[
a4

2

N |

2a2Log[Cos[§ (c+dx)]+sin[ = (c+dx)]] +b?Log[Cos|

N |
N |

2

Cos[% (c+dx)]-sin]

—

(4ab (c+dx) + (2a*-b?) Log

N |

(a*-2b?) sin[c+dx] -4abSin[2 (c+dx)] +a*Sin[3 (c+dx) |

Problem 241: Result more than twice size of optimal antiderivative.

JSec[Cerx}2 (asinfc+dx] +bTan[c+dx}>2d1x

Optimal (type 3, 99 leaves, 7 steps):

(c+dx)]] 7b2Log[Cos[§ (c+dx)]-sin]

(c+dx)] JrSin[1 (c+dx)]] +Cos 2 (c+dx”
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(erax)]] -

(c+dx)]|]+ (-2a%+b?) Log[Cos[1 (c+dx)] +Sin[1 (c+dx)]]|+
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, abArcTanh[Sin[c+dx]] (2a?-b?)Tan[c+dx] abSec[c+dx]Tan[c+dx] (b+aCos[c+dx])?Sec[c+dx]?Tan[c+dXx]
-a“ X - + + +

d 3d 3d 3d

Result (type 3, 201 leaves):

idSec[Cerx]3 -9acCos[c+dx] a(c+dx)—bLog[Cos[l(c+dx”—Sin[l(c+dx)]]+bLog[Cos[1(c+dx”+sin[1(c+dx)]])—
12 2 2 2 2
3aCos|3 (c+dx)] a(c+dx>—bLog[Cos[l<c+dx)]—Sin[l(c+dx)H+bLog[Cos[1<c+dx)]+sin[l(c+dx”]]+
2 2 2 2
2 (3a%+b*+6abCos[c+dx] + (3a’-b?) Cos[2 (c+dx)])Sin[c+dx]
Problem 242: Result more than twice size of optimal antiderivative.
JSec[c+dx}3(aSin[c+dx]+bTan[c+dx}>2dlx
Optimal (type 3, 125leaves, 9steps):
(4a%+b?) ArcTanh[Sin[c+dx]] 2abTan[c+dx] (2a®-b?) Sec[c+dx] Tan[c+dx]
- - + +
8d 3d 8d
abSec[c+dx]2Tan[c+dx] (b+aCos[c+dx])?Sec[c+dx]>Tan[c+dXx]
+
6d 4d

Result (type 3, 336 leaves):

Sec[c+dx]*

36a2Log[Cos[§ (cvdx)] -sin[= (crdx)]] +9bLog[Cos[ > (c+dx)] -sin[ > (cedx)]]+

192d 2 2 2

12 (4a+b?) Cos[2 (c+dx) |

Log[Cos[% (c+dx)] 7Sin[§ (c+dx)]] 7Log[Cos[§ (c+dx)] +Sin[§ (c+dx)HJ +

3 (4a*+b%) Cos[4 (c+dXx) ]|

Log[Cos[% (c+dx)] —Sin[i (c+dx)]] —Log[Cos[% (c+dx)] +Sin[§ (c+dx)H) -

36a2Log[Cos[l (c+dx)] +Sin[1 (c+dx)]] —9b2Log[Cos[1 (c+dx)] +Sin[l (c+dx)]]+24a*sin[c+dx] +
2 2 2 2

42b%>sin[c+dx] +32absin|2 (c+dx)| +24a*Sin[3 (c+dx)|-6b’Sin[3 (c+dx)] -16abSin[4 (c+dx)]

Problem 264: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
J Cos[c+dx]3

(asin[c+dx] +bTan[c+dx])3

dx

Optimal (type 3, 248 leaves, 6 steps):
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b6 2b° (3a%2-b?) (a(a?+3b%) -b (3a*+b?) Cos[c+dx]) Csc[c+dx]?

2a° (aszz)zd (b+aCos[c+dx])2 a3 (az—b2)3d (b+acCos[c+dx]) 2 (az—b2)3d
(2a+5b) Log[1-Cos[c+dx]] (2a-5b)Llog[l+Cos[c+dx]] b*(15a*-4a’b?+b*) Log[b+aCos[c+dx]]

4 (a+b)*d 4 (a-b)*d a® (a?-b?)"d

Result (type 3, 713 leaves):
bé (b+acCos[c+dx]) Tan[c+dx]3

2a% (-a+b)? (a+b)?d (aSin[c+dx] +bTan[c+dx])>

2b° (-3a%+b?) (b+aC05[c+dx])ZTan[c+dx]3 2i (a®°-4a°b?-9ab*) (c+dx) (b+aCos[c+dx])3Tan[c+dx]3

a®>(-a+b)’ (a+b)’d (asin[c+dx] +bTan[c+dx])’ (a-b)* (a+b)*d (aSin[c+dx] +bTan[c+dx])>

i(-2a-5b)ArcTan[Tan[c+dx]] (b+aCos[c+dx})3Tan[c+dx}3 i(-2a+5b)ArcTan[Tan[c +dx]] (b+aCos[c+dx])3Tan[c+dx]3

2 (a+b)*d (aSin[c+dx] +bTan[c+dx])> 2 (-a+b)*d (asSin[c+dx] +bTan[c+dx])>

(b+aCos[c+dx])3Csc[% (c+dx)]2Tan[c+dx]3 (-2a+5b) (b+aCos[c+dx])3Log{Cos[% <c+dx)]2} Tan[c +dx]3

+

+
8 (a+b)3d (asinf[c+dx] +bTan[c+dx])3 4(—a+b>4d (asinf[c+dx] +bTan[c+dx}>3

(-15a*b* + 4 a% b® - b8) (b+aCos[c+dx}>3Log[b+aCos[c+dx]} Tan[c+dx]3

.
a® (-a?+b2)*d (asin[c+dx] +bTan[c+dx])>

(-2a-5b) (b+aCos[c+dx])3Log[Sin[i (c+dx)]2] Tan[c+dx]3 <b+aCos[c+dx})3Sec[§ (c+dx”2Tan[c+dx}3
+

3 3

4 (a+b)*d (asin[c+dx] +bTan[c+dx]) 8 (-a+b)’d (asin[c+dx] +bTan[c+dx])

Problem 265: Result more than twice size of optimal antiderivative.

Cos[c+dx]?
J dx
(asin[c+dx] +bTan[c+dx])>

Optimal (type 3, 232 leaves, 6 steps):
bs b* (5 a? - b?) (b (3a2+b?) -a (a?+3b?) Cos[c+dx]) Csc[c+dx]?

— + + —

2 a? (aszz)zd <b+aCos[c+dx]>2 a2 (az—b2)3d (b+aCos[c+dx]) 2 (az—b2>3d

(a+4b) Log[1-Cos[c+dx]] (a-4b)Llog[l+Cos[c+dx]] 2b>(5a?+b?) Log[b+aCos[c+dx]]

+ +

4 (a+b)*d 4 (a-b)*d (a?-b2)*d

Result (type 3, 477 leaves):
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b> (b+aCos[c+dx]) Tan[c+dx]? b* (-5 a?+b?) (b+aCos[c+dx])ZTan[Cerx]3
+

_2a2 (—a+b)2 (a+b)2d (asinfc+dx] +bTan[c+dx})3 a2 (—a+b)3 <a+b>3d (asinfc+dx] +bTan[c+dx}>3

(b+aCos[c+dx])3Csc[% (c+dx)]2Tan[c+dx]3 (a-4b) (b+aCos[c+dx])3Log[Cos{§ (c+dx)]] Tan[c+dx]?

+

8 (a+b)3d (asin[c+dx] +bTan[c+dx])3 2 (—a+b)4d (asinfc+dx] +bTan[c+dx])3

+

2 (5a%b%+b°) (b+aCos[c+dx])3Log[b+aCos[c+dx]} Tan[c+dx]3

+

(-a2+b?)*d (asin[c+dx] +bTan[c+dx])>

(-a-4b) (b+aCos[c+dx})3Log[Sin[§ (c+dx)]] Tan[c+dx]3 (b+aCos[c+dx])3Sec[i (c+dx)]2Tan[c+dx]3

2 (a+b)*d (aSin[c+dx] +bTan[c+dx])> 8 (-a+b)’d (asin[c+dx] +bTan[c+dx])>

Problem 266: Result more than twice size of optimal antiderivative.

Cos[c+dx]
J dx
(asin[c+dx] +bTan[c+dx])>
Optimal (type 3, 211 leaves, 6 steps):

b* 4ab’ (a(a?+3b%) -b(3a2+b?) Cos[c+dx]) Csc[c+dx]?

2a(a?-b?)?d (b+aCos[c+dx])? (a2-b?)>d (b+aCos[c+dx]) 2 (a2 -b2)*d

3blog[l-Cos[c+dx]] 3blog[l+Cos[c+dx]] 6ab?(a?2+b?)Loglb+aCos[c+dx]]
N _
4 (a+b)*d 4 (a-b)*d (a-b%)*d

Result (type 3, 458 leaves):

b* (b+aCos[c+dx]) Tan[c+dx]3 4 ab3 (b+aCos[c+dx})zTan[c+dx]3

+

2a(-a+b)?(a+b)?d (aSin[c+dx] +bTan[c+dx])> (-a+b)’(a+b)’d (aSin[c+dx] +bTan[c+dx])>

(b+aCos[c+dx])3Csc[l (c+dx)]2Tan[c+dx]3 3b (b+aCos[c+dx})3Log[Cos[§ (c+dx>HTan[c+dx]3

.
(a+b)3d (asin[c+dx] +bTan[c+dx])3 2 (—a+b)4d (asin[c+dx] +bTan[c+dx])3
6 (a®b?+abt) (

(-

b + aCos c+dx])3Log[b+aCos[c+dx]1 Tan[c+dx]3

a2+b2) (a51n[c+dx1+bTan[c+dx])3

3b(b+aCos[c+dx])> Log[Sin[% (c+dx)]] Tan[c+dx]? (b+aCos[c+dx])3Sec[i (c+dx)]2Tan[c+dx]3
+

2 (a+b)4d (asinf[c+dx] +bTan[c+dx])3 8 (—a+b)3d (asinf[c+dx] +bTan[c+dx])3
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Problem 267: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
1

dx
J(aSin[c:+dx] +bTan[c+dx])>

Optimal (type 3, 229 leaves, 5steps):
b3 b? (3 a%+b?) (b (3a%+b?) -a(a?2+3b?) Cos[c+dx]) Csc[c+dx]?

- + + +

2 (az—bz)zd (b+aCos[c+dx])2 (az—b2)3d (b+aCos[c+dx]) 2 (az—b2)3d

(a-2b) Log[1-Cos[c+dx]] (a+2b)Llog[l+Cos[c+dx]] b (3a*+8a2b?+b*) Log[b+aCos[c+dx]]
- +

4 (a+b)*d 4 (a-b)*d (a2 -b2)*d

Result (type 3, 696 leaves):
b* (b+aCos[c+dx]) Tan[c+dx]>

_2 (—a+b)2 (a+b)2d (asinfc+dx] +bTan[c+dx])3

b? (3 a%+b?) (b+aCos[c+dx])2Tan[c+dx13 2i (3a*b+8a2b%+b°) (c+dx) <b+aCos[c+dx1)3Tan[c+dx]3

(-a+b)? (a+b)’d (aSin[c+dx] +bTan[c+dx])> (a-b)* (a+b)*d (asin[c+dx] +bTan[c+dx])?

i (-a-2b) ArcTan[Tan[c +dx]] <b+aCos[c+dx})3Tan[c+dx}3 i (a-2b) ArcTan[Tan[c+dXx]] (b+aCos[c+dx])3Tan[c+dx]3

2 (-a+b)*d (asin[c+dx] +bTan[c+dx])?

2 (a+b)*d (aSin[c+dx] +bTan[c+dx])>
(b+aCos[c+dx])3Csc[% (c+dx)]2Tan[c+dx]3 ) (-a-2b) (b+aCos[c+dx}>3Log[Cos[§ (c+dx)]2} Tan[c +dx]3 )
8 (a+b)’d (aSin[c+dx] +bTan[c+dx])’ 4 (-a+b)*d (asin[c+dx] +bTan[c+dx])>

(3a*b+8a%2b%+b°) (b+aCos[c+dx])3Log[b+aCos[c+dx]]Tan[c+dx]3

+

(-a2+b%)*d (aSin[c+dx] +bTan[c+dx])>

(a-2b) (b+aCos[c+dx])3Log[Sin[i (c+dx”2]Tan[c+dx]3 (b+aCos[c+dx])3Sec[i <c+dx)]2Tan[c+dx]3

4 (a+b)*d (asin[c+dx] +bTan[c+dx])> 8 (-a+b)>d (asin[c+dx] +bTan[c+dx])>

Problem 268: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J Sec[c +dx] 4
X

(asin[c+dx] +bTan[c+dx])3

Optimal (type 3, 231 leaves, 6 steps):
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a b2 2ab (a?+b?) (a(a?+3b%) -b (3a%+b?) Cos[c+dx]) Csc[c+dx]?
- - +

2 (aszz)zd (b+aCos[c+dx})2 (az—b2)3d (b+acCos[c+dx]) 2 (az—b2)3d

(2a-b) Log[1-Cos[c+dx]] (2a+b)Log[l+Cos[c+dx]] a (a*+8a’b?+3b*) Log[b+aCos[c+dx]]

"
4 (a+b)*d 4 (a-b)*d (a2-b?)*d

Result (type 3, 703 leaves):

ab? (b+aCos[c+dx]) Tan[c+dx]?

+

2 (-a+b)? (a+b)?d (aSin[c+dx] +bTan[c+dx])>

2ab(-ia+b) (ia+b) (b+aCos[c+dx])2Tan[c+dx]3 2i (a®+8a’b?+3ab*) (c+dx) (b+a(:os[c+dx])3Tan[c+dx]3

+ —

(-a+b)? (a+b)>d (asin[c+dx] +bTan[c+dx])> (a-b)* (a+b)*d (aSin[c+dx] +bTan[c+dx])>
i (2a-b) ArcTan[Tan[c+dx]] (bJraCos[c+dx])3Tan[c+dx]3 i (2a+b) ArcTan[Tan[c +dx]] (b+aCos[c+dx})3Tan[c+dx}3
2 (a+b)*d (aSin[c+dx] +bTan[c+dx])> 2 (-a+b)*d (asin[c+dx] +bTan[c+dx])>
(b+aCos[c+dx])3Csc[%(c+dx)]2Tan[c+dx]3’+ (2a+b) (b+aCos[c+dx])3Log[Cos[§(c+dx)]2]Tan[c+dx]3+
8(a+b)3d(aSin[c+dx]+bTan[c+dx])3 4(—a+b)4d(aSin[c+dx]+bTan[c+dx])3

(-a®-8a*b?-3ab*) (b+aCos[c+dx})3Log[b+aCos[c+dx]] Tan[c+dx]3

N
(-a2+b?)*d (asin[c+dx] +bTan[c+dx])?

(2a-b) (b+aCos[c+dx])3Log[Sin[§ (c+dx”2]Tan[c+dx]3 (b+aCos[c+dx])3Sec[§ <c+dx)]2Tan[c+dx]3
+

3 3

4 (a+b)*d (asin[c+dx] +bTan[c+dx]) 8 (-a+b)’d (asin[c+dx] +bTan[c+dx])

Problem 272: Result more than twice size of optimal antiderivative.
JCos[c+dx]'“ (asin[c+dx] +bTan[c+dx])?dx

Optimal (type 5, 264 leaves, 8 steps):
(a2 -2b%) Cos[c+dx] *Sin[c+dx] 2abCos[c+dx]"Sin[c+dx] Cos[c+dx] " (b+aCos[c+dx])ZSin[c+dx]

dm (2+m) d(2+3m+m?) d(2+m)

2abCos[c+dx]"'Hyper‘geometr‘icZFl[%, g, Z*T’", Cos[c+dx]2]| sin[c+dx]

((a2 (1-m) -b*>(2+m)) Cos[c+dx] 1 Hyper‘geometr‘icZFl[l, 1 (-1+m), lﬂ, Cos[c+dx]?] Sin[c+dx]
2 2 2

(d (1-m)m(2+m)~/Sin[c+dx]?

dm (1+m)+/Sin[c+dx]?

Result (type 5, 890 leaves):



4.7 Miscellaneous.nb | 103

1+m

, Cos[c+dx]?]| Sin[c+dx] (asinfc+dx] +bTan[c+dx])2)/

2 . 1 m 2+ ) X . 2
(abCos[c+dx] " Hypergeometric2Fl[- =, —, , Cos[c+dx]?| Sin[c+dx] (aSin[c+dx] +bTan[c+dx]) )/
2 2 2
(2048dm (b+acCos[c+dx])? (Sin[c+dx]2)3/2) -
) 3 . 1 1+m 3+m 27 s . 5
(a Cos[c+dx] *'"Hyper‘geometr‘1c2F1[——, R , Cos[c+dx] ]Sln[c+dx] (a51n[c+dx} +bTan[c+dx]) J/
2 2 2

(Zd (1+m) (bJraCos[Cerx])2 (Sin[c+dx]2)3/2) -

1
(4095 b Cos[c+dx]*"Csc[c +dx] Hypergeometric2F1| =,
2

N |

(-1+m), 1;m) Cos[c+dx]?] (aSin[c+dx] +bTan[c+dx])2)/
2

[4096d (-1+m) (b+aCos[c+dx])2 Sin[c +dx]?

s 2+7m’ Cos[c+dx]?] (aSin[c+dx] +bTan[c+dx})2]/
2

)

m
(4095 abCos[c+dx]*™Csc[c+dx] Hypergeometric2F1| —, —
2

N |

[2048dm (b+aCos[c+dx])2 Sin[c+dx]?

) 3em . 1 1+m 3+m 5 . 5
a?Cos[c+dx]>™Csc[c+dx] Hypergeometric2F1[ -, , —, Cos[c+dx]?] (aSin[c+dx] +bTan[c+dx])
2 2 2

+

(Zd (1+m) (b+aCos[c+dx])?+/Sin[c+dx]?

) 3 . 1 1+m 3+m ) . 5
(4095b Cos[c+dx]*>™Csc[c+dx] Hyper‘geometr‘lc2F1[f, B , Cos[c+dx] ] (a51n[c+dx] +bTan[c+dx]) )/
2 2 2
(4@96d(1+m) (b+aCos[c+dx])2x/Sin[c+dx]2 +
4 . 1 2+m 4+m ) . 5
(4095abCos[c+dx] ‘MCsc[c+dx] Hypergeometric2Fl| =, , , Cos[c+dx]?] (aSin[c+dx] +bTan[c+dx]) )/
2 2 2
(2648d(2+m) (b+acCos[c+dx])*~/Sin[c+dx]? | +
) 5 . 1 3+m 5+m ) A 2
(a Cos[c+dx]>™Csc[c+dXx] Hyper‘geometr‘1c2F1[—, ) , Cos[c+dx] ] (asln[c+dx] +bTan[c+dx]) )/
2 2 2

(Zd (3+m) (b+aCos[c+dx])?+/Sin[c+dx]?

Problem 276: Result unnecessarily involves imaginary or complex numbers.

s 2
J Cos[x] Sin[x] dx

aCos[x] +bSin[x]
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Optimal (type 3, 92leaves, 7 steps):

ab?x ax a’bloglaCos[x] +bSin[x]] aCos[x]Sin[x] bSin[x]?
_ + + _

(a2+b2)% 2 (a’+b?) (a2 +b2)° 2 (a%+b?) 2 (a2 + b?)

Result (type 3, 153 leaves):
1

8 (a2 +b2)2

(72a3x76j1a2bx+6ab2x+2j1b3x72j1b (-3a%+b*) ArcTan[Tan[x]] +2b (a?+b?) Cos[2x] -2 (a®>+b?) (ax+bloglaCos[x] +bSin[x]]) -
2

n
3a’bLlog|(aCos[x] +bSin[x])?] +b*Log[ (aCos[x] +bSin[x])?] +2a®Sin[2X] +2abZSin[2x])

Problem 278: Result unnecessarily involves imaginary or complex numbers.

dx

Cos [x]2Sin[x]
Ja Cos[x] +bSin[x]
Optimal (type 3, 93 leaves, 7 steps):

a’bx b x ab?Log[aCos[x] +bSin[x]] bCos[x]Sin[x] aSin[x]?

- + - +

(a1 02)? 2 (a2+b2) ENSE 2(a2+b2) 2 (a2 b2

Result (type 3, 82leaves):
1

7(4iab2Ar‘cTan[Tan[x]] -a (a®+b?) Cos[2x] -2b ((a+ib)2x+abLog[<aCos[x] +bSin[x])2]) +b (a®+b?) Sin[2x1)
4 (a2+b2>2

Problem 280: Result unnecessarily involves imaginary or complex numbers.

J Cos[x]%Sin[x]3
aCos[x] +bSin[x]

dx

Optimal (type 3, 176 leaves, 13 steps):

a?b3x a’bx b x a®b? Log[aCos[x] +bSin[x]]
- + - +

(a2+b2)3 2 (a2+b2)2 8 (az+b2) (a2+b2)3

a?bCos[x] Sin[x] bCos[x]Sin[x] bCos[x]3Sin[x] ab2?Sin[x]? aSin[x]*
+ _

2 (a2 4 b2)? 8 (a + b?) 4(a2o0?) g (a2.p2)? 4 (a2-0?)

Result (type 3, 178 leaves):
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1
—— (- 12a*bx-321a*b?x+24a’b3x+4b>x+321a*b?ArcTan[Tan[x]] -4a (a*-b*) Cos[2x] +a° Cos[4x] +2a’>b%Cos[4Xx] +
3
32 (a?+b?)

ab*Cos[4x] -16 a®b? Log[(aCos[x] +bSin[xj)2} +8a*bsin[2x] +8a%2b3>Sin[2x] -a*bSin[4x] -2a%b3>Sin[4 x] - b>Sin[4 x]

Problem 282: Result unnecessarily involves imaginary or complex numbers.

3¢ 2
J Cos[x]°Sin[x] dx

aCos[x] +bSin[x]

Optimal (type 3, 175leaves, 13 steps):

a3 b?x ab?x ax bCos[x]% a?b?Logl[aCos[x] +bSin[x]]
(a2+b2)3_2(a2+b2>2+8(az+b2) _4<a2+b2) ’ (a2+b2)3 -
ab?Cos[x] Sin[x] aCos[x]Sin[x] aCos[x]3Sin[x] a?bsSin[x]?

2 (a2 +b2)? ' 8 (a2 +b?) i 4 (a%+b?) _ 2 (a?+b2)?

Result (type 3, 287 leaves):
1
32 (a2 +b?)°
a*bCos[4x] +2a%b3Cos[4x] +b>Cos[4x] -4a*blog[aCos[x] +bSin[x]] -8a?b3Log[aCos[x] +bSin[x]] -
4b° Log[aCos[x] +bSin[x]] +2a*bLog[ (aCos[x] +bSin[x])?] -12a?b’ Log[ (aCos[x] +bSin[x])?] +
2b® Log| (a Cos [x] +bSin[x1)2} +8a%b?Sin[2x] +8ab*Sin[2x] +a°Sin[4x] +2a®b?Sin[4x] +ab4Sin[4x])

(—4a5x+41'1a4bx—24a3b2x—24j1a2b3x+12ab4x+4j1bsx—411b (a*-6a*b?+b*) ArcTan[Tan[x]] +4b (-a*+b*) Cos[2x] +

Problem 284: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J( Cos[x] Sin[x] dx

aCos[x] +bSin[x])?

Optimal (type 3, 70leaves, 6 steps):
2abx (asz2> Log[aCos[x] +bSin[x]] bSin[x]

(a2+b2)2 <a2+b2)2 (a%+b?) (aCos[x] +bsSin[x])

Result (type 3, 144 leaves):

(aCos[x] (—21’1 <a+ib)2x+ (-a® +b?) Log| (aCos [x] +bSin[x1)2]) +
b (2 (a+ib) (a(-1-ix)+b(i+x))+ (-a®+b?) Log[ (aCos[x] +bSin[x1)2” Sin[x] +
2i (a®-b*) ArcTan[Tan[x]] (aCos[x] +bSin[x}>)/(2 (a2+b2>2 (aCos[x] +bSin[x])>
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Problem 286: Result unnecessarily involves imaginary or complex numbers.

3 3
J( Cos[x] Sin[x] dx

aCos[x] +bsSin[x])?

Optimal (type 3, 129leaves, 17 steps):

b (3 a3—ab2) X a2 <a2—3b2) LoglaCos[x] +bSin[x]] abCos[x] Sin[x] (az—bz) Sin[x]? a2bSin[x]

(a2+b2)3 (a2+b2)3 (a2+b2)2 2 (a2+b2)2 (a2+b2)2 (aCos[x] +bsSin[x])

Result (type 3, 226 leaves):
1

(41’1 a’ (a®-3b?) ArcTan[Tan[x]] (aCos[x] +bSin[x]) +
4 (a2+b2)3 (aCos[x] +bsin[x])

aCos[X] ((a“fb“) Cos[2x] +2a (2 (ta-b)’x-a(a?-3b?) Log[(aCos[x] +bSin[x])?] -b (a®+b?) Sin[2x])) - bSin[x]
((7a4+b4) Cos[2x] +2a (2 (a® (1+ix) +ab? (1-3ix)-3a’bx+b>x) +a (a®-3b?) Log[(aCos[x] +bSin[x])?] +b (a®+b?) Sin[2x]))>

Problem 290: Result unnecessarily involves imaginary or complex numbers.

3 3
j( Cos[x]°Sin[x] dx

aCos[x] +bSin[x] )2

Optimal (type 3, 128 leaves, 17 steps):
ab <a2—3b2) X b2 (3 az—bz) Log[aCos[x] +bSin[x]] abCos[x] Sin[x] <a2—b2) Sin[x]? a b2 Cos [x]

+ + +

(a2+b2)3 (a2+b2)3 <a2+b2)2 2 (a2+b2)2 (a2+b2)2 (aCos[x] +bsSin[x])

Result (type 3, 221 leaves):
1

(-411 b*> (-3 a%*+b?) ArcTan[Tan[x]] (aCos[x] +bSin[x]) -
2 2\3 :
4 (a®+b?)® (aCos[x] +bSin[x])

aCos [x] ((a“—b“) Cos[2x] +2b (2 (a+1‘1b)3x—b (-3a®+b?) Log[ (aCos[x] +bSin[x])2] - a (a%+b?) Sin[2x]>) +bSin[x]
((—a4+b4) Cos[2x] +2b (—2 (a+ib) (a®>x-b> (i+x)+a(b+2ibx))+ (-3a>b+b’) Log| (aCos[x] +bSin[x])2] +a (a®+b?) Sin[2x]>))

Problem 292: Result unnecessarily involves imaginary or complex numbers.

3¢ 3
J( Cos[x]?Sin[x] dx

aCos[x] +bSin[x])?

Optimal (type 3, 210leaves, 48 steps):



3ab(a*-6a2b?+b*) x b2Cos[x]* 3a?b? (a?-b?) Log[aCos[x] +bSin[x]]

- - - +

4 (a2+b2)4 4 (az+b2>2 (a2+b2>4
ab (5a%-3b?) Cos[x] Sin[x] abCos[x]3Sin[x] 2a2b2Sin[x]? a2Sin[x]* a2 b3 Sin[x]
_ _ . _
4 <a2+b2)3 2 (a2+b2)2 (a2+b2)3 4 (a2+b2)2 (a2+b2)3 (aCos[x] +bsin[x])

Result (type 3, 409 leaves):

_

32 (a2 +b2)*

6i (a®-15a%*b®+15a’b* - b®) ArcTan[Tan[x]] -4 (a®+b?) (a*-6a”>b®+b*) Cos[2x] + (a®-b?) (a +b2)2COS[4X] +
2b (a?+b?) (3a*-10a2b?+3b*) Sin[x]

3 (a®-15a*b®+15a’ b* - b®) Log| (a Cos[x] +bSin[x])2] + +
aCos[x] +bSin[x]

-12ab (a273b2) (3a27b2) X+61 (a6715a4b2+15a2b47b6) X -

1

3 (a2 +b2)? (acCos —2i(a+ib)? ~a?+b?) Log| (acCos b Sin 2
aCos [x] +bSin[x] (a6)* | X1 (-2 (a+ib)"x+ (~a? b2 Log] [x] +bsin[x])?]] +

b(2(a+ib) (a(-1-ix)+b(i+x))+(-a?+b?) Log[(aCos(x] +bSin(x])?]] sin(x] +

2i (a®-b®) ArcTan[Tan[x]] (aCos[X] +bSin[x])) +16ab (a*-b*) sin[2x] -2ab (a2+b2)zsin[4x]

Test results for the 397 problems in "4.7.3 (c+d x)"m trig"n trig"p.m"

Problem 32: Result more than twice size of optimal antiderivative.

J(c+dx)4Cot[a+bx] dx

Optimal (type 4, 151 leaves, 7 steps):

i(c+dx)® (c+dx)*Log[1-e?*@PY] 2id (c+dx)’Polylog[2, e2 (20X ]
_ . ,
5d b b2
3 d? (c+dx)2PolyLog[3, et (a*b”] 31d3 (c +dx> PolyLog[4, et “"*bx)] 3 d4 PolyLog[S, et “"*bx)]

+ —

b3 b4 2 bs

+

Result (type 4, 527 leaves):
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2ic3dmrx 1 4ic3dxArcTan[Tan[a 2c3drlog|l+e2ibX
——— 2icdd?xP-icd3xt-—1d¥x° - [ [”+2c3dx2Cot[a]+ { ]+
b 5 b b2
6C2d2x2 Log[l_(EZ]'L(a+bX)] 4cd3x3 Log[l_QZj(a+bX)] d4 x4 Log[l_GZj(a+bX)] 4c3deog[1_ezj(bx+ArcTan[Tan[a]])]
+ + + +
b b b b
4c>dArcTan[Tan[a]] Log[1 - et GxwArcTan(Tan(all) | 5 ¢34 og[Cos[bx]] c*Log[Sin[a+bx]]
_ . _
b? b2 b
4c3dArcTan[Tan[a]] Log[Sin[bx +ArcTan[Tan[a]]]] 2id?x (3c?+3cdx+d*x?) PolylLog[2, e?® (2:0%) |
b2 ) b2 )
2i c®dPolylog[2, e?t (bx+ArcTan(Tanal]) | 3 ¢2d2 Ppolylog|3, e?® (¥ |  6cd®xPolylog|3, e2* @®X) |  3d*x2Polylog|3, e?! (20X |
b2 + b3 + b3 + b3 +
. 3 21 (a+bx) L H4 21 (a+bx) 4 21 (a+bx)
31 cd®Polylog[4, e ] . 3 i d*xPolylog[4, e ] ~3d PolyLog|[5, e ] 23 d eiArcTantTantal] 2 Cot (a] </Sec (a]2

b* b* 2b°

Problem 33: Result more than twice size of optimal antiderivative.

J(c+dx)3Cot[a+bx] dx

Optimal (type 4, 127 leaves, 6 steps):

i (c+dx)4 (c+dx)3 Log[1-e2t (@b ] 334 (c+dx)2PolyLog[2, @2t (a:0x) |
b

+ +
4d 2b?
3d? (c+dx) Polylog|3, e*! (@®X) | 3 d°Polylog|4, e*! (20X |
+
2 b3 4 b*
Result (type 4, 4101leaves):
1
— (611b3c2d7rx—411b4cd2x3—ib4d3x4—1211b3c2dxAr‘cTan[Tan[a}] +
4b
6b*c2dx?Cot[a] +6b2c?drlog[l+e?'PX] +12b% cd®x? Log[1-e?! (3P ] 1407 d®x® Log[1-e2* @0X ] 4
12 b3 CZdXLOg[leri (bx+Ar‘cTan[Tan[a]])} +12 b2 cszr‘cTan[Tan[a]} Log[17e21 (bx+Ar‘cTan[Tan[a]])] _

6b%c?dLog[Cos[bx]] +4b3c®Log[Sin[a+bx]] -12b?c?dArcTan[Tan[a]] Log[Sln[bx+Ar‘cTan [Tan[a]]]] -
61 b”>d’x (2c+dx) Polylog|2, e*! @*X | 6 i b®c®dPolylog|2, e (PxwArcTan(Taniall) | . 6 p ¢ d? PolyLog[ , @@ ]

6bd’® x Polylog[3, e?® (@*X) | + 3 i d® Polylog[4, e** (@*X) | — 6 b* c>d e ArcTan(Tanlal] y2 Cot [a] +/ Sec[a]? )

Problem 34: Result more than twice size of optimal antiderivative.

J(c+dx)2Cot[a+bx] dx
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Optimal (type 4, 93 leaves, 5steps):

i(c+dx)® (c+dx)?Log[1-e2(@®¥ ] id(c+dx)Polylog|2, e2f (@b ] d?Polylog|3, e?t (20X ]
+ +
3d b b2

2b3
Result (type 4, 287 leaves):

6b3
12b?cdx Log[1 - e?* (PxwArcTan(Tanall) |, 12 b c d ArcTan[Tan[a] ] Log[1 - e?* (Px+ArcTaniTan(all) [ _ g b cdrLog[Cos[bx]] +
6 b2 c? Log[Sin[a+bx]] -12bcdArcTan[Tan[a]] Log[Sin[bx + ArcTan[Tan[a]]]] -6 i bd?xPolyLog|[2, e?* @x) | _

(61‘1bzcdfrx—zJib3d2x3—12JibzcdxAr'cTan[Tan[a]} +6b>cdx?Cot[a] +6bcdrlog[l+e?'PX] +6b>d*x? Log[1-e?! (@PX) ]

6ibcd PolyLog[Z, eZJl (bx+ArcTan[Tan[a]]) } +3 dZ PolyLog[S, eZJ'L (a+bx) } -6 b3 cd e]’lAr‘cTan[Tan[a]] XZ Cot [a] Sec [a]z )

Problem 35: Result more than twice size of optimal antiderivative.

j(c+dx) Cot[a+bx] dx

Optimal (type 4, 65leaves, 4 steps):

i (c+dx)2 (c+dx) Log[1-e?! (X | j dPolylog|2, et (30X |

- +

2d b 2 b?

Result (type 4, 180 leaves):

1 clLog[Sin[a+bx
—dx%Cot[a] + gl [a+bx]]
2

b

1 )
+—————(ibx (-n+2ArcTan[Tan[a]]) - wLlog[1+e2*°*] -2 (bx +ArcTan[Tan[a]])
1+Tan[a]?

{d Csc[a] Sec[a] b2 ei ArcTan([Tan[a]] X2

Log[1 - e (PxArcTan(Tan(all) | ;1 og[Cos[bx]] +2ArcTan[Tan[a]] Log[Sin[bx +ArcTan[Tan[a]]]] +

/(sz\/Sec[a}Z (Cos[a]?+Sin[a]?) )

i PolyLog [2’ er (b x+ArcTan[Tan[a]]) ] ) Tan [a] J

Problem 39: Result more than twice size of optimal antiderivative.

J(c+dx)4Cot[a+bx] Cscla+bx] dx

Optimal (type 4, 208 leaves, 10 steps):
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8d <c+dx>3Ar‘cTanh[ej‘ (a+bx) | (c+dx)4Csc[a+bx} 12 i d2 (c+dx)2PolyLog[2, —et @] 125 ¢? (c+dx)2PolyLog[2, el (3+0%) |

_ _ + _
b? b b3 b3

24d* (c+dx) Polylog|[3, -e @®X | 2443 (c+d x) Polylog [3, e (@b ] 24 d*Polylog[4, -e' (32X ] 24 d*PolyLog[4, et (20X ]

+ - +

b* b* b> b°

Result (type 4, 458 leaves):

1 .
- (8b3c3dAr‘cTanh[<e“a*bX>] +b*c*Cscla+bx] +4b*c®dxCscla+bx] +6b*c?2d*x*Csc[a+bx] +4b*cd®x3>Csc[a+bx] +
b

b*d*x*Cscla+bx] -12b>c?d’ x Log[1-e' @*X) ] —12b% cd® x? Log[1 - e’ (¥ | -4 b3 d*x® Log[1 - e @PX ] +

12b>c?d?x Log[1+e* @] +12b% cd® x? Log[1+ e’ @PX | +4b>d* x> Log[1+e' P ] -12i b?d? (c+dx)?PolyLog[2, -’ (@) ] +
12 b?d? (c+dx)?Polylog[2, e' (@**¥) ] + 24 b c d® PolyLog[3, -’ (®**¥ | + 24 b d* x PolyLog[3, -e* P -

24bcd® Polylog(3, e (¥ | - 24 b d*x Polylog[3, e* (@*®¥ | + 24 i d* Polylog[4, -’ @** | - 24 i d* PolyLog[4, e’ (@0X) })

Problem 41: Result more than twice size of optimal antiderivative.

J(c+dx)2Cot[a+bx] Csc[a+bx] dx

Optimal (type 4, 90 leaves, 6 steps):

4d (c+dx) ArcTanh[e® (30X | (c+dx)2Csc[a+bx] 21i d?PolyLog[2, -e' 3P| 21 d?PolyLog[2, e’ (30X |
_ _ . _

b2 b b3 b3

Result (type 4, 234 leaves):

1 . b x 2 2
— —8bchr‘cTanh[Cos[a]—Sln[a]Tan[7H -2b% (c+dx)*Cscla] +
2b

4d* [2ArcTan[Tan[a]] ArcTanh|[Cos[a] - Sin[a] Tan{b—XH + _ ((bx+ArcTan[Tan[a]]) (Log[1-e" (PXArcTan(Tanlall) | _

Sec[a]?

Log [1 + @l (bx+ArcTan[Tan[a]]) ] ) + 1 Polylog {2’ _ el (bx+ArcTan[Tan[a]]) ] - i PolylLog [2, el (bx+ArcTan[Tan[a]]) ] ) Seclal| +

(a+bx)] sin] 2X]

. bx ) 2 a
(a+bx)]sin[—] -b? (c+dx)*Sec|—] Sec| 2

b2 dx)2csc[2] ¢
(c+dx) sc|—] Csc] A A

2

N |-
N |
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Problem 42: Result more than twice size of optimal antiderivative.
J(c+dx) Cot[a+bx] Csc[a+bx] dx
Optimal (type 3, 30leaves, 2 steps):

dArcTanh[Cos[a+bx]] (c+dx)Csc[a+bx]
b? b

Result (type 3, 131 leaves):

dxCscla] cCscla+bx] _dLog[Cos[§+b2—x]] +dLog[Sin[§+t’T"H +dszc[§] Csc[§+b?x] Sin[bT"] _deec[i] Sec[§+bf} Sin[%"]

b b b2 b? 2b 2b

Problem 46: Result more than twice size of optimal antiderivative.

J(c+dx)4Cot[a+bx] Cscla+bx]2dx

Optimal (type 4, 137 leaves, 7 steps):
21d (c+dx)3 2d (c+dx)3Cot[a+bx1 (c+dx)4Csc[a+bx]2

b2 b2 . 2b :
6 d2 (c+dx)2Log[1—ce2fl (abx) ] 61 d? (c+dx) PolylLog[2, e?® (2®X |  3d*Polylog[3, e?* (20X |

- +

b3 b* b>

Result (type 4, 412 leaves):
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(c+dx)4Csc[a+bx]2 1 _
- - ——d*et?Csca]
2b 2 b

(2b2x? (2be?i®x+31i (-1+e’'?) Log[1-e2!(@PX)]) +6b (-1+e?"?) xPolyLog[2, €2 (@PX) ] + 34 (-1+e?'?) Polylog|3, e?* @0X) ]} +
6c?d’Csc[a] (-bxCos[a] +Log[Cos[bx] Sin[a] +Cos[a] Sin[bx]] Sin[a])

+

b* (Cos[a]?+Sin[a]?)
2Csc[a] Cscla+bx] (cdSin[bx] +3c2d?xSin[bx] +3cd®*x?>Sin[bx] +d*x>Sin[bx])
b2

b2 ejArcTan[Tan[a]] 2 1

{6cd3Csc[a] Sec[a] X2+

1+Tan[a]?

(ibx (-m+2ArcTan[Tan[a]]) -log[1+e?'°X| -2 (bx+ArcTan[Tan[a]]) Log[1- ! (PxsArcTan(Taniall) | . ;11 0g[Cos[bx]] +2

ArcTan([Tan[a]] Log[Sin[bx+ArcTan[Tan[a]]]] + i PolylLog|[2, e?* (bx+ArcTan(Tan(all) ] ) Ta”[a]]J/ (b“\/Sec[a]2 (Cos[a]?+Sin[a]?) )

Problem 47: Result more than twice size of optimal antiderivative.

j(c+dx)3Cot[a+bx] Csc[a+bx]2dx

Optimal (type 4, 115leaves, 6 steps):
3id (c+dx)? 3d(c+dx)’Cotfa+bx] (c+dx)’Cscla+bx]? 3d?(c+dx)Log[l-e?! @b¥] 3id?Polylog|2, 2t (@b ]

+

2 b? 2 b? 2b b3 2 b*

Result (type 4, 277 leaves):
(c+dx)3’Csc[a+bx]2 3cd?Cscla] (-bxCos[a] +Log[Cos[bx] Sin[a] + Cos[a] Sin[bx]] Sin[a])

+ +
2b b* (Cos[a]?+Sin[a]?)
3Cscl[a] Cscla+bx] (c2dSin[bx] +2cd*xSin[bx] +d>x?Sin[bx])
2b? )
3d3Csc[a] Sec[a] |b? elArcTan(Tan(al] y2 | ;(i bx (-7 +2ArcTan[Tan[a]]) - Log[1+e 2 °X] -
1+Tan[a]?

2 (bx+ArcTan[Tan[a]]) Log[1 - e2* (bxArcTan(Tan(all) | , ;| og[Cos[bx]] +2ArcTan[Tan[a]] Log[Sin[bx +ArcTan[Tan[a]]]] +

i Polylog|2, ! (bxArcTaniTan(all) ] ) Tan[a]]]/ (2 b“JSec[a}2 (Cos[a]?+sin[a]?) )
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Problem 48: Result unnecessarily involves imaginary or complex numbers.
J(c+dx)2Cot[a+bx] Cscl[a+bx]?dx
Optimal (type 3, 54 leaves, 3 steps):

d (c+dx) Cot[a+bx] (c+dx)2Csc[a+bx}2 d? Log[Sin[a+bx]]
- - +
b? 2b b3

Result (type 3, 94 leaves):

1 o o 2

73(21bd Xx-21d°ArcTan[Tan[a+bx]] -2bd*xCot[a] -

2b

b? (c+dx)*Cscla+bx]?+d?Log[Sin[a+bx]?] +2bd (c+dx) Csc[a] Csc[a+bx] Sin[bx]

Problem 98: Result more than twice size of optimal antiderivative.

J(c+dx)4Cos[a+bx] Cot[a+bx] dx

Optimal (type 4, 333 leaves, 17 steps):

2 <c+dx>4Ar‘cTanh[ej (a*'”‘)} 24d*Cos[a+bx] 12d? (c+dx)2Cos[a+bx} (c+dx)4Cos[a+bx]
- + - + +
b b° b3 b

4id (c+dx)3PolyLog[2, —el @b ] 444 (c+dx)3PolyLog[2, el (@b ] 122 (c+dx)2PolyLog[3, - el (30X |

b2 ) b2 . b3 '
12d? (c+dx)?Polylog|[3, e' @®¥ ] 2414 d? (c+dx) PolylLog[4, -e! 3*®¥ | 241 d® (c+dx) PolyLog[4, et (30X |

b2 ) b ' b :
24 d* Polylog|[5, -e! @*®¥ ]  24d*Polylog[5, e! (0¥ ] 24d® (c+dx)Sin[a+bx] 4d(c+dx)’>Sin[a+bx]

_ N _

b> b> b* b?

Result (type 4, 812leaves):
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blis -2b*c*ArcTanh[e! @*X) | 1 b* c* Cos[a+bx] -12b*c?d?Cos[a+bx] +24d*Cos[a+bx] +4b*c>dxCos[a+bx] -

24b%cd®>xCos[a+bx] +6b%*c?d?>x?Cos[a+bx] —12b2d4x2Cos[a+bx] +4b*cd®x3Cos[a+bx] +b*d*x*Cos[a+bx] +
4b*dxlog[l-e' @] 1 6b*c?d?x? Log[1-e! @] 1 4b%cd®x® Log[1-e’ @M ]| b d*x* Log[1-e' (3PN ] -
4 b* c3deog[1+<e (@bx)] _6b*c?d?x? Log[1+e' @] —4b*cd®x®Log[1+e’ @0 ]| —b*d*x* Log[1+e' 3PN ] 4
4ib*d (c+dx)> PolyLog[z el (@b 4 pid (c+dx)3PolyLog[2, e! (0] 12 b2 c?d?Polylog|[3, -e! @0X ] -
24 b% c d® x Polylog[3, e’ @**) | ~12 b2 d* x? PolyLog[3, -e! (3*°X) ] + 12 b c* d® Polylog|3, e' (®**¥) | + 24 b% c d®> x Polylog[3, e* (¥ | +
12b%d* x? Polylog[3, e (**®¥ | - 24 i b c d® PolyLog[4, - e’ <a+bx)} -241ibd*xPolylog[4, -e* @P¥ |+ 241 bcd®Polylog[4, e @P* ]+
24 i bd* xPolylog|4, e’ @** | + 24 d*Polylog|[5, -e' @** | - 24 d*Polylog|5, e @®¥ | -4b*c*dSinfa+bx] +
24bcd®Sin[a+bx] -12b3c?d*xSin[a+bx] +24bd*xSin[a+bx] -12b3cd3x%?Sin[a+bx] —4b3d4x3Sin[a+bx])

Problem 99: Result more than twice size of optimal antiderivative.
J(c+dx)3Cos[a+bx] Cot[a+bx] dx

Optimal (type 4, 254 leaves, 14 steps):
2 (c+dx)’ArcTanh[ef **¥ ] 6d? (c+dx) Cos[a+bx] (c+dx)>Cos[a+bx] 3id(c+dx)?Polylog[2, -e! (@b ]

b b3 ' b i b2 )
3id (c+dx)?Polylog[2, e! @] 6d? (c+dx) Polylog[3, -e' @®¥ ] 6d2 (c+dx) PolyLog[3, e! (30 ]
b2 ) b3 i b3 )
6 i d>Polylog[4, -e! (@®¥ | 61 d?Polylog[4, e! @**¥ ]| gd3sinfa+bx] 3d(c+dx)*Sin[a+bx]
b : b ' b ) b2

Result (type 4, 512leaves):
" (—2b3c3Ar'cTanh[<ejl (@bx)] 1 b3 c3Cos[a+bx] -6bcd?Cos[a+bx] +3b>c?dxCos[a+bx] -
b
6bd>xCos[a+bx] +3b>cd?®x?Cos[a+bx] +b>d*x*Cos[a+bx] +3b>c?dxLlog[l-e' @] 13b%cd®x?Log[l-e’ @PX ],
b*d®x® Log[1-e! @®¥ ] -3b*c?dxLog[1l+e! @P¥ ] _-3b>cd?x?Log|[l+e’ @] -b*d®x®Log[1+e! @]+
3ib*d (c+dx)*Polylog[2, -e' ¥ ]| -31ib?d (c+dx)*Polylog[2, e! @®¥ ] - 6bcd?Polylog|3, -e! (@*®*] -
6bd®>x PolylLog[3, -e' @*¥ ] 1 6bcd?Polylog|3, e* @®¥ | + 6bd® x PolyLog[3, e’ @*¥ | -6 i d®Polylog[4, -e* @PX |+
6 i d®> PolylLog[4, e @ | -3b?c*dSin[a+bx] +6d>Sin[a+bx] -6b?cd?xSin[a+bx] —3b2d3x25in[a+bx])

Problem 105: Result more than twice size of optimal antiderivative.

j(c+dx)4Cot[a+bx]2d1x

Optimal (type 4, 155leaves, 8steps):
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j(c+dx)4 (c+dx)5 (c+dx)4Cot[a+bx] 4d<c+dx)3Log[1—e“<a*bX>]

- +

b 5 d b b2 )
61id? (c+dx)*Polylog[2, e @PX | 6d> (c+dx) PolyLog[3, e X |  3i d*Polylog[4, e2i (30X ]
b3 " b4 ' b>
Result (type 4, 592 leaves):
—lx(5c4+10c3dx+19c2d2x2+5cd3x3+d4x4) —%cd3e’”Csc[a]
5 b
(2b?x* (2be? ?x+31i (-1+e”'?) Log[1-e*! P ]) +6b (-1+e?"?) xPolylog[2, e*® @PX¥ ] +34 (-1+e*'?) Polylog[3, ! @** ]} -
ld“(léjlaCSc[a] x4+(—1+e'2“)x4+ ! ce'2“<—1+e“a)
b 2 b*

(2b*x*+41ib*x° Log[1-e?® (*PX) ] ; 6 b2 x? Polylog|2, ! (@**¥ | + 6i bx PolyLog[3, e*! (@*¥ | —3PolyLog[4, e* <a*bx>]) +

4c*dCscl[a] (-bxCos[a] +Log[Cos[bx] Sin[a] +Cos[a] Sin[bx]] Sin[a]) 1

+ —

b? (Cos[a]?+Sin[a]?) b

Cscla] Cscla+bx] (c*Sin[bx] +4c>dxSin[bx] +6c?d*x*Sin[bx] +4cd®x*Sin[bx] +d*x*Sin[bx]) -

6 c2d?>Csc[a] Sec[a] |b? elArcTan(Tan(al] y2 1

1+Tan[a]?

(ibx (-7+2ArcTan[Tan[a]]) -sLog[1+e2*°X] -2 (bx+ArcTan[Tan[a]]) Log[1 - e?® (bxsArcTan(Tan(all) | , ;1| og[Cos [bx]] +2

ArcTan[Tan[a]] Log[Sin[bx +ArcTan[Tan[a]]]] + i PolylLog[2, e** (bxArcTan(Tan(a]l) | ) Tan[a] / (b3 \/Sec [a]? (Cos[a]?+Sin[a]?) )

Problem 106: Result more than twice size of optimal antiderivative.
J(c+dx)3Cot[a+bx]2d1x
Optimal (type 4, 127 leaves, 7 steps):

i(c+dx)® (c+dx)* (c+dx)’Cot[a+bx]
- - - +
b 4d b

3d (c+dx)®Log[1-e?t @b ] 34jd?(c+dx)Polylog[2, e2!(2*®X | 3d*Polylog|3, e2! (3% ]
- +
b2 b3

2b*
Result (type 4, 418 leaves):
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—lx (4cP+6c?dx+4cd*x?+d> ) —idg’e‘”Csc[a]
4 4b*
(2b2x* (2be?i®x+31i (-1+e’'?) Log[1-e2!@PX]) +6b (-1+e?*?) xPolyLog[2, 2! (@PX) ] +34 (-1+e?'?) Polylog|3, e @0X) ]} +

3c2dCscla] (-bxCos[a] +Log[Cos[bx] Sin[a] +Cos[a] Sin[bx]] Sin[a])

+

b? (Cos[a]?+Sin[a]?)
Cscla] Cscla+bx] (c*Sin[bx] +3c2dxSin[bx] +3cd?x?Sin[bx] +d>x*>Sin[bx])

" _

b2 e]’lAr‘cTan[Tan[a]] XZ + 1

[3 cd?Csc[a] Sec[a]

1+Tan[a]?

(ibx (-m+2ArcTan[Tan[a]]) -sLog[1+e2*°X| -2 (bx+ArcTan[Tan[a]]) Log[1 - ?® (PxwArcTan(Taniall) | . ;11 0g[Cos[bx]] +2

ArcTan([Tan[a]] Log[Sin[bx+ArcTan[Tan[a]]]] + i PolylLog|[2, e** (bxArcTaniTan(all) ] ) Tan[a]]]/ (b3\/Sec[a]2 (Cos[a]?+sin[a]?) )

Problem 107: Result more than twice size of optimal antiderivative.

J(c+dx)2Cot[a+bx]2d1x

Optimal (type 4, 97 leaves, 6 steps):
i(c+dx)? (c+dx)3 (c+dx)2Cot[a+bx} 2d (c+dx) Log[1-e?® @®x ] jd?polylog|2, e?! (0% ]

+ —

b 3d b b2 b3

Result (type 4, 268 leaves):

—lx (3¢ 3cdxed) - 2cdCscl[a] (-bxCos[a] +Log[Cos[bx] S'in[a] +Cos[a] Sin[bx]] Sin[a]) .
3 b? (Cos[a]?+Sin[a]?)
Cscla] Cscla+bx] (c2Sin[bx] +2cdxSin[bx] +d*x?Sin[bx])
X _
d?Csc[a] Sec[a] |b? elArcTan(Tan(al] y2 | ;(jbx (-7 +2ArcTan[Tan[a]]) - Log[1+e21PX] -
1+Tan[a]?

2 (bx+ArcTan[Tan[a]]) Log[1 - e?! (PxArcTaniTan(all) | yr Log[Cos [bx]] +2ArcTan[Tan[a]] Log[Sin[bx +ArcTan[Tan[a]]]] +

jPolyLog[Z, e?t (b“A"Ta”[Ta"[a”)]) Tan[a]}]/ (b3\/Sec[a}2 (Cos[a]2+sin[a]2) )
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Problem 112: Result more than twice size of optimal antiderivative.

J(c+dx)4Cot[a+bx]2Csc[a+bx] dx

Optimal (type 4, 416 leaves, 31 steps):
12 d? (c+dx>2Ar‘cTanh[<ejl (a+bx) | <c+dx)4Ar‘cTanh[ej (@bx) ] 24 (c+dx)3Csc[a+bx}

+ — —

b3 b b2
(c+dx)*Cot[a+bx] Csc[a+bx] 12id®(c+dx)Polylog[2, -e* @®¥ ] 2id (c+dx)’Polylog[2, -et (30X
. _ _
2b b* b2
121 d® (c+dx) Polylog[2, e @®¥ | 2id (c+dx)>PolyLog|2, e! (0¥ ] 12d*Polylog[3, -e! (30 ]
b : b2 ) bS '
6d? (c+dx)?Polylog[3, -e' (¥ ] 12d*PolyLog|3, e! *®¥ ] 6d? (c+dx)?PolyLog[3, el (%]
b3 : b ) b3 i
12 d? (c+dx) PolyLog[4, -e! @] 12 d® (c+dx) PolyLog[4, e! (X | 12d*PolyLog|[5, -e! (@®X | 12d*Polylog[5, el (30X |
- - +
b* b bs bs

Result (type 4, 966 leaves):
1
2b°
(—b4 c*Log[1-e* @P¥ ] +12b%c?d? Log[1-e! @] -4b* A dxlog[l-e! @] 2a4b2cd®xLog|[l-e @Y ]| _6b*c?d?®x?Log[1-e! @],
12b%d* x? Log[1-e' @] —4b*cd®x® Log[1-e® @P¥ | —b*d* x* Log[1- e’ @] 1 b*c* Log[1+e! (P ] ~12b%c?d? Log[1+e’ @]+
4b*cAdxLlog[l+e @P¥] _2ab2cd®xLlog[l+e’ @Y ]| +6b*c2d?x? Log[l+e P ] ~12b%d* x? Log[1+e! 0¥ ] 4
4b*cd®x® Log[1+e’ ¥ ] + b d*x* Log[1+e' ®®¥ ] -41ibd (c+dx) (—Gd2 +b% (c+d x)z) Polylog|[2, -e' (@x ] 4
4ibd (c+dx) (—6 d*>+b* (c +dx)2) Polylog|2, e' @®* ] +12b? c? d? Polylog|[3, -e' @*** | - 24d*PolyLog|[3, -e' @X ] 4
24 b? c d* x PolyLog[3, -e' @*X) | + 12 b2 d* x* PolyLog[3, -e' (@""X) | - 12b% c?> d? Polylog|3, e' ('°X) | + 24 d* PolyLog|3, e’ (@PX) ] -
24b? c d®> x PolyLog[3, e @®* | ~12b? d* x? PolyLog[3, e’ ®*** | + 24 i b c d® PolyLog[4, -e' (®**¥) ] + 24 i bd* x Polylog[4, -e* @X) | -
24i bcd®Polylog|4, e' (¥ | - 24 bd*xPolyLog[4, e* @*X)| - 24 d* PolyLog[5, -e* ®*X)| + 24 d* PolyLog|5, e <a+bx>}) -

1 2 4 3 2 42 2 33
—ZCsc[a+bx} (bc Cos[a+bx] +4bc°dxCos[a+bx] +6bc d“x“Cos[a+bx] +4bcd”>x’Cos[a+bx] +
2b

bd*x*Cos[a+bx] +4c>dSin[a+bx] +12c*d*xSin[a+bx] +12cd®x*Sin[a+bx] +4d*x*>Sin[a+bx])

Problem 114: Result more than twice size of optimal antiderivative.

J(c+dx)2Cot[a+bx]2Csc[a+bx] dx
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Optimal (type 4, 179leaves, 17 steps):
(c+dx)2Ar~cTanh[<el'L (@0x) ] g2 ApcTanh[Cos[a+bx]] d(c+dx) Cscla+bx] (c+dx)2Cot[a+bx1 Cscla+bx]

b b3 . b2 : 2b )
id(c+dx) Polylog[2, -e! @*®X | id (c+dx) Polylog[2, el @®X)] d2Polylog|3, -e! (@PX) | d2polylog|3, e' (30X |

+ +

b? b? b3 b3

Result (type 4, 471 leaves):
d (c+dx) Cscla] . (-c2-2cdx-d?>x?) Csc[ 2+ bz_x]z .

b? 8b

21? (-b?c?Log[1-e' ¥ ] +2d*Log[1-e' ®®¥ ] -2b>cdxlog[1-e' @®¥ ]| _p>d>x*Log[1-e' @* ]| +b>c’Log[1+e’ (0¥ ] -
2d* Log[1+e' @Y ] 1 2b?cdxlog[l+e’ ¥ ]| +b?d?x* Log[1+e' @P¥ ] -2ibd (c+dx) Polylog|[2, -e* @®X ]
2ibd (c+dx) Polylog|2, e’ @®X) ] +2d”Polylog|3, -e' (**®¥ | -2d?Polylog[3, e' ¥ |} +

] Sec[§+ bTX} (—cdSin[bx] —dszin[bTX])

a 2Xx
2 2

(c2+2cdx+d2x2)Sec[5+b—"]2 Sec|
2 2 +
8b 2 b2

Csc[2] Csc[ 2+ bTX} (cdSin[t’Z—X] +d2xSin[b7X})

a
2 2

2 b?

Problem 115: Result more than twice size of optimal antiderivative.

J(c+dx) Cot[a+bx]?Csc[a+bx] dx

Optimal (type 4, 108 leaves, 12 steps):

(c+dx) ArcTanh[e® 3**X | gdcscla+bx] (c+dx) Cot[a+bx]Cscla+bx] 1idPolylog[2, -e!(@®X | idPolylLog|2, et (@bX ]
- - - +
b 2 b2 2b 2 b2 2 b2

Result (type 4, 260 leaves):
dCot[i(aerxH cCsc[i(aerxHZ dszc[§<a+bx)]2 cLog[Cos[i(aerx)H cLog[Sin[i(aerx)H

- - - + - +

4 b? 8b 8b 2b 2b
ad Log[Tan[i (a+bx)]] g4 ((a+bx) (Log[1-e! @®% ] _Log[1+e! @8]} 43 (PolyLog[2, -t (0% ] - Polylog[2, et 0% ]))

2 b2 ) 2 b2 '
cSec[% (a+bx”2 deec[% <a+bx)]2 dTan[% (a+bx) ]

+ —

8b 8b 4 b?
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Problem 130: Result more than twice size of optimal antiderivative.
J(c+dx)5/2Cos[a+bx]25in[a+bx]3dlx

Optimal (type 4, 615leaves, 26 steps):
15d2+/c+dx Cos[a+bx] (c+dx)*?Cos[a+bx] 5d2+/c+dx Cos[3a+3bx] (c+dx)>?Cos[3a+3bx]
- +

32 b3 8b 576 b3 48 b
552 % be \b %x/c+dx
3d2”/7c+dxCos[5a+5bx}+(c+dx)5/2Cos[5a+5bx]715d [~ Cos[a—T} FresnelC| = )
1600 b3 80 b 32b7/2
36 Vb & eidx . Vb [ ¥ eidx
5/2 i _ ClF 1 ! 5/2 T _ ClF 1 ~
5d [ Cos|[3a y | Fresnelc| e ]+3d [ 5 Cos|[5a y | Fresnelc| e )
576 b7/2 1600 b7/2
Vb [ ¥ eidx b Vb & erdx -
5/2 [T i : _ Sbec 5/2 [X x : _3bc
3d [ Fresnels| e | sin[5a p | s5d [ Fresnels| = | sin[3a y ]
+ +
1600 b7/2 576 b7/2
Vb | % Jcrdx b
5/2 s ! 3 bc
15d°/? [~ Fresnels| N ] sinfa-°F] 5d (c+dx)*?sinfa+bx] 5d(c+dx)>?sin[3a+3bx] d(c+dx)*?Sin[5a+5bx]
+ + -
32b7/2 16 b? 288 b2 160 b2

Result (type 4, 4921 leaves):

c? 2ﬁ\/€x/c+dx Cos |5 (a+bx)] -

1

160+/5 b /3

V27 Cos[Sa—Sdﬁ]Fr‘esnelc[ g E\/c+dx]+\/27r Fr‘esnelS[ 3 E\/Cerx]Sin[Sa—Szc] -
\ \| T \ \/ 7T

1 c? (243 5 Ve+dx Cos[3 (a+bx)]-+2n Cos[3a—3d£] FresnelC| /g IE Verdx |+
JT

%3 b |°
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1

V2 Fr‘esnelS[ g & c+dx]Sin[3a73:C]
b
(R i

b b b 2 b 2 b
2 |— +Jc+dx Cos[a+bx] -2 Cos[a—fc] FresnelC| | = | = +/c+dx | ++/27x Fresnels| | — \/c+dx]Sin{ac]]
d d d 7T d s d
1 b b 2
¢ | = d|V2r Fresnels| | = | = Vc+dx ]
16 b3 d d JT
b 2
V27 Fr‘esnelc[ — f\/c+dx}
d 7T 64 b°
b2 , b 2 ) 2 ) bc . bc b 2
(*) d? |\/2n FresnelC[ |~ [~ Vc+dx | (4b%c -15d?) Cos[a- —] +12bcd51n[a—f}) -2 Fresnels| |~ | = ~c+dx |
d 7T d d d 7T

d
(—12bchos[a—bd—c] + (4b%c?-15d?) Sin[a—bd—c]J -2 /5 dVc+dx (d(-15+4b*x?) Cos[a+bx] +2b (c-5dx) Sin[a+bx])

CZ

bc . bc
3dCos|[a- —| —2bc51n[a——]) +
d d

1

+

2bcCos[a—bd—c} +3dSin[afbd—c]] +2 g dVc+dx (2bxCos[a+bx]-3Sin[a+bx])

#c Ed V27 Fresnels| b IE\/c+dx] dCos[3a7E]72chin[3a73bc] ++/ 27 FresnelcC| b IE\/c+dx]
96+/3 b3 d d 7 d d d 7t
(2bcCos[3a—3bc}+dSin[3a—3bc]J+2\/? Ed\/c:+dx (beCos[B(a+bx”—$in[3(a+bx)]) +¥
d 800 /5 b3

3dCos[5a—T] -18bcsSin[5a-

/b
C —d
d

5bc
(10bcCos[5a—

b 10
V27 Fresnels| [ = | — +c+dx |
d T

bc

5bc 5bc
d

] +mFr‘esnelC[\/E E\/c+dx}

]] +2/5 3 dvc+dx (186bxCos[5 (a+bx)]-3Sin[5 (a+bx)])

| +3dsin[5a- >

+
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c2 [—\/?ﬁ\/c+dx Cos[&(cd*ﬂ)—]+\/?Fr‘esnelc{\/g\/gx/c+dx} Zc}
id2 Sin[3a] +
16 3(( )3/2
[\/7Fr‘esnels \/7\/7\/c+dx r(vc+dx sin| deX]]
= 2cCos[3bc]
3\/?(2)3/2 9\/—(2)5/2 d
c+dx> 7 b [6 b3/2 3. 3b(c+dx)
-V/3 | = c+dx Cos| JjFr‘esnelC[ : \/7\/c+dx] +3\/?[a] (c+dx) Sln[f} -
5/2 2cSln[3bc] _3\/?(3)3/2 <C+dX>3/2COs[3b(Cd+dX>] 3 _ Fresnels (\/7 fcvdx |
\/_\/7x/c+dx51n c+dx>] + Sin[3bc] —9\/?(9]5/2(c+dx)5/2Cos[M}+
27\/?(3)7/2(13 d d d

3b(c+dx)

b 3/2
+3\E[5) <C+dx>3/ZSin[ g

]

+

[ { \F\/ix/urdx Cos| c+dx) \/?Fr‘esnelc[\/g\/?x/c+dx]

b 5/2 52, 3b(cvdx) 5 b)3/2 i 3b (c+dx)
27(( )7/2 Cos[ y }[9\/?[(1] (c+dx) Sln[id ]—2 —Bﬁ(d) (c+dx) Cos|[ ——] +

d
ﬁFresnels[\/E\/?m]+\E\/Em51n[3b<cd+dx>] J .
[\/—\/7\/C+dx Cos [ 2blerdx). (Fr‘esnelc [\F\/c+dx

3\/— (3)3/2

Cos[3a]
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be ] [\EFPESHGIS[\/E\/ZW]+\/?\/stin[3b(c+dx)]]
7 d d 1

. 13bc
+ 2c51n[ ]
SERRE s 3
V3 Ve+dx Cos| c+dx> d FresnelC| b E\/c+dx] +3+/3 b)** (c+dx)3/zsin[M} _
2 d b d d
2cCos[3bc] {3\/?(3)3/2 <c+dX>3/2COS[3b(Cd+dX>] Fr‘esnelS \/7\/7m
\E\/g\/mSi”[Bb(CHj)()] ! Cos[3bc] 9\/?[9]5/2(c+dx)5/2Cos[73b<c+dx)}+
d d 27\/_( )7 d d d
{ r(mCos c+dx) \EFresnelc[\EFW] +3\E[§)3/2 (c+dx)3/2sin[—3b(cd+dx>] ]
i LA <523 3b(c+dx) 2 LA R )32 3b (c+dx) .
ST }[Wd] e+ 4" sin I e ey

3 ﬁFresnels[\/E\/?m]+\E\/Emsin[3b<cd+dx>] J )
[\/_(\/c+dx Cos [ 2blerdxl \FFresnelc \/7(\/C+dx

1, .
—d*® |Sin[5a] n

16 5\/—( )3/2

[\/7Fr‘esne15 f\/im V—\/imhn bcdx}J 1

( )B/Zd 25ﬁ(§)5/2d3
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2 ccos| > r(mCos “dx) \/?Fr‘esneIC[\E\/gm}
3/2 c+dx
5\/?(3] (c+dx)3/251n[ <d ) ZSW(Q)W 2c51n[ ]
[5\/?(:]3/2 (c+dx)3/2Cos[5b<cd+dX)} FresnelS \/7 10 Verdx | r\/imhn c+dx)] )
sinl [25€(2)“ R
125W(
{ [W\/imms c+dx) Fr‘esnelC \/7 e m ]+5\/7( )3/2 (C+dx)3/251n{ (Cd+dx)] .
bc b)5/2 L dx)52si C—+dX 5 3/2 g M )
125\/?(3)7/2(1035[ d ][ZSE(dJ (c+dx)>*sin] q ] 2[ 5(( ) (c+dx)*?*Cos| ; ]

B[J?Fr‘esnels[\/? 19\/C+dx]+\/?\/?msin[5b<c+dx)} J +
2 2 d 7T d d
[\/_\/7\/C+dx Cos [ 2o-exdxl. \FFresnelc \f\/im

Cos[5a] ~

TR

[\/7Fr‘esnels \/7\/7m W(msln bcdx}} 1

+

55 (8)7 e 255 (8)
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2cSin[

[ \/—\/7\/c+dx Cos| <c+dx)} \/?Fr‘esnelc{\/g E\/c+dx}

S\E(z)s/z(“dX)g/zsln[ (Cd+dX) 25\/7(2)5/2 ZCCOS[S c]
[5\/?(:]3/2 (c+dx)3/2Cos[5b<cd+dX)} FresnelS \/7 10 Verdx | \/_\/7\/c+dx Sin| (c+dx)]
os[Sbc] —25\/?(9)5/2 (c+dx)5/2Cos{ﬂ]+E
125(( 7/2 d
{ [\ﬁ\/ivc+dx Cos| (c+dx)} Fr'esnelc\/i e Ve+dx | ]+5\/7( )3/2 (c+dx)3/251n[ (cd+dx)]
1 . .5bc b)5/2 Cdy152sh (c+dx) 5] 3/2 a3 5b (c+dx) X
125\/_( )7/2 Sln[ y ][25\/?((1) (c+dx) Sn[—d ] 2[ 5\/7( ) (c+dx) Cos[4d ]

—ﬁFr‘esnelS[\/E m\/c+dx]+\/?\/5\/c+dx Sin[5b<cd+dx)}

Problem 135: Result more than twice size of optimal antiderivative.

|

J(c+dx)5/2Cos[a+bx]zsin[a+bx]3d1x

Optimal (type 4, 615leaves, 26 steps):
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15d?+c+dx Cos[a+bx] <c+dx)5/2Cos[a+bx} 5d2+/c+dx Cos[3a+3bx] (C+dX)S/ZCOS[3a+3bx]

32 b3 8b 576 b3 48 b
b Vb |2 \cedx
5/2 [X _bc
42 /i dx Cos[5a+5bx] (c+dx)5/2Cos[5a+5bx] 15d [2 Cos|a d}Fr‘esnelc[ e
. _ ,
1600 b3 80 b 32b7/2
Vb Sf v c+d x b 1’—‘9 +c+d x
5 d5/2 / Cos[3a-2 ]Fr‘esnelc[ ﬁ ] 3 d5/2 / Cos[5a- 2 }Fr‘esnelc[ ﬁ )
576 b7/2 1600 b7/?
Vb [ Verdx . Vb S Verdx .
5/2 s C 5/2 0 C
3d5/ / Fresnels| J_ | sin[5a- p } 5 d5/ / Fresnels| M_ | sin[3a- y ]
.
1600 b7/2 576 b7/2
Vb |2 Jcrdx
5/2 : bec
15d°/2 [ Fresnels[—————]sin[a- %] 54 (c.dx)¥2sinfasbx] 5d(c+dx]¥2sin[3a+3bx] d(c+dx]¥2sin[5a+5bx]
+ + -
32b7/2 16 b? 288 b2 160 b2

Result (type 4, 4921 leaves):

1

—_? 2ﬁ\/€x/c+dx Cos[5 (a+bx)] -
160+/5 b

V27 Cos[Sa—Sdg]Fr‘esnelc[ g E\/c+dx}+\/2ﬂ Fr‘esnelS[ S E\/Cerx]Sin[Sa—Sbc] -
7T \ \| T

d
7@ 2\/—\/7\/c+dx Cos[3 (a+bx)] - \/—Cos[3a—7 | Fresnelc \/7\/7\/c+dx

96\fb

/27 Fresnels| g Em]Sin[Ba_Bzc] o1
JT
| ot

b b b 2 b 2 b
2 |— +Jc+dx Cos[a+bx] -2 Cos[a——c] FresnelC| | — | = +/c+dx | ++/2x Fresnels| | — —\/c+dx]Sin[a——c] -
d d d 7T d s d
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1 b b 2
¢ | = d|V2r Fresnels| |~ |~ Vc+dx]
16 b3 d d b
b 2
V2 FresnelC| [ = | = +/c+dx |
d 7T 64 b
by3/2 , b 2 ) 2 5 bc . bc b 2
(—) d®> [\/2 7 FresnelC| | = | = +/c+dx | |(4b’c 715d)Cos[a——]+12bcd51n[af—}) -V2r Fresnels| | = |~ vc+dx |
d 7T d d d 7T

d
(—12bchos[a—bcTc] + (4b?c?-15d?) Sin[a—%]) -2 5 dVc+dx (d(-15+4b*x?) Cos[a+bx] +2b (c-5dx) Sin[a+bx])

bc . bc
3dCos[a- —] —2bc51n[a——]) +
d d

1

+

2bcCos[a—bd—c} +3dSin[a—bd—c]] +2 g dVc+dx (2bxCos[a+bx]-3Sin[a+bx])

;c\/;d V27 Fresnels| b lg Verdx | dCos[Ba—Bbc]—2chin[3a—3bc])+\/2n FresnelC| /E IE Verdx |
96 /3 b3 d d 7 d d d 7
(2bcCos[3a—3bc}+dSin[3a—3bc])+2\E ® 4erdx (2bxCos[3 (a+bx)|-Sin[3 (a+bx)]) R -
d 800 /5 b3

/b
c |—d
d

5bc
(10bcCos{5a—

b 10
V27 FresnelS| i Verdx |
JT

5bc

3dCos[5a—%] -10bcsSin[5a- SZC] ++/ 27 FresnelC| g 10 Ve+dx |
JT

]]+2ﬁ 5dm(lebeos[S(a+bx>]—3$in[5(a+bx)”

| +3dsin[5a-

+

. 2 [—\/? lg Ve+dx Cos |30t cd*dx ]+\/?Fr*esnelc[\/g l% Verdx | Sin[33°}
—d? |sin[3a] +
16 3\5 (5)3/2(13
c2Cos[3zc] [\/TFr‘esnels[ﬁ | & W]Jrﬁﬁmsin[—(—ub Z*dx ]J
4 1 C

3b
- 2 cCos|

3\/?(5)3/2(13 9\/?(5)5/2(13
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[z {ﬁﬁmcos[“(:d”] +\/?Fr‘esnelc[\/g\/?“/c+dx]

3b (c+dx)
d

+34/3 [5]3/2 (c+dx)3/zsin[3b<cdﬂjx)}J -

Fr‘esnelS l Ve+dx

3b (C+dx)
d

3bc
]

-3+/3 (5)3/2 (c+dx)3/2Cos[

2cSin[

J +

1
o3 (1]

ﬁﬁmsm[”(““)]

d

3b

Si
1n[ q

} +

+ 1 ¢ ,9\/? E > +dx)%%c
2743 (8] ][ [d] (o)™ cos|

[ { r(\/c+dx Cos| c+dx) \/?Fr‘esnelc[\/gfx/c+dx]
= 3b(c+dx)]75 3\/?(9)3/2 <c+dx)3/2Cos[
27\/—(9) d 2 d
7t b |6 b . 3b(c+dx)
—EFr‘esnels{ E\/;\/c+dx]+\/? g\/c+dx Sln[f] +
] {—\/?\/EWCOS[A—M Z*dx ]+\/?Fr‘esnelc[\/g\/gm}

/3 (5

. [ﬂFresnels[\/EfW]+ﬁﬁmsin[mzﬂq]
) 1

3/2 3b d
+3\E[§J (c+dx>3/zsin[(:r x)

+

]

3b(c+dx>
d

Cos[ y }[9\5[]5/2 (c+dx)*?sin| ]+

Cos[3a]

3bc

]

2cSin[

+

3V (B) e 93 (&)

[z {\/?\/EWCOS[M] +ﬁFresne1C[\/E\/?m]

3/2 3b (c+d
+3\/?[5] (c+dx)3/zsin[<cc;r X)

} -
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3b (c+dx)

J +

Fr‘esnelS l Ve+dx

3b (c+dx)
d

b 5/2 d3

2cCos[32c] {3\/? ()3/2 (c+dx)*?cos|

A3 E\/c+dx Sin[ab(CHjX)] |+
d d

d

+ 1 Cos[3bc] —9\/?{9]5/2 (c+dx)5/2Cos[
27\/?(3)7/2(13 d

5 [3[\/?\/?WCOS[M]+\/7FPesne1C[\/?\/?m]
2 2 d d 2 d 7T

3b(c+dx)
d

3b(C+dX>

]

b 3/2
+3\/?[EJ (c+dx)3/zsin[

3b (c+dx>
d

Sin[Bbc} [9\/?[3]5/2 (c+dx>5/zsin[ ]+

27((&)7/2 d

3b d
3[ [7 tresnets] |2 [& vevax] w3 |2 verax sin[22len9x),
2 2 d JT d d
c2 [\E lg Nerdx COS[M%L] +ﬂFr‘esnelC[\/€ l% Verdx |

]_3 _3+/3 (3)3/2 (c+dx)*?cos|

] _

Ld2 Sin[5a] +
16 5\/—( )3/2
resnel +dx \/—\/7 +dx 1n 5b (crdx)
[ \FF esesf(\/c Ve Si }J .
5\/—(Q)3/2 25\/—( )5/2
2cCos[ [ [ \/—\/7\/c+dx Cos | c+dx) \/?Fr‘esnelc[\/g Ew/c+dx}
b 3/2 2 b (c+dx) 1 . 5bc
5\/?(*] (c+dx) Sln[ 2csin| ]
d d 25@(§>5/2d3 d
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FresnelS\/ﬁ \/c+dx \ﬁ\/ix/Cerx Sln c+dx)]

5b c+dx

-25+/5 (—)5/2 (c+dx)5/2Cos[7} +

+

5
2

{ [\/—\/7\/C+dx Cos c+dx) Fr‘esnelC \/7 10 \/c+dx ]+5\/—( )3/2 (c+dx)3/251n[ <C+dx>]

5b(c+dx>

]—; [5\/7( )3/2 (c+dx)*?cos| ———] +

} :

+

c+dx

d

Cos 25+/5 b)*” c+dx)>?sin
125\/?(3)7/% 5 d ][ (dJ | | =

- —\/?Fr‘esnels[\/g 10 \/c+dx]+\/?\/gx/c+dx Sin[w}
{\ﬁ\/ix/c+dx Cos [ deX \/7Fr'esnelc \/7\/7\/C+dx

Cos[5a] ~
5\/—( )3/2
[\FFr‘esnels (\/7@ W\/imSm bcdx }J
1
Vs (8 e 255 (5]
. c+dx) o b 10
2c51n[ r(mCos \/;Fr‘esnelc[\/;\/jm}
b c+dx)

I|-

5\/?((1]3/2 (c+dx)3/251n[ b | 2cCos[52C]

1
o syt
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5b <C+dx)

+

[5\/? [:]3/2 (c+dx)*?cos]|

FresnelS\/ﬁ / \/c+dx \ﬁ\/ix/Cerx Sln (c+dx)]

5/2 5b d
—25\/?(5) (c+dx)5/2Cos[%]+E
2

{ [r(mCos (c+dx)} FresnelC (Pm ]+5\/—( )3/2 (c+dx)3/251n[ (cd+dx)]

5b C+dX
d

- —\/?Fr‘esnels[\/g 10 \/c+dx]+\/?\/gx/c+dx Sin[w}

Problem 156: Result unnecessarily involves imaginary or complex numbers.

5b(c+dx>

]—; [5\/7( )3/2 (c+dx)*?cos| ———] +

|

b\ 5/2
ZS\E(H] (c+dx)5/251n[

J(c+dx)3Cos[a+bx]3Sin[a+bx}3d1x

Optimal (type 3, 181 leaves, 10 steps):

9d? (c+dx) Cos[2a+2bx] 3 (c+dx)3Cos[2a+2bx] d? (c+dx) Cos[6a+6bx] (c+dx)3Cos[6a+6bx}

+ —

128 b3 64 b 1152 b3 192 b
9d®sin[2a+2bx] 9d(c+dx)?Sin[2a+2bx] d®sSin[6a+6bx] d(c+dx)?Sin[6a+6bx]
+ + -
256 b* 128 b? 6912 b* 384 b?

Result (type 3, 174 leaves):

6912b4(—162b <c+dx) (—3d2+2b2 (c+dx)2) Cos[z (a+bx>] +6b (c+dx) (—d2+6b2 (c+dx)2) Cos[s (a+bx” _

2d (121d2-234b% (c+dx)?+ [-d?+18b2 (c+dx)?) Cos[4 (a+bx) ]| sin[2 (a+bx)]]
(Cos[6 (a+bx)|-1iSin[6 (a+bx)]) (Cos[6 (a+bx)]+isSin[6 (a+bx)])
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Problem 162: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

Cos[a+bx]3Sin[a+bx]3
J dx

(C+dx)4

Optimal (type 4, 287 leaves, 14 steps):

2

2b b
bCos[2a+2bx] bCos[6a+6bx] b Cos[2a- 2] CosIntegral“2<+2bx]
- +

- +

32d? (c+dx)2 32d2 (c+dx)2 8 d*
6bc

b 6b
9b’Cos[6a-* ] CosIntegral[®><+6bx| sinfpa.2bx] b2Sin[2a+2bx] Sin[6a+6bx]

+ —

N
8 d* 32d (c+dx)? 16d* (c +d x| 96d (c+dx)?

. 2b . 2b . 6b . 6b
3b2Sin[6a+6bx] b*sin[2a- dc}SmIntegr‘al[ dc+2bx} _9b351n[6a— dc}SmIntegr‘al[ dc+6bx}

16 d? (c+dx) : 8 d* 8d*

Result (type 4, 3285leaves):
1 Cos[6a+6bx] 1Sin[6a+6Dbx]

8(c+dx)3 )

24 d* 24 d*
-181b“c“d+3bcd“+1d°-361b°cd° x+3 Xx-18 1 Xx“+6ib“c°dCos[4a+4bx] -3bcd“Cos[4a+4bx] -
i b2 c?d bcd?+1d3 i b? ¢ d? b d* i b2 d3 x? i b2 c?d b bcd? b

3id3®Cos[4a+4bx] +121b2cd?’xCos[4a+4bx]-3bd>xCos[4a+4bx] +61ib’>d>x*Cos[4a+4bx]-61b%>c>dCos[8a+8bx] -
3bcd?Cos[8a+8bx]+31d>Cos[8a+8bx]-121b%>cd?’xCos[8a+8bx]-3bd3>xCos[8a+8bx]-61ib?>d>x*Cos[8a+8bx]+
181 b%c?dCos[12a+12bx] +3bcd?Cos[12a+12bx] -1d3Cos[12a+12bx] +361b%>cd?’xCos[12a+12bx] +

2bc

3 s k2 A3 2 3 -3 2bc

3bd®*xCos[12a+12bx] +18 i b?d®x*Cos[12a+12bx] -12b*>c?Cos[8a - +6bx| CosIntegral | +2bx] -
d

3 2bc 2bc 3 22 2bc 2bc

36 b>c*dxCos|[8a- +6b x| CosIntegral| +2bx]| -36b%cd’x?Cos|[8a- +6b x| CosIntegral| +2bx] -
d

3 3.3 2bc 2bc 3 3 2bc 2bc
12b® d® x> Cos [8a - +6bx| CosIntegral | +2bx]| -12b>c3Cos[4a+ +6bx| CosIntegral| +2bx] -

3 5 2bc 2bc 3 22 2bc 2bc
36b*c?dxCos[4a+ +6bx| CosIntegral | +2bx]| -36b%cd’x*Cos[4a+ +6bx| CosIntegral | +2bx]| -

3 3.3 2bc 2bc 3 3 6bc 6bc
12b*d®*x?Cos [4a + +6b x| CosIntegral | +2bx]| +108b*c*Cos[12a - +6bx| CosIntegral | +6bx] +

3 6bc 6bc 3 2o 6bc 6bc
324b° c?dxCos[12a- +6b x| CosIntegral| +6bx]| +324b*cd’x?Cos[12a- +6b x| CosIntegral| +6bx]| +

3 3.3 6bc 6bc 3 3 6bc 6bc
108 b* d® x* Cos [12a - +6bx| CosIntegral| +6bx| +108b%cCos| +6bx| CosIntegral| +6bx| +

3 2 6bc 6bc 3 2o 6bc 6bc
324 b3 c*dx Cos | +6bx| CosIntegral | +6bx| +324b%cd?x*Cos| +6bx| CosIntegral | +6bx| +
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6bc

6bc
108 b> d* x> Cos |

y +6b x| CosIntegral|

+6bx| -6b>c*dSin[4a+4bx] -3ibcd?’Sin[4a+4bx] +3d*Sin[4a+4bx] -

6bc bc

6
12b?cd*xSin[4a+4bx] -3ibd*>xSin[4a+4bx] -6b?d>x*Sin[4a+4bx] +108 i b® > CosIntegral | +6bx] Sin[12a- +6bx] +

6bc bc

3 o . 76 3 2o 6bc . 76bc
3241i1b°c dxCosIntegr‘al[ +6bx] Sln[lZa +6bx} +324 1 b’ cd”x CosIntegr‘al[ +6bx} Sln[lZa

+6bX] +

6bc 2bc

3433 . 6bc 3 3 . 2bc
108 i b® d* x> CosIntegral +6bx| Sin[12a- +6bx| -121ib?c? CosIntegral | +2bx|Sin[8a- +6bx| -

2bc . 2bc i3 2o 2bc
+2bx] Sin[8a- +6bx]| -361ib?cd?x?CosIntegral |

2bc
36 i b® c*d x CosIntegral | +2bx]| sin[8a- +6bx] -

2bc
d

2bc bc 2bc

2
12 i b d° x® CosIntegral | +2bx|Sin[8a-

+6bx] -121 b33 CosIntegral |

+2bx} Sin[4a+

+6bx} -

2bc bc 2bc bc

36 1 b® c2d x CosIntegral | +2bx| Sin[4a+2 +6bx] -361b>cd?x? CosIntegral | +2bx| Sin[4a+2 +6bx]| -

2bc bc 6bc bc

12 i b d® x® CosIntegral | +2bx| Sin[4a+ 2 +6bx| +108 i b® c® CosIntegral | +6bx| Sin[6 +6bx| +

. 6bc ) 6bc . 6bc
+6bx]| sin| +6bx]| +3241b*cd?x? CosIntegral | +6bx] Sin|

3 o 6bc
324 i b3 c? d x CosIntegral | +6bx| +

6bc bc

13433 . 2.2 4cs Ca 2cs -
108 i b® d* x> CosIntegral | +6bx] Sin| +6bx| +6b*c?dSin[8a+8bx] -3ibcd?Sin[8a+8bx]

3d*Sin[8a+8bx] +12b%2cd?xSin[8a+8bx] -3ibd>*xSin[8a+8bx] +6b%>d>x>*Sin[8a+8bx] -18b%2c®dSin[12a+12bx] +
3ibcd?®Sin[12a+12bx] +d>Sin[12a+12bx] -36b%cd*xSin[12a+12bx] +31bd®*xSin[12a+12bx] -18b%d®>x?Sin[12a+12bx] -
2bc bc 2bc

3 3 72bc . g 3 2 2 . -
121 b cCos|[8a +6bx] SinIntegral | +2bx] -36ib>c*dxCos[8a +6bx| SinIntegral | +2bx]

2bc 2bc

d

2bc 2bc
36]’1b3cd2x2Cos[8a—

+6bx| SinIntegral | +2bx| -121ib>d?*x?Cos[8a- +6bx| SinIntegral| +2bx| +

2bc 2bc

L3 3 2bc . L3 o 2bc .
12ib’cCos[4a+ +6bx| SinIntegral | +2bx]| +36ib>c*dxCos|[4a+ +6bx| SinIntegral | +2bx| +

bc 2bc

bc 2bc .
+6bx| SinIntegral |

+6bx| SinIntegral |

2 2
36ib*cd?’x?Cos[4a+ +2bx] +12ib>d®x>Cos[4a+ +2bx] +

bc 2bc bc 2bc

12b*c3sin[8a- 2 +6bx] SinIntegral | +2bx]| +36b>c2dxSin[8a- 2 +6bx] SinIntegral| +2bx] +

bc 2bc bc 2bc

36 b* cd*x?sSin[8a- 2 +6bx| SinIntegral | +2bx| +12b°d®x>Sin|[8a - 2 +6bx| SinIntegral | +2bx]| -

3 3 s 2bc . 2bc 3 . 2bc . 2bc
12b*c3sinf4a+ +6bx| SinIntegral | +2bx| -36b3c2dxSin[4a+ +6bx| SinIntegral | +2bx]| -

2bc

322 s 2bc . 2bc 34303 s 2bc .
36b>cd?x?Sin[4a+ +6b x| SinIntegral| +2bx] -12b>d>x>Sin[4a+ +6b x| SinIntegral | +2bx] +

6bc 6bc

3 3 76bc . L3 o 76bc .
108 i b? c® Cos[12 a +6bx| SinIntegral | +6bx]| +3241b°c?*dxCos[12a +6bx| SinIntegral | +6bx| +
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6bc 6bc

) 6bc . ) 6bc .
324i b3 cd®*x? Cos [12a - +6bx| SinIntegral | +6bx]| +1081ib*d®x*Cos[12a - +6bx| SinIntegral| +6bx] -
d
L3 3 6bc . 6bc 3 6bc . 6bc
108 i b® ¢ Cos | +6bx] SinIntegral | +6bx]| -3241ib*>c?dxCos| +6bx] SinIntegral| +6bx] -
3 2o 6bc X 6bc 333 6bc . 6bc
3241 b°cd“x Cos[ +6bx] SlnIntegr‘al[ +6bx] -108 i b” d° x Cos[ +6bx] SlnIntegr'al[ +6bx] -
3 3. 6bc . 6bc 3 X 6bc . 6bc
108 b* c*sin[12a - +6bx| SinIntegral | +6bx| -324b*c?dxSin[12a- +6bx| SinIntegral | +6bx| -
3 22 s 6bc X 6bc 3033 s 6bc . 6bc
324b° cd?*x?Sin[12a- +6bx| SinIntegral| +6bx| -108b*d*x*Sin[12a - +6bx| SinIntegral| +6bx] +
3 3.. 16bc . 6bc 3 o . 6bc X 6bc
108 b ¢ Sln[ +6bx] SlnIntegr‘al[ +6bx] +324b°c deln[ +6bx] SlnIntegr‘al[ +6bx] +
3 2 2. 1bbC . 6bc 33 .3...16bC . 6bc
324b° cd“x Sln[ +6bx] SlnIntegr‘al[ +6bx} +108 b” d” x Sln[ +6bx] SlnIntegr‘al[ +6bx}
Problem 164: Result more than twice size of optimal antiderivative.
J(c+dx)4Cos[a+bx]2Cot[a+bx} dx
Optimal (type 4, 307 leaves, 13 steps):
3cddx  3d4x?  (c+dx)* i (c+dx)® (c+dx)?Log[1-e2t (@bX) ]
_ _ + _ . _
2b3 4b3 4b 5d b
2id (c+dx)’Polylog[2, e?! (0¥ ] 3d? (c+dx)*PolyLog|[3, e?! (30 ]
bz + b3 +
3id® (c+dx) PolylLog[4, e?! (2®X | 3d%polyLog|5, e?! @®¥ | 3d3 (c+dx) Cos[a+bx] Sin[a+bx]
_ . _
b* 2 b° 2 b*
d(c+dx)3Cos[a+bx] Sinfa+bx] 3d*Sin[a+bx]2 3d? (c+dx)zsin[a+bx]2 (c+dx)4sin[a+bx}2
_ + _
b? 4 b 2 b3 2b

Result (type 4, 2486 leaves):
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—icz d>e '3 Csc[a]
2b?
(2b2x* (2be?*®x+31i (-1+e*'?) Log[1-e2?@PX]) +6b (-1+e?"?) xPolylog[2, €2 @PX) | +34 (-1+e”'?) Polylog[3, e** @X]) -

cd?®et?Csc[a] x4+(—1+e’2ja)x4+ e’“a(—lwe“a)

2 b*
(2b*x*+ 41 b* x> Log[1-e?! ®¥ | + 6b? x? PolyLog|2, e** (®**¥ | + 61 bxPolyLog|3, e** (®**¥ | —3Polylog|4, e** <a*bx>])) -
1
4 b

ld4 el?Cscla] (X5+ (—1+e’2ﬁa) X° + e2ta (—1+<e“a> <4b5 x° +10 1 b* x* Log[l—e“(a*bx)} +20b3x3 PolyLog[Z, e”(a*bx)} +

5
30 i b> x? Polylog[3, e2® ("X | ~30bx PolyLog[4, e*! (3*®¥ | 15 i Polylog[5, e?* (@®X) |} | +

c*Cscla] (—beos[a]+Log[Cos[bx] Sin[a}+Cos[a]Sin[bx]]Sin[a]) . Csca] Cos[2a+2bx] 1Sin[2a+2bx]
b (Cos[a]?+Sin[a]?) 160 b® 160 b®
(80 b° c*xCos[a+2bx] +160b° c*dx*Cos[a+2bx] +160b>c*d*x>Cos[a+2bx] +88b°cd’x*Cos[a+2bx] +16b°>d*x>Cos[a+2bx] +
80b° c*xCos[3a+2bx] +160b°>c>dx?Cos[3a+2bx] +160b°> c>d’x>Cos[3a+2bx] +80b°>cd®x*Cos[3a+2bx] +
16b°d*x>Cos[3a+2bx] +101b*c*Cos[3a+4bx] -20b3>c>dCos[3a+4bx]-301b>c®d*Cos[3a+4bx] +30bcd®Cos[3a+4bx] +
151 d*Cos[3a+4bx] +40ib*c3>dxCos[3a+4bx] -60b3c?d?’xCos[3a+4bx] -601b>cd®xCos[3a+4bx]+30bd*xCos[3a+4bx] +
601 b*c?d’x?Cos[3a+4bx] -60b>cd®>x?Cos[3a+4bx]-30ib>d*x?Cos[3a+4bx] +401b*cd>x®>Cos[3a+4bx]-
20b3d*x3Cos[3a+4bx] +101b*d*x*Cos[3a+4bx] -101b*c*Cos[5a+4bx] +20b>c>dCos[5a+4bx] +301b?>c?d’Cos[5a+4bx] -
30bcd3Cos[5a+4bx] -151d*Cos[5a+4bx] -40ib*c>dxCos[5a+4bx] +60b3>c>d’xCos[5a+4bx]+601ib’>cd®*xCos[5a+4bx] -
30bd*xCos[5a+4bx] -601b*c?2d>x?Cos[S5a+4bx] +60b3cd3>x>Cos[5a+4bx] +301ib?>d*x>Cos[5a+4bx] -
401b*cd®>x*Cos[5a+4bx] +20b3d*x>Cos[5a+4bx] -101b*d*x*Cos[5a+4bx] +20b*c*Sin[a] -401ib3>c3dSin[a] -
60b%c?d?Sin[a] +601ibcd3>Sin[a] +30d*Sin[a] +80b*c3>dxSin[a] -1201 b3 c?d®xSin[a] -120b? cd3xSin[a] +
601bd*xSin[a] +120b%*c?d?x?Sin[a] -1201 b3 cd®x?>Sin[a] - 60b%d*x?>Sin[a] +80b* cd®>x3Sin[a] - 40 1 b3 d* x> Sin[a] +
20b*d*x*Sin[a] +80 1 b° c*xSin[a+2bx] +1601b°> c>dx?Sin[a+2bx] +1601b° c?d?’x>Sin[a+2bx] +801b°cd3>x*Sin[a+2bx] +
161 b°d*x*Sin[a+2bx] +801ib°c*xSin[3a+2bx] +1601b°c3>dx?>Sin[3a+2bx] +1601b°>c>d>x>Sin[3a+2bx] +
801b°cd®x*Sin[3a+2bx] +161b>d*x>Sin[3a+2bx] -10b*c*Sin[3a+4bx] -201b3c3dSin[3a+4bx] +30b%>c?d®’Sin[3a+4bx] +
30ibcd3Sin[3a+4bx] -15d*Sin[3a+4bx] -40b*c>dxSin[3a+4bx] -601b3>c?d?’xSin[3a+4bx] +60b%>cd®>xSin[3a+4bx] +
30ibd*xSin[3a+4bx] -60b*c?>d?’x?Sin[3a+4bx] -601ib3cd®*x*Sin[3a+4bx] +30b%2d*x?*Sin[3a+4bx] -
40b*cd®*x3sin[3a+4bx] -201b3d*x>Sin[3a+4bx] -10b*d*x*Sin[3a+4bx] +10b*c*Sin[5a+4bx] +201b3>c3dSin[5a+4bx] -
30b%2c?d?Sin[5a+4bx] -301bcd*Sin[5a+4bx] +15d*Sin[5a+4bx] +40b*c>dxSin[5a+4bx] +601ib3c?d?’xSin[5a+4bx] -
60b2cd®>xSin[5a+4bx] -301bd*xSin[5a+4bx] +60b*c?d?’x>*Sin[5a+4bx] +601b3>cd*x?Sin[5a+4bx] -
30b*d*x*Sin[5a+4bx] +40b*cd®x*Sin[5a+4bx] +20ib>d*x>Sin[5a+4bx] +10b*d*x*Sin[5a+4bx]) -

i 1
2c3dCsc[a] Sec[a] b2 eiArcTan(Tan[a]] y2
1+Tan[a]?
(Jibx (—n+2Ar‘cTan[Tan[a] }) —7rL0g[1+ce’“bX} -2 (bx+Ar‘cTan[Tan[a]]) |_og[1_@21‘L <bX+APcTan[Tan[a]]>} + 7 Log[Cos[bx]] +2

ArcTan([Tan[a]] Log[Sin[bx+ArcTan[Tan[a]]]] + i PolylLog[2, 2! (bx+ArcTan(Tan(all) |} Tan[a] / (b2 \/Sec [a]? (Cos[a]?+Sin[a]?) )
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Problem 165: Result more than twice size of optimal antiderivative.
J(c+dx)3Cos[a+bx]2Cot[a+bx] dx

Optimal (type 4, 246 leaves, 12 steps):
3d3x (c+dx>3 Jl(c+dx>4 (c+dx)3Log[1—e“(a*bX>] 3]’1d(C+dx)2PolyLog[2, ezﬂa*b”]
_ N _ + _

+

8 b3 4b 4d b 2 b?
3d* (c+dx) PolylLog|3, e (a0 . 3 i d*PolyLog[4, et (30X | X 3dCos[a+bx] Sinfa+bx]
2b3 4 b* 8 b*
3d<c+dx)2Cos[a+bx1 Sin[a+bx] 3d?(c+dx) Sin[a+bx]? (c+dx)SSin[a+bx12
4b? i 4b? ) 2b

Result (type 4, 1712leaves):
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1 .
-——cd?’et?Csca]

(2b2x* (2be?*®x+31i (-1+e*'?) Log[1-e2?@PX]) +6b (-1+e?"?) xPolylog[2, €2 @PX) | +34 (-1+e”'?) Polylog[3, e** @X]) -

ld3<e“Csc[a} x4+(—1+e’2ja)x4+ e’“a(—1+e“a)

4 2 b
(2b*x*+ 41 b* x> Log[1-e?! ®¥ | + 6b? x? PolyLog|2, e** (®**¥ | + 61 bxPolyLog|3, e** (®**¥ | —3Polylog|4, e** <a*bx>])) +
c3Cscla] (—beos[a] +Log[Cos[bx] Sin[a] + Cos[a] Sin[bx]] Sin[a]) Cscla] Cos[2a+2bx] 1Sin[2a+2bx]
+Csc[a -
b (Cos[a]?+Sin[a]?) 64 b* 64 b*

(32b*c®xCos[a+2bx] +48b*c*dx*Cos[a+2bx] +32b*cd®x’Cos[a+2bx] +8b*d>x*Cos[a+2bx] +32b*c*xCos[3a+2bx] +
48b* c>dx?Cos[3a+2bx] +32b*cd?’x*Cos[3a+2bx] +8b*d>x*Cos[3a+2bx]+41b3c3Cos[3a+4bx]-6b%2c®dCos[3a+4bx] -
6ibcd*Cos[3a+4bx] +3d3Cos[3a+4bx]+121b3c?dxCos[3a+4bx]-12b%2cd?’xCos[3a+4bx]-61bd®>xCos[3a+4bx] +
121 b3>cd?’x?*Cos[3a+4bx] -6b%d>x*Cos[3a+4bx] +41b>d>x*Cos[3a+4bx]-41b>c>Cos[5a+4bx] +6b>c®?dCos[5a+4bx] +
6ibcd*Cos[5a+4bx] -3d3Cos[5a+4bx]-121b3c?dxCos[5a+4bx] +12b%2cd?>xCos[5a+4bx]+61bd®>xCos[5a+4bx] -
121b3cd?’x?>Cos[5a+4bx] +6b*d®>x?*Cos[5a+4bx] -4ib>d®>x*Cos[5a+4bx] +8b3c3>Sin[a] -121ib%c?dSin[a] -
12bcd?Sin[a) +61d>Sin[a] +24b3c?dxSin[a] -241b?cd®xSin[a] -12bd3>xSin[a] +24b3cd?x?Sin[a] -121ib%d3x?Sin[a] +
8b3d®>x3Sin[a] +32ib*c>xSin[a+2bx] +48ib*c?dx?*Sin[a+2bx] +32ib*cd?’x?Sin[a+2bx] +81b*d3>x*Sin[a+2bx] +
32ib*c>xSin[3a+2bx] +481b*c?dx?Sin[3a+2bx] +32ib*cd?’x?Sin[3a+2bx] +8ib*d*x*Sin[3a+2bx] -
4b3c3Sin[3a+4bx] -61b*c?dSin[3a+4bx] +6bcd?Sin[3a+4bx] +31d>Sin[3a+4bx]-12b3c?dxSin[3a+4bx] -
12ib%cd?’xSin[3a+4bx] +6bd>xSin[3a+4bx] -12b3cd*x?*Sin[3a+4bx] -61ib?d®>x?Sin[3a+4bx] -4b3d®>x3>Sin[3a+4bx] +
4b3c3Sin[5a+4bx] +61b*c?dSin[5a+4bx] -6bcd?Sin[5a+4bx]-31d>Sin[5a+4bx] +12b3c?dxSin[5a+4bx] +
12ib*cd®*xSin[5a+4bx] -6bd’>xSin[5a+4bx] +12b>cd’*x*Sin[5a+4bx] +61ib’>d>x*Sin[5a+4bx] +4b>d>x>Sin[5a+4bx]) -
3c?dCsc[a] Sec[a] |b%etArcTanTan(a]] y2 . ;(j bx (-7 +2ArcTan[Tan[a]]) - Log[1+e 2 °X] -
1+Tan[a]?

2 (bx+ArcTan[Tan[a]]) Log[1 - e2* (bxArcTan(Tan(all) | , ;7| og[Cos[bx]] +2ArcTan[Tan[a]] Log[Sin[bx +ArcTan[Tan[a]]]] +

i Polylog|2, ! (bxArcTan(Taniall) 1) Tan[a] / (2 bz\/Sec[a]2 (Cos[a]?+sin[a]?) )

Problem 166: Result more than twice size of optimal antiderivative.

J(c+dx)2Cos[a+be2Cot[a+bx} dx

Optimal (type 4, 181 leaves, 9steps):

cdx d2x? i(c+dx)’ (c+dx)’Log[1-e?! @] id (c+dx)Polylog[2, e?! (@b ]
+ - + - +

2b 4b 3d b b2
d?Polylog[3, 2! @®X ] d (c+dx) Cos[a+bx]Sin[a+bx] d2Sin[a+bx]? (c+dx)®Sin[a+bx]?

— + —

2b3 2 b? 4p3 2b




4.7 Miscellaneous.nb | 137

Result (type 4, 511 leaves):

1x(3c2+3cdx+d2x2) Cot[a] - d2e*3Csca]
3 123
(2b2x? (2be?i®x+31i (-1+e?'?) Log[1-e2!(@PX)]) +6b (-1+e?*?) xPolyLog[2, €2 (@PX) ] +3j (-1+e?'?) Polylog[3, e?* @PX]) +

c?Csc[a] (-bxCos[a] +Log[Cos[bx] Sin[a] +Cos[a] Sin[bx]] Sin[a]) 1

b (Cos[a]?+Sin[a]?) +8b3

1
Cos[2bx] (2b*>c?Cos[2a] -d*Cos[2a] +4b®>cdxCos[2a] +2b*d*x*Cos[2a] -2bcdSin[2a] -2bd*xSin[2a]) -
8b
(2bcdCos[2a] +2bd*xCos[2a] +2b*c*Sin[2a] -d*Sin[2a] +4b’cdxSin[2a] +2b>d®*x*Sin[2a]) Sin[2bx] -
. 1
cdCsc[a] Sec[a] |b? etArcTan(Tan(a]] y2
1+Tan[a]?

(ibx (-m+2ArcTan[Tan[a]]) - log[1+e?'°*| -2 (bx+ArcTan[Tan[a]]) Log[1- ! (Px-ArcTan(Taniall) | . ;11 0g[Cos[bx]] +2

ArcTan[Tan[a]] Log[Sin[bx+ArcTan[Tan[a]]]] + i PolylLog[2, e** (PxArcTan(Tan[a]]) | ) Tan[a] / (b2 \/Sec [a]? (Cos[a]?®+Sin[a]?) )

Problem 171: Result more than twice size of optimal antiderivative.

j(c+dx)4Cos[a+bx] Cot[a+bx]2dx

Optimal (type 4, 299 leaves, 16 steps):
8d (c+dx)’ArcTanh[e! (@®¥ ] 24d* (c+dx) Cos[a+bx] 4d (c+dx)>Cos[a+bx]

b2 : b ) b2 )
(c+dx)4Csc[a+bx] 12 i d? (Cerx)zPolyLog[ZJ —el @0 ] 124 ¢? (c+dx)2PolyLog[2, el (3+0%) ]
b : b3 . b3 .
24d* (c+dx) Polylog[3, e (@*®¥) |  24d* (c+dx) PolylLog[3, el (P | 241 d*Polylog|4, -e! (30X ]
b ' b ) bS i
24 i d*Polylog |4, e* @®X |  24d4sinfa+bx] 12d? (c+dx)ZSin[a+bx] (c+dx)*sinfa+bx]

+ —

b* b* b3 b

Result (type 4, 833 leaves):
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1
—ScSc[abe} (—3b4c4+12b2c2d2—24d4—12b4c3dx+24b2cd3x—18b4c2d2x2+12b2d4x2—12b4cd3x3—
2b

3b*d*x*+b*c*Cos[2 (a+bx)| -12b*c?®d?Cos[2 (a+bx) ]| +24d*Cos[2 (a+bx) ]| +4b*c?dxCos[2 (a+bx)] -

24b?cd®xCos[2 (a+bx)] +6b*c?d?x?Cos[2 (a+bx) ]| -12b2d*x?Cos[2 (a+bx)] +4b*cd®x*Cos[2 (a+bX) ]+

b*d*x* Cos[2 (a+bx) | -16b>c>dArcTanh[e' **¥ | Sin[a+bx] +24b*>c?d’x Log[1-e’ ¥ | Sin[a+bx] +

24b% cd®x? Log[1-e! @Y | sinfa+bx] +8b%d*x® Log[1-e' @ | Sin[a+bx] -24b°c?d?’xLog|[1l+e’ @Y | Sin[a+bx] -

24b%cd®x? Log[1+e* @Y ] sin[a+bx] -8b>d*x* Log[1+e' P ] Sin[a+bx] +241b?d? (c+dx)?Polylog[2, -e* @®¥ | sin[a+bx] -
24 b?d? (c+dx)?Polylog[2, e' (@**¥ ] sin[a+bx] -48bcd®Polylog[3, -e' ¥ | sin[a+bx] -

48 b d* x PolylLog|[3, -e (*®¥ | Sin[a+bx] +48b c d®PolyLog[3, e’ ®** | Sin[a+bx] +48bd*xPolylog|3, e* ¥ | Sinfa+bx] -
48 i d* Polylog |4, -e' @*X) | sin[a+bx] +48 i d* Polylog[4, e' **®¥ | Sin[a+bx] -4b>c>dSin[2 (a+bx) | +24bcd®Sin[2 (a+bx) ]| -
12b% c? d? x Sin|2 (a+bx)] +24bd*xSin[2 <a+bx)] -12b%cd®x?*sin|2 (a+bx” -4b*d*x*Sin|2 (a+bx)])

Problem 172: Result more than twice size of optimal antiderivative.

J(c+dx)3Cos[a+bx] Cot[a+bx]2dx

Optimal (type 4, 216 leaves, 13 steps):

6d (c+dx)?ArcTanh[e! @**¥ ]  gd3Cos[a+bx] 3d(c+dx)*Cosfa+bx] (c+dx)’Cscla+bx] 6id?(c+dx)Polylog[2, -e! @b ]
_ N _ _ N _

b2 b4 b2 b b3
61id? (c+dx) Polylog[2, e' @®¥ ]  6d3PolyLog[3, -e' (@®¥ | 6d*PolyLog[3, e' (¥ ] 6d? (c+dx)Sin[fa+bx] (c+dx)’>Sin[a+bx]
- +

+ —

b3 b4 b4 b3 b
Result (type 4, 506 leaves):
1
—— Csc[a+bx]
2 b4
(-3b°c®+6bcd®-9b°c?dx+6bd*x-9b%cd®x*-3b>d*x* + b’ > Cos[2 (a+bx)|-6bcd’Cos[2 (a+bx)]+3b>c®dxCos[2 (a+bx)]-
6bd®xCos[2 (a+bx)]|+3b%cd?’x*Cos[2 (a+bx)|+b’d*x?Cos[2 (a+bx)]|-12b%>c?dArcTanh[e’ @®* | Sin[a+bx] +
12b?cd*xLog[1-e' @Y ] sinfa+bx] +6b?d®x? Log[1-e’ @P¥ | Sinfa+bx] -12b*cd?xLog[l+e’ @ | Sinfa+bx] -
6b2d> x> Log[1+e' ®**¥ ] Sin[a+bx] +12ibd? (c+dx) PolylLog|2, -e* @®¥ | sin[a+bx] -
12i bd® (c+dx) Polylog[2, e' ®**¥ | sin[a+bx] - 12d®Polylog[3, e *®* | Sin[a+bx] +12d’ PolylLog[3, e' ®®* | Sin[a+bx] -
3b*c’dsin[2 (a+bx)|+6d>Sin[2 (a+bx)]| -6b>cd’xSin[2 (a+bx)]-3b2d*x*Sin[2 (a+bx)])

Problem 173: Result more than twice size of optimal antiderivative.

J(c+dx)2Cos[a+bx] Cot[a+bx]2dx

Optimal (type 4, 139 leaves, 10 steps):
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4d(c+dx)Ar‘cTanh[eﬁ(a*bX>} 2d (c+dx) Cos[a+bx] (c+dx)2Csc[a+bx}

- - - +

bZ b2 b
21id? PolyLog[Z, —et <a*bx)] 2 i d? PolyLog[Z, ei<a+bx>] 2d2Sin[a+bx] (c+dx)25in[a+bx}
_ n _
b3 b3 b3 b

Result (type 4, 485leaves):

(C+dX>ZCSC[a] 1 2 2 2 cs 2 c3 2 s 2 42 2 3
- 7—3Cos[bx} (2bcdCosf[a] +2bd*xCos[a] +b*c*Sin[a] -2d*Sin[a] +2b*>cdxSin[a] +b*d*x*Sin[a]) +
b b

41 cdArcTan

[ i Cos[a]-1Sin[a] Tan{bzl} ]

Cosa]?+Sin[al? . Sec[2] sec[2 + 2X] (7Cz sin[2¥] -2cdxsin[X] - d?x? Sin[b?x” +
bz\/Cos[a}2+Sin[a]2 2
Csc[g} Csc[§+b7x} (czsin[bTx] +2cdein[b7X} +d2xzsin[bjx]> 1
2b b’

(b?>c?Cos[a] -2d*Cos[a] +2b*cdxCos[a] +b®>d*x*>Cos[a] -2bcdSin[a] -2bd?xSin[a]) Sin[bx] +

[ -Cos[a]+Sin[a] Tan“%] }

2ArcTan[Tan[a]] ArcTanh
iZ 42 |- Cos[a]?+Sin[a]? . 1

\/Cos[a]2+sin[a}2 1+Tan[a]?

( (b X + ArcTan [Tan [a] } ) (Log[l _ ei (bx+Ar‘cTan[Tan[a]])} _ Log[l N ej (b x+ArcTan[Tan[a]]) ] ) N
i (PolyLog[Z, —(Ej (b x+Ar‘cTan[Tan[a]])] _ PolyLog[Z, e]i (bx+ArcTan[Tan([a]]) ] ) ) Sec[a]

Problem 178: Result more than twice size of optimal antiderivative.

J(c+dx)4Cot[a+bx]3dlx

Optimal (type 4, 302 leaves, 15 steps):
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21‘1d(c+dx)3 (c+dx)4 Jl(c+dx>5 2d(c+dx)3Cot[a+bx] (Cerx)“Cot[aerx}2 6d2(c+dx)2Log[1—e“(a*bX>}

b2 " 2b sd b2 ) 2b : b3 )
(c+dx)4Log[17e“<a*bX>] 6id® (c+dx) PolyLog[2, e2® (@®X | 214 (c+dx)3PolyLog[2, @2t (arbx) |
b : b4 : b2 :
3d*Polylog|[3, e2f (@®¥ ] 3d? (c+dx)*PolyLog[3, 2% (@®X | 3id® (c+dx) Polylog[4, et @bX | 3d*polyLog|s, e?! (@b ]
b ) b3 ) b : 2b°

Result (type 4, 1101 leaves):
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1 c+dx)*Cscla+bx]2
—fx(5c4+10c3dx+10c2d2x2+5cd3x3+d“x“)Co‘c[a}—< ) +
5 2b 2 b3

c2d?et?Cscla]

(2b2x? (2be?i®x+31 (-1+e’'?) Log[1-e2!(@PX)]) +6b (-1+e?"?) xPolyLog[2, €2 (@PX) ] + 34 (-1+e?'?) Polylog|3, e?* @0X) ]} -

%d“ e’?Csc[a] (2b>x* (2be®'?x+31i (-1+e??) Log[1-e®' ®®¥ ) +6b (-1+e”'?) xPolylog|2, e** (0% | +
2b

1
2b*
(2b*x*+41ib®x° Log[1-e*! ®¥ ] + 6b’x* Polylog[2, e*' (**®¥ ] + 61 bxPolylog[3, e*' (®**¥ | -3 PolylLog|[4, ! ®®¥ |} | +

31 <71+e2ja) PolyLog[3, ezj(a"bx)” +cd¥e'?Cscla] [x*+ (—1+e'2ja) x4+ e2ia (71+ezja>

1
4 b

1 ‘ i
—d*e’?Cscla] [X°+ (-1+e?'?) x°+

e?%? (~1+e?'?) (4b°x°+101b*x* Log[1-e?* @] 4 20b° x® PolyLog|[2, e (°X) | +
5

30 i b>x? Polylog[3, e*' (®*X) | - 30 b x PolylLog|4, e*' (**®¥ | - 15 i PolylLog|5, e*! (®®X) )

c*Cscla] (-bxCos[a] +Log[Cos[bx] Sin[a] +Cos[a] Sin[bx]] Sin[a])

b (Cos[a]?+Sin[a]?) :

6 c?d’Csc[a] (-bxCos[a] +Log[Cos[bx] Sin[a] +Cos[a] Sin[bx]] Sin[a])

+

b* (Cos[a]?+Sin[a]?)
2Csc[a) Cscla+bx] (cdSin[bx] +3c2d?xSin[bx] +3cd®*x?>Sin[bx] +d*x?Sin[bx])
b2

+

) 1
2c>dCscla] Sec[a] |b? elArcTan(Tan(al] y2
1+Tan[a]?

(ibx (-m+2ArcTan[Tan[a]]) -nlog[1+e?*°X| -2 (bx+ArcTan[Tan[a]]) Log[1- e (bxrArcTan(Tan(all) |

nLog[Cos[bx]] +2ArcTan[Tan[a]] Log[Sin[bx+ArcTan[Tan[a]]]] + i PolylLog|2, e*! (bxsArcTan(Tan(all) [} Tan[a] /

i 1
(bz\/Sec[a]2 (Cos[a]®+sin[a]?) ) - |6cd®Csc[a] Sec[a] |b? elArcTan(Tan(a]} 2, — —

1+Tan[a]?

(ibx (-7+2ArcTan[Tan[a]]) -slog[1+e2*°X| -2 (bx+ArcTan[Tan[a]]) Log[1- ! (PxsArcTan(Taniall) | . ;1| 0g[Cos[bx]] +2

| 141

ArcTan([Tan[a]] Log[Sin[bx+ArcTan[Tan[a]]]] + i Polylog|2, e (0xwArcTaniTan(all) 1) Tan[a] / (b“ \/Sec [a]® (Cos[a]®+Sin[a]?) )

Problem 179: Result more than twice size of optimal antiderivative.

J(c+dx)3Cot[a+bx]3d1x
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Optimal (type 4, 256 leaves, 13 steps):
31‘1d(c+dx)2 (c+dx)3 Ji(c+dx)4 3d(c+dx)2Cot[a+bx1 (c+dx)3’Cot[a+bx12
_ _ + _

2b? 2b ad 2b? ) 2b :
3d* (c+dXx) Log[1 - et (3:0%) ] (c+dx)3Log[1—e“(a*bx>} 3 i d*PolyLog[2, e?! (30X |
- - +
b3 b 2 b*
3id (c+dx)?Polylog[2, e?! (0] 3d? (c+dx) PolyLog[3, e2! (2*®X ] 3 i d>Polylog[4, e?! (20X ]
2 b2 2b3 4 b*
Result (type 4, 788 leaves):
dx)*c b x]2 ,
—lx(4c3'+6c2dx+4cd2x2+d3x3)Co‘c[a}—<c+ X)"Cscla+bx] + ! cd?et?Cscla)]
4 2b 4 b3
(2b2x? (2be?®x+31i (-1+e’'?) Log[1-e2?(@PX)]) +6b (-1+e?"?) xPolyLog[2, €2 (@PX) ] + 34 (-1+e?'?) Polylog|3, e?* @0X) ]} +

1
2b*

—d®ef?®Cscla] |x*+ (—1+<e’2ja) x4+

-21ia -1 21ia
4 e ( + e )

(2b*x*+41ib* x> Log[1-e?! (®¥ ] + 6b? x? PolyLog[2, e** (®**¥ | + 6 i bx PolyLog|[3, e** (®**¥ | —3PolyLog[4, e** (0% )

c*Csc[a] (-bxCos[a] +Log[Cos[bx] Sin[a] +Cos[a] Sin[bx]] Sin[a])

+

b (Cos[a]?+Sin[a]?)
3cd?Cscla] (-bxCos[a] +Log[Cos[bx] Sin[a] +Cos[a] Sin[bx]] Sin[a])

b* (Cos[a]?+Sin[a]?) :

3Csc[a] Cscla+bx] (c2dSin[bx] +2cd*xSin[bx] +d3xzsin[bx])
2 b?

+

) 1
3c?2dCscla] Sec[a] |b?elArcTanTan(al] 2

1+Tan[a]?

(ibx (-m+2ArcTan[Tan[a]]) - log[1+e?'°*| -2 (bx+ArcTan[Tan[a]]) Log[1- e (bxrArcTan(Tan(all) |,

nLog[Cos[bx]] +2ArcTan[Tan[a]] Log[Sin[bx +ArcTan[Tan[a]]]] + i PolyLog|2, e*! (bxArcTaniTan(all) 1) Tan[a] /

i 1
(2 bz\/Sec[a]2 (Cos[a]?+sSin[a]?) ) - |3d3>Csc[a] Sec[a] |b? etArcTan(Tan(al] y2

1+Tan[a]?

(ibx (-7+2ArcTan[Tan[a]]) - log[1+e?'°X| -2 (bx+ArcTan[Tan[a]]) Log[1- e (bxrArcTan(Taniall) |, ;11 0g[Cos[bx]] +2ArcTan|

Tan[a]] Log[Sin[bx+ArcTan[Tan[a]]]] + i PolylLog|2, ! (bx+ArcTan(Tan(all) 1) Tan[a] / (2 b“\/Sec[a}2 (Cos[a]?+sSin[a]?) )
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Problem 180: Result more than twice size of optimal antiderivative.
J(c+dx)2Cot[a+bx]3dlx

Optimal (type 4, 168 leaves, 9 steps):

cdx d?x? Ji(C+dX)3 d (c+dx) Cotl[a+bx]
- - +

(c+dx)2Co‘c[a+bx}2
b 2b 3d b2 2b
(c+dx)®Log[1-e2t @D ] g2 og[sinfa+bx]] id (c+dx)Polylog[2, e2i(@®X | d2polylLog|3, e2i (20X |
+ + -
b b3

b2 2 b3
Result (type 4, 446 leaves):

1 c+dx)?Cscla+bx]2 1
7—x(3c2+3cdx+d2x2)Cot[a]7( )
3

+ d?> e 2 Csc[a]
2b 12 b3

(2b?x* (2be??x+31i (-1+e”'?) Log[1-e*! P ]) +6b (-1+e?"?) xPolylog[2, e @] +3i (-1+e*'?) Polylog|3, e** (2% |)
c?Csc[a] (-bxCos[a] +Log[Cos[bx] Sin[a] +Cos[a] Sin[bx]] Sin[a])

+
b (Cos[a]?+Sin[a]?)
d?Cscla] (-bxCos[a] +Log[Cos[bx] Sin[a] +Cos[a] Sin[bx]] Sin[a])

b* (Cos[a]?+Sin[a]?) :

Csc[a] Csc[a+bx] (cdSin[bx] +d?xSin[bx , 1
La) J ] ( 5 o] [ ]) + [chsc[a} Sec[a] {bze“"‘”a””a”[a” x2 ¢
b

1+Tan[a]?
(ibx (-7+2ArcTan[Tan[a]]) - mLog[1l+e21PX] -

2 (bx+ArcTan[Tan[a]]) Log[1 - e?* (PxArcTaniTan(all) |, v og[Cos[bx]] +2

ArcTan[Tan[a]] Log[Sin[bx+ArcTan[Tan[a]]]] + i PolylLog|[2, e** (bxArcTaniTan(all) ] ) Tan[a]]}/ (bz\/Sec[a]z (Cos[a]?+sin[a]?) )

Problem 181: Result more than twice size of optimal antiderivative.

J(c+dx) Cot[a+bx]3dx

Optimal (type 4, 109 leaves, 7 steps):

dx 1i(c+dx)? dcotla+bx] (c+dx)Cot[a+bx]? (c+dx)Log[l-e2i (@ox]
A _ _ _
2b 2d 2 b?

2b b

idPolylLog[2, e2* (20X ]
.

2 b?
Result (type 4, 234 leaves):
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cLog[Sin[a+bx]]

1, cCscla+bx]? dxCsc[a+bx]?
-—dx“Cot[a] - - - +
2 2b 2b b
dCsc[a] Csc[a +2b x] Sin[b x] . |dCscra) Secia] |b? et ArcTan Tan(al] 2 , 1
2b 1+Tan[a]?
(ibx (-m+2ArcTan[Tan[a]]) -rlog[1+e?'°X| -2 (bx+ArcTan[Tan[a]]) Log[1- e (bxrArcTan(Taniall) | . ;11 0g[Cos[bx]] +2ArcTan|
Tan[a]] Log[Sin[bx+ArcTan[Tan[a]]]] + i PolylLog[2, ! (bx+ArcTan(Tan(all) 1) Tan[a] / (2 bz\/Sec[a}2 (Cos[a]?+sSin[a]?) )

Problem 190: Result more than twice size of optimal antiderivative.

j(c+dx)5/2Cos[a+bx]3sin[a+bx]2dlx

Optimal (type 4, 615leaves, 26 steps):
b Vb |2 Jerdx
5/2 s bc "
5d (c+dx)*?*Cos[a+bx] 5d(c+dx)**Cos[3a+3bx] d(c+dx)>?Cos[5a+5bx] 15d7°. /5 Cos[afd]Fresnels[ NS ]
- - +
16 b? 288 b2 160 b2 32b7/2
, Vb ¢ Vadx ch Vb [ erdx
5/2 [T _ 3bc n 52 [ _ 5be n
5d /6 Cos[3a p ]Fr‘esnels[ Nes ] 3d /10 Cos[Sa p ]Fr‘esnels[ Nes
576 b7/2 1600 b7/2
Vb {Bm ‘b Vb {im -
5/2 i 7 3 C 5/2 S " s C
3d%/ /10 FresnelC| N | sin[5a- . }75d/ /6 FresnelC| N | sin[3a- p ]+
576 b7/2

1600 b7/2

a‘%‘

Vb = c+dx b
" . be
}Sln[afd} 15d2+/c+dx Sinf[a+bx] (c+dx)5/ZSin[a+bx]
- +

.
32b3 8b
(c+dx>5/zsin[5a+5bx}

15 d°/2 \E Fr‘esnelc[

32 b7/2
5d2+v/c+dx Sin[3a+3bx] (C+dX)5/25in[3a+3bX] 3d2+y/c+dx Sin[5a+5bx]
_ . _
576 b3 48 b 1600 b3 80 b
Result (type 4, 4926 leaves):

1

16b |2
d
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c2|-v2n Cos[a—bdfc] Fr‘esnelS[ g E\/c+dx}—\/2ﬂ Fr‘esnelC[ g E\/Cerx}Sin[a—bdfc}JrZ 3\/c+dx Sin[a+bx]| +
\ \/IT \/ \| 7t \
! cd E\/27r FresnelC| b E\/c+dx] —3dCos[a—bfc]+2chin[a—bfc}]+
16 b3 d d T d d
b b 2 bc . bc . 1
Ex/27r Fresnels| " = c+dx | 2bcCos[a—7}+3d51n[a—7]J+2b\/c+dx (3Cos[a+bx] +2bxSin[a+bx]) |+ :
7T 64 b
b)3/2 b 2 bc . bc b 2
(EJ d? -2 Fr‘esnelS[ E f\/c+dx} (4b2c2—15d2)Cos[a—?}+12bcd51n[a—7] -2 Fr‘esnelc[ a f\/c+dx]
\/ \| 7t \ \[ 7

(—12bchos[a—b(Tc] + (4b%c?-15d%) Sin[a—%]) +2 5 dVc+dx (-2b(c-5dx) Cos[a+bx]+d (-15+4b*>x?) Sin[a+bx])

1 o [mCos[BaBdbc] Fpesnels[\/gﬁm]-x/zn Fresnelc[\/EFm} Sin[3a_3:C}+
96\/?b\/€ ﬂ ﬂ

1

96+/3 b3

5\/271 FresnelC| S /9\/c+dx} —dCos[3a—3zc]+2chin[3a—3zc]]+ S\/Zn Fr‘esnels[/g lgx/c+dx]
JT JT

3bc 1

160+/5 b /3
5bc b 10 b 10 5bc
c? [\/Zn Cos[5a- ~——] Fresnels|[ |~ |~ ~c+dx |-+2n Fresnelc[ |~ |~ ~/c+dx |Sin[5a-
d d 7T d T d

2ﬁ\/§x/c+dx Sin|3 (a+bx)]

cd

(ZbcCos[Ba—

}+d51n[3a-3d£]] +2+/3 bc+dx (Cos[3 (a+bx)]|+2bxSin[3 (a+bx)])

|+
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1

800 /5 b3

5bc bc
— 271 FresnelC| Vec+dx | [-3dCos[5a- | +18bcsin[5a- V27 FresnelS| / — c+dx |
d

5: ]]+2\/_bm(3(205[ (a+bx)] +10bxSin[5 (a+bx)])

c2 [\E\/E\/CerX COS[M:&)—]+\/?Fr‘esnelc[\/g\/§\/c+dx}J in| b

1
— d? |Cos[3a] +

16 3\/—( )3/2

[\FFresnels ((m \ﬁ(msln bcdx]]

05 (3] o |

[z{ﬁ\/g fcidx COS[M]+EFr‘esne1C[\/E\/?vc+dx]

3b (c+dx)
d

Zﬁ\/E\/Cerx Sin[5 (a+bx) ]

]+3d51n[5a—

(lebcCos[Saf

3bc

]

2 cCos|

a |o =

)5/2

+343 {5]3/2 (c+dx)3/zsin[3b<c;dx)}] -

FresnelS l Ve+dx

3b (C+dx)
d

3bc] {3\/? (5)3/2 (c+dx)3/2Cos[

\ﬁ\/i\/msln C+dx>] . 1
273 (3)7/2d3

[ { r(\/c+dx Cos| c+dx) \/?Fr‘esnelc[\/gf\/c+dx]

3b(c+dx)] 5
d 2

2c51n[

]+

;:.|c' =

Sin[3zc] [9\/? [2]5/2 (c+dx)5/2Cos[

} +

3/2 3b d
+3\E[§J (c+dx)3/zsin[(chr X)

]

+

3b(c+dx>
d

Cos[ y }[9\5[]5/2 (c+dx)*?sin] 3\/?(3)3/2 (c+dx)*?cos| ]+

o e
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3[\/TFr‘esnels[\/?\/?m]Jr\/?\/?msinfb<c+dx>] ] _
2 2 d 7T d d
{W\/»\/c+dx Cos| deX (Fr‘esnelc (\Fm

Sin[3a]

05 (1)
[\FFresnels ((m \/—(\mmn bcdx]]
+ ! 2cSin[3bC]
B\E(g)s/zd 9\/—(g>5/2 d

+34/3 [5]3/2 (c+dx)3/251n[3b<:+d)()}J -

[ { \/_\/7\/c+dx Cos | c+dx) \/?Fr‘esnelc[\/g\/?\/Cerx]

—ZcCos[Bbc] 3\5(bJ3/2 <c+dx)3/2Cos[3b(c+dX>] 31 Fr‘esnelS \/7(*/c+dx
gﬁ(g) 22 43 d d d 2

\E\/E\/CerX Sin[3b (c+dx>]

3b (c+dx)
d

} +

d

Cos| ZC] [9\/?[]5/2 (c+dx)5/2Cos[

1
N 273 (3)7/2d3

[ { \/—\/7\/c+dx Cos| c+dx) \/?Fr‘esnelc[\/gf\/cmx]

) b)5/2 s,.. 3b(c+dx) 5 b 3/2 s 3b (c+dx)
27\/_( )7/2 Sln[ y }[9\5[(1] (c+dx) Sln[d]2[3\/?(d) (c+dx) Cos[f]+

3[\/7F"e5”915[f\/?m]+\/?fmsin[3b<“dx>]
2 2 d \ n p y

+3ﬁ[:]3/2 (c+dx)3/zsin[3b(cd+dx>]
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2 [\E\/EWCOS[J—)—” Cd*dx ]+\/?Fresnelc[\/g\/?m] Sin[%]
Ld2 Cos[5a] +
16 5\/*( )3/2
[ \/7Fr‘esnels (\/?\/c+dx \/7\/7\/C+dx Sln 5b (cxdx) Cdx }J
1
5\/—(3)3/2 25\/—( )5/2
c+dx) 7 b |10
2cCos[ -V/5 | = c+dx Cos| \/jFr‘esnelC{ ) — ec+dx |
by 32 L dx)325sin <c+dx) 1 in
5\/?((1] (c+dx)>?si [ ; e 25v—(9) [2¢S [ ]
[5\/?(:]3/2 (c+dx)3/2Cos[5b<cd+dX)} Fr‘esnelS \/7 Ve+dx | \/—\/7\/c+dx Sin| c+dx)] +
5bc b 5/2 (c+dx)
S' _5+5 (2 Ldx)52 ¢ +_
s (1) in| ][ 2] fevax)rcos 22 )
C+dX) 10 3/2 3/2 5b <C+dX>
/5 [ = Jc+dx Cos Fr‘esnelC \/c+dx +5\F( ) (c+dx) Sln[ y ] "
b)5/2 15265 (c+dx) 5| b)3/2 JNEY: 5b (c+dx) X
125\/?(b)WZdBCos[ y ][25\/?((1) (c+dx)°>?si n[id ] 2[ 5\/?(‘1) (c+dx) Cos[id ]

A o e s

J f
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c? Cos| {\F} Ve+dx Cos| deX / FresnelC| l l Ve+dx |

Sin[5a] \/7( )3/2
5
c? [ \/7Fr‘esne15 (\/?m \F\/imsln 5b (csdx) cdx }J
1
55 (5] e 255 (2)°7 a2
2cSin[ [ [ F(WCOS c+dx) \/?Fresnelc[\/g\/zm}
b)32 a3 i b (c+dx) 1
5\/?((1) (c+dx)>?si [ ; e 25v—(9) 2cCos[ ]
[5\/?(:]3/2(c+dx>3/zcos{5b<cd+d)()} Fr‘esnelS\/ﬁ m r(msln C+dx>] .
5bc b\ 5/2 (c+dx)
-25+/5 |— +dx)??cC _ +—
125(( 7/2 OS[ ][ (d) (e +dx) OS{ ]
{ [r(mCos c+dx) Fr‘esnelC \/7 10 Verdx | ]+5\/7( )3/2 (c+dx)*?sin] b(cd+dx)] ~
i b)®2 x)5/2 54 c7+dx 5 b)372 L dx)22 5b (c+dx) X
125\/?(b)7/2d351n[ q ][25\/?((1] (c+dx)**sin] p ] 2[ 5\/?((1) (c+dx) Cos[id ]

A o e s

Problem 195: Result more than twice size of optimal antiderivative.

|
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J(c+dx)5/2Cos[a+bx]3Sin[a+bx]2dlx

Optimal (type 4, 615leaves, 26 steps):

Vb [ 2 erdx
5d (c+dx)*?*Cos[a+bx] 5d(c+dx)**Cos[3a+3bx] d(c+dx)>*Cos[5a+5bx] 15d5/2\/?c°5[a_bd_c] Fresnels| ﬁ ]
16 b2 ) 288 b ) 160 b i 32b7/2 )
Vb | & Verdx Vb |2 Verdx
5d5/2\/?Cos[3a— 32‘] Fresnels| ﬁ ] 3d5/2\/§Cos[5a— 53‘] Fresnels| ﬁ
576 b7/? B 1600 b7/2 -
3d5/2FFresnelc[M} Sin[5a- 22<] 5d5/2\/TFr‘esnelc[m] sin[3a- 3b¢|
10 Nra a1 6 Nra ¢« !,
1600 b7/2 576 b7/2
Vb |2 Verdx
15d5/2\EFresne1C[ :ﬁ }Sin[a—bd—c} 1542 \/crdx Sinfa+bx] (c+dx)5/2 Sin[a+bx]
320772 . 32 b3 ' 8b i
5d2+/c+dx Sin[3a+3bx] (c+dx)*?Sin[3a+3bx] 3d?+/c+dx Sin[5a+5bx] (c+dx)*?Sin[5a+5bx]
576 b3 ) 48b : 1600 b? ) 80 b

Result (type 4, 4926 leaves):
1

16b |2
d

) bc b 2 b 2 . bc b .
c® |-\2n Cos[a- —|Fresnels| |~ | = ~Jc+dx | -~+/27 Fresnelc| |~ |~ +/c+dx|Sin[a-—]+2 [~ “c+dx Sin[a+bx]|+

d d 7T d 7T d d

1 b b 2
cd = V2r Fresnelc| |~ |~ ~/c+dx |

16 b3 d d b

b b 2
= /27 Fresnels| | = | = ~c+dx]

d d 7T

bc A bc
73dCOS[a77] +2bc51n[a7?}] +

1
64 b°

2bcCos[a—bd—C} +3dSin[a—bd—c]] +2b~/c+dx (3Cos[a+bx]+2bxSinfa+bx])| +
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3/2
(g) d* |-\/2 7 Fresnels| g E\/c+dx} (4b2c2—15d2)Cos[a—bdfc}+12bcdSin[a—bd—c] -2 7 FresnelC| g E\/c+dx]
JT JT

(—12bchos[a—bd—c] + (4b%c® - 15 d?) Sin[a—b—c]J +2 g dvVc+dx (-2b(c-5dx)Cos[a+bx]+d (-15+4b*>x?) Sin[a+bx])

d

[ v 2 Cos [3 a- Fr‘esnelS l Vve+dx | -4/2 Fresnelc / Vvec+dx Sln 3a-

} +

96\/7b\/7

Zﬁ\/?\/c+dx Sin[3 (a+bx) | ot
d 96/3 b3
\/7\/—Fr'esnelc \/7(\/c+dx dCos[3a— ]+2bc51n[3a— bc]] \/7\/—Fr‘esnels \/7(\/c+dx

3:% +dSin[3a—3d$]] +2v3 by c+dx (Cos[B (a+bx” +2bein[3 (a+bx)])

1

160/5 b /5
c? [\/Zn Cos[Sa—Sdi] Fresnels| /3 g\/c+dx}—\/2ﬂ FresnelC| 5 E\/Cerx]Sin[Sa—Szc]+
JT JT

(ZbcCos[Ba—

2+/5 E\/c+dx Sin[5<a+bx)] o
d 800 /5 b3
d 5\/27r FresnelC| 5 E\/c+dx] —3dCos[5a—5bc]+10bc$in[5a—szc}]+ gx/zn Fr‘esnels[/g E\/c+dx]
JT JT

C] +3dSin[5a—%]] +2+/5 b/c+dx (3Cos[5 (a+bx” +10bein[5 (a+bx”)

5b
(10bcCos[5a—
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. 2 [—\/?ﬁmms[—(—“’ ‘;*dx ]+\/TFr‘esne1C[\/Eﬁm} dc}
— d? |Cos[3a] N
16 3\/—< )3/2
[ \/7Fr‘esne15 f\/ix/mrdx \/—\/7\/c+dx Sin| 3b (erdx) ]]
! 2cCos[3bc]
3\/?(2)3/2d 9\/7(§>5/2 d
[ { r(\/c+dx Cos | c+dx) \/?Fresnelc[\/g\/?x/c+dx] +3\E[§]3/2 (c+dx>3/25in[3b<cd+dx)}]
2c51n[3bc] —3\/?(b)3/2 <c+dx)3/2COS[3b(c+dX>] 2 Fr‘esnelS \/7(@
b S/Zd d d 2

d d

\/?\/EmSin[Bb(C;dX)] + _, Sin[3bc] —9\/?[9]5/2 (c+dx)5/2Cos{73b<c+dX)}+
o5 (e

[ [ \/—\/7\/c+dx Cos| c+dx) \/?Fr‘esnelc[\/g\/?\/Cerx]

27((2)7/2 cos[d}[sﬁ[d] (v dx)?sin[ 0] 2 |33 (2] (evdx) ¥ cos | ]

d
s b 6 b . 3b(c+dx)
\/;Fr'esnels[ E\/;\/c+dx]+\/? E\/c+dx Sln[f] -
{W\/»\/c+dx Cos deX (Fr‘esnelc (\F\/cmx

/3 (3

+34/3 [5)3/2 (c+dx)3/ZSin[73b (Cd+dx>]

+

Sin[3a]




i d2
16

be | [\/?Fr‘esnelS[\/E\/gm]+\/?\/Emsin[3b(:+dx)]]

[ { \/_\/7\/c+dx Cos c+dx)

3\/? (2)3/2d3

b 6
,E FresnelC| " | = Ve+dx |
2 T

+

o3 (3]

1
b

X 3b
2c51n[
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d

v (o) (c+dx)3/zsin[3b<c+dx)}]

2CCOS[3bC] -34/3 b)** <c+dx)3/2Cos[3b(c+dX>] Fr'esnels m
d d
\E\/g\/mSi”[Bb(CHj)()] : Cos[3bc] 9\/?{9]5/2 (c+dx)5/2Cos{73b<c+dx)}+
d d 27\/_( )7 d d d

[r(mms “dx)

b)5/2 3b(C+dX)

. Sin[ }[
e el

Cos [5

9\/?(5] (c+dx>5/251n[ ]_3

= ﬁFresnelS[\/E\/?m]+ﬁ\/Emsin[3b<cd+dx>]
[\/_(\/c+dx Cos [ 2blerdxl \FFresnelc \f(m

b 6
|z Fresnelc[ | = [— +c+dx]
2 d s

3/2

J f

—3\/?(3) (c+dx)*?cos|

V5 (3) e

[\/7Fr‘esne15 f\/im V—\/imhn bcdx}J

+

1

b 3/2
+3\E[a) (c+dx)*?sin|

d

(e

255 [5) e

3b(c+dx>

3b(c+dx)
d

]

J

|+
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2 ccos| > r(mCos “dx) \/?Fr‘esneIC[\E\/gm}
3/2 c+dx
5\/?(3] (c+dx)3/251n[ <d ) ZSW(Q)W 2c51n[ ]
[5\/?(:]3/2 (c+dx)3/2Cos[5b<cd+dX)} FresnelS \/7 10 Verdx | r\/imhn c+dx)] )
sinl [25€(2)“ R
125W(
{ [W\/imms c+dx) Fr‘esnelC \/7 e m ]+5\/7( )3/2 (C+dx)3/251n{ (Cd+dx)] .
bc b)5/2 L dx)52si C—+dX 5 3/2 g M )
125\/?(3)7/2(1035[ d ][ZSE(dJ (c+dx)>*sin] q ] 2[ 5(( ) (c+dx)*?*Cos| ; ]

3[fwesnels[f e \/7c+dx]+\/?\/?msin[5b<c+dx)} J ]
2 2 d 7T d d
[\/_\/7\/C+dx Cos [ 2o-exdxl. \FFresnelc \f\/im

Sin[5a] B

TR

[\/7Fr‘esnels \/7\/7m W(msln bcdx}} 1

+

55 (8)7 e 255 (8)
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[ \/—\/7\/c+dx Cos| <c+dx)} \/?Fr‘esnelc{\/g E\/c+dx}

S\E(z)s/z(“dX)g/zsln[ (Cd+dX) 25\/7(2)5/2 ZCCOS[S c]
[5\/?(:]3/2(c+dx)3/2Cos[5b<cd+dX)} Fr‘esnels\/i 10 Ve+dx | \/_\/7\/c+dx Sin| (c+dx)] +
os[Sbc] —25\/?(9)5/2 (c+dx)5/2Cos{ﬂ]+E
125(( 7/2 d
{ [\ﬁ\/ivc+dx Cos| (c+dx)} Fr'esnelc\/i e Ve+dx | ]+5\/7( )3/2(c+dx)3/251n[ (cd+dx)] -
1 . .5bc b)5/2 Cdy152sh (c+dx) 5] 3/2 a3 5b (c+dx) X
125\/_( )7/2 Sln[ y ][25\/?((1) (c+dx) Sn[—d ] 2[ 5\/7( ) (c+dx) Cos[4d ]

—ﬁFr‘esnelS[\/E m\/c+dx]+\/?\/5\/c+dx Sin[5b<cd+dx)}

Problem 196: Result more than twice size of optimal antiderivative.

|

J(c+dx)5/2Cos[a+bx]3sin[a+bx]3d1x

Optimal (type 4, 407 leaves, 18 steps):
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45d?>+/c+dx Cos[2a+2bx] 3 (C+dX)5/2COS[Za+2bX} 5d2+/c+dx Cos[6a+6bx]

1024 b3 64 b 9216 b3
6b 2Vb |2 erdx
5/2 s C
(c+dx)5/2Cos[6a+6bx} 5d¥e )5 Cos[6a- p | Fresnelc| NS
. _
192 b 18432 b7/2
20 [ 2 cedx
45 d5/2 Cos[2a- 22¢] Fresnelc[2Ybyedx | 545/2 [T FpesnelS L Sin[6a- &b
T Cosl2a- 45] resnelc [ MELEE | s [T resnets LT sinfea o)
2048 b7/2 18432 b7/2
5/2 ./ 2+/b erdx ] ¢4 2bc
45d 7 Fresnels| Neales ] sin[2a- d ] 15d(c+dx>3/zsin[2a+2bx] 5d(c+dx)3/zsin[6a+6bx]
. _
2048 b7/2

256 b? 2304 b?
Result (type 4, 6763 leaves):

bc [ b 2b (c+dx) i 2115 crdx . be
Cos[d] -2 g\/c+dx Cos[ p ]+ /; Fr‘esnelC[ . ] Sln[d]
iczsin[Za]

0 |k

\/7 (3)3/2(:|

2 | % Verdx
Cos[zzc] —\/?Fr‘esnels[ dW }+\/7\/gm51n[—‘—)—2b Cd”’x ]
+ ic2 (Cos[a] -sin[a]) (Cos[a] +Sin[a])
27 (2] 4

2 2 c+dx
1 b 2b (c+dx) 7 A/ d
———|-V2 |~ Vc+dx Cos[——"]+ | = FresnelC[—————]
g>3/2d d d \ o2

2 o

cos [ -sin[ ]| [cos[ 2] +sin[ °7] | -
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\/7Fr‘esnels W +\/7\/Em51n[2b cd+dx }

2\/7 (3)3/2(1

CCOS[% \/—\/7 c+dx COS[M \/>Fr'esnelc W ] sln[b?]
icdSin[Za] - _
2 \/?(2)3/2(12

d
{" Verdx
{ (Fresnels = +ﬁ l% mSin[Zb(?dx)]
1
.
2z (§)7 a2 (5]

2bc 3 b 2b(c+dx) T \/7 crdx b\ 3/2 s 2b(c+dx)
Cos | y ] - -2 gx/c+dx Cos[f}+(ﬁ‘esnelc \/7[;) (c+dx)*?sin| ———] | +

d

I be, . bc, | b3/ . 3/2 2b (c+dx) .
2\/?(b)s/z(joos{ y | sin| d} Zﬁ(d) (c+dx) Cos[—d ]

2 [2 c+dx
3 7T d b 2b (c+dx) 3
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G\ﬁ( )3/2
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d
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Problem 201: Result more than twice size of optimal antiderivative.

|

J(c+dx)5/2Cos[a+bx]3sin[a+bx]3d1x

Optimal (type 4, 407 leaves, 18 steps):
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Problem 209: Result more than twice size of optimal antiderivative.

J(c+dx)4Tan[a+bx] dx

Optimal (type 4, 158 leaves, 7 steps):
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Problem 210: Result more than twice size of optimal antiderivative.

J(c+dx)3Tan[a+bx] dx

Optimal (type 4, 132leaves, 6 steps):
J'l(c+dx)4 (c+dx)3Log[1+e“<a*bX)} 31‘1d<c+dx)2PolyLog[2,—e““’”bX)]
ad b ' 2b2 )
3d* (c+dX) Polylog|3, -e2® (25X} | 3] d*PolylLog[4, -e?! (30X

2 b3 4p*

Result (type 4, 533 leaves):
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4b3
cd’e’® (2ib?x? (2be’*?x+31 (1+e?*?) Log[1+e?! @PX]) +61ib (1+e?'?) xPolyLog|2, e (®¥ | -3 (1+e2%?) Polylog|3, -e?* (@PX)])

1 . . 1 . .
Secla] - —1d¥e'? |-x*+ (1+<e’2“‘) xt - ——e212 (1+<e2“‘)
4 2 b*

(2b%x*+ 41 b%x Log[1+e?® ()] 1 6 b2 x? PolyLog[2, -e?* P ] + 61 bxPolylog[3, -e2* (@**¥ | -3 Ppolylog[4, -e?! @**¥ ]} | Sec[a] -

c®Sec[a] (Cos[a] Log[Cos[a] Cos[bx] -Sin[a] Sin[bx]] +bxSin[a])
b (Cos[a]?+Sin[a]?)

3 C2 dCsc [a} b2 efjArcTan[Cot[a]] X2 _ 1

1+ Cot[a]?
Cot[a] (ibx (-m-2ArcTan[Cot[a]]) -Log[1+e?*®*] -2 (bx-ArcTan[Cot[a]]) Log|[1-e>! (Px-ArcTaniCotiall) ] ,

nLog[Cos[bx]] -2ArcTan[Cot[a]] Log[Sin[bx -ArcTan[Cot[a]]]] + i PolylLog|2, e*! (bx-ArcTan(Cotlall) [} | sec[a] /

1
(sz\/Csc[a]2 (Cos[a]?+sin[a]?) )+—x (4 +6c*dx+4cd®x*+d> %) Tan[a]
4

Problem 211: Result more than twice size of optimal antiderivative.

j(c+dx)2Tan[a+bx] dx

Optimal (type 4, 96 leaves, 5steps):

i (c+dx)3 <c+dx)2 Log[1+e?1 (X | jd (c+dx) Polylog[2, -e2® @X) | d2polylog|3, -e?! (20X |
_ . _

3d b b?

2 b3
Result (type 4, 363 leaves):
1
12 b3
d’e 2 (2ib?x? (2be?'?x+31i (1+e*'?) Log[1+e®* @P¥]) 16ib (1+e2'?) xPolylog[2, -e2* (¥ | -3 (1+e?"?) PolyLog[3, -e?* @PX )
c?Sec[a] (Cos[a] Log[Cos[a] Cos[bx] -Sin[a] Sin[bx]] +bxSin[a])

Sec[a] -

b (Cos[a]?+Sin[a]?)

. 1 .
cdCsca] |b*e PArcTaniCotial] 2 Cot[a] (ibx (-m-2ArcTan[Cot[a]]) - rLog[l+e 2 PX] -

1+ Cot[a]?

2 (bx-ArcTan[Cot[a]]) Log[1-e?® (PxArcTaniCotiall) |, vl og[Cos[bx]] - 2ArcTan[Cot[a]] Log[Sin[bx - ArcTan[Cot[a]]]] +

) 1
i Polylog[2, ! (bx-ArcTaniCot(all) 1) | Sec[a] / (bz\/Csc[a}2 (Cos[a]?+sSin[a]?) ) +=x(3c®+3cdx+d?>x*) Tan[a]
3
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Problem 212: Result more than twice size of optimal antiderivative.
J(c+dx) Tan[a+ b x] dx
Optimal (type 4, 66 leaves, 4 steps):

i (c+dx)2 (c+dx) Log[1+<e“<a*bx)] ]'ldPO].yLOg[Z, — g2l (atbx)
- +
2d b 2 b2

Result (type 4, 190 leaves):
clLog[Cos[a+bx]]
b

. 1 ,
b? e tArcTanicotial) w2 — = Cot[a] (ibx (-sr-2ArcTan[Cot[a]]) - Log[1+e2°*] -2 (bx-ArcTan[Cot[a]])

[dCsc[a]
1+Cot[a]?

Log[1 - e?! (bx-ArcTan(Cot[al]) | 4 ;| og[Cos [bx]] - 2ArcTan[Cot[a]] Log[Sin[bx - ArcTan[Cot[a]]]] +

1
+—=dx?Tan[a]

/ (2 b? JCsc[a}2 (Cos[a]?+sSin[a]?)
2

i PolyLog [2’ eZJi (b x-ArcTan[Cot[a]]) ] ) ] Sec [a]

Problem 216: Result more than twice size of optimal antiderivative.
J(c+dx)3sin[a+bx] Tan[a+bx] dx

Optimal (type 4, 275leaves, 14 steps):

21'1<c+dx)3Ar'cTan[e“a*bx>] 6d3Cos[a+bx] 3d(c+dx)2Cos[a+bx] 3jd(c+dx)2PolyLog[2,ﬂiej(a*bx)}
- +

— + —

b b* b? b2
3id (c+dx)2PolyLog[2, iel@b¥ ] gd? (c+dx) PolyLog[3, -ie! @®X ]| 6d? (c+dx) PolylLog|[3, i e (20X |
b2 N b3 i b3 -
6 i d>Polylog[4, -ie! @] 6id®Polylog[4, iel @] 6d? (c+dx)Sin[a+bx] (c+dx)3sin[a+bx]
+ _
b4 : bt b3 b

Result (type 4, 557 leaves):
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b4
2i b3 c®ArcTan|e! @] +3b>c?dCos[a+bx] -6d>Cos[a+bx] +6b2cd?®xCos[a+bx]+3b>d*x?*Cos[a+bx]-3b’>c?dxlog[1-1ie" @PX]-
3b°cd?x?Log[1-ie! @PY] -b3d®x?Log[1-ie! @P¥ ]| +3b3c?dxlog[l+ie’ @Y ] +3b>cd?x?Log[l+iel @]
b®>d®x® Log[1+ie* @Y ] -3ib?d (c+dx)®Polylog[2, -ie' @®¥ ]| +3ib?d (c+dx)?Polylog[2, ie' @]+
6bcd?Polylog[3, -ie! @P¥] +6bd®xPolylog[3, -ie' @*¥ | -6bcd?PolyLog[3, i e* @PX] -
6bd®>xPolyLog[3, i e @** | +61id*PolylLog[4, -ie’ @P¥ | -61id®PolylLog|4, ie' @P¥ ] +b>cSinfa+bx] -
6bcd?®Sinfa+bx] +3b3c?dxSin[a+bx] -6bd3>xSin[a+bx] +3b3cd?x?Sin[a+b x] +b3d3x3Sin[a+bx})

Problem 218: Result more than twice size of optimal antiderivative.

J(c+dx) Sin[a+bx] Tan[a+bx] dx

Optimal (type 4, 103 leaves, 8 steps):
2i (c+dx) ArcTan[e! @°X | gcos[a+bx] idPolyLog[2, -ie! @®X ] idPolylLog[2, ie! (3% ] (c+dx) sinfa+bx]
- - +

b b2 b2 b2 b

Result (type 4, 258 leaves):
cLog[Cos[% (a+bx)] 7Sin[§ (a+bx)]] cLog[Cos[i (a+bx)] +Sin[i (a+bx)]]

- + +
b b
ld ([—a+ E_bx) (Log[l_@jl (’a*f’bx)] _Log[1+ei(’a*%’bx)]J - (—a+ Z] Log[Tan[1 [—a+ E—bx)H +
b? 2 2 2 2
i [PolyLog[Z, _et (’a*f’bx)] - Polylog[2, e (*a+§*bx)]J) _ dCos[bx] (Cos [:] +bxSin[a]) d (bx Cos[a] ’Sz"[‘ﬂ) Sin[bx] CSin[:+bX}
b b

Problem 222: Result more than twice size of optimal antiderivative.

j(c+dx)3Sin[a+bx]2Tan[a+bx] dx

Optimal (type 4, 251 leaves, 12 steps):
3d®x  (c+dx)? i (c+dx)* (c+dx)’Log[1+e2!@PY] 3id (c+dx)?Polylog[2, -e?t (@bX)]
- + + - +

8 b3 4b 4d b 2 b2
3d? (c+dx) PolyLog[3, -e? (¥ | 3 d?Polylog[4, -e*! @*X) | 343 Cos[a+bx] Sin[a+bx]
_ N _
2 b3 4p* 8 b*

3d <c+dx)2Cos[a+bx] Sinfa+bx] 3d?(c+dx)Sin[a+bx]? (c+dx)3Sin[a+bx}2
N _

4 b? 4b3 2b
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Result (type 4, 1734 leaves):

1
4b3
cd?e??®(2ib?x? (2be?*?x+31i (1+e?*?) Log[1+e?! (@ ]) 1 6ib (1+e?'?) xPolyLog[2, -e?! (@®¥ | 3 (1+e2%?) PolyLog|3, -e?* (@PX)])
1 ‘ . 1 ) .
Secla] - —id’e*® [-x*+ (1+e?"?) x* - —e?'? (1+e%'?)
4 2 b*
(2b*x*+41ib*x Log[1+e?! @®¥ ] + 6b%x* Polylog|2, -e®* ** | + 61 bxPolylog[3, -e*! @*X | 3 polylog|4, -e** @** ]} | sec[a] -
3 . . .
c’Secla] (Cos[a] Log[Cos[a] Cos[bx] -Sin[a] Sin[b x]] +bx51n[a]) |3c2dcscra) |2 e tArcTanicotal) y2 1
2 3 2
b (Cos[a]?+Sin[a]?) 1. Cot[al?

Cot[a] (ibx (-m-2ArcTan[Cot[a]]) -Log[1+e?*®*] -2 (bx-ArcTan[Cot[a]]) Log[1-e?* (Px-ArcTaniCotiall) ],

nLog[Cos[bx]] -2ArcTan[Cot[a]] Log[Sin[bx-ArcTan[Cot[a]]]] +i PolylLog|2, ! (bx-ArcTaniCotiall) [} | sec[a] /

Cos[2a+2bx] 1Sin[2a+2bx]

64 b* 64 b*

(8b®c®Cos[a] -121i b*c*dCos[a] -12bcd*Cos[a] +6i d’Cos[a] +24b>c*dxCos[a] -24ib*>cd®xCos[a] -12bd*>xCos[a] +
24b3cd*x?>Cos[a] -121b?d3>x?>Cos[a] +8b>d®>x®Cos[a] +321b*c>xCos[a+2bx] +481b*c?dx*Cos[a+2bx] +
321 b%*cd?’x3Cos[a+2bx] +81b*d>x*Cos[a+2bx] -321b*c>xCos[3a+2bx] -481ib*c?2dx?*Cos[3a+2bx] -
321 b%*cd?’x3Cos[3a+2bx] -81ib*d®x*Cos[3a+2bx] +4b3>c>Cos[3a+4bx]+61b>c>dCos[3a+4bx]-6bcd?’Cos[3a+4bx] -
3id®Cos[3a+4bx] +12b>c?dxCos[3a+4bx] +121ib%cd*xCos[3a+4bx]-6bd>xCos[3a+4bx]+12b>cd?’x?*Cos[3a+4bx] +
61b%d>x?Cos[3a+4bx] +4b3>d>x®*Cos[3a+4bx] +4b>c>Cos[5a+4bx] +6ib?c?dCos[5a+4bx]-6bcd*Cos[5a+4bx] -
31d>Cos[5a+4bx] +12b3c?dxCos[5a+4bx]+121b?>cd’xCos[5a+4bx]-6bd*xCos[5a+4bx] +12b3cd?®x?>Cos[5a+4bx] +
6ib>d>x?Cos[5a+4bx] +4b3d3x>Cos[5a+4bx] -32b*c3xSin[a+2bx] -48b*c?2dx?Sin[a+2bx] -32b*cd?x3Sin[a+2bx] -
8b*d>x*Sin[a+2bx] +32b*c*xSin[3a+2bx] +48b*c?dx?>Sin[3a+2bx] +32b*cd?’x>Sin[3a+2bx] +8b*d*x*Sin[3a+2bx] +
4ib3>c®Sin[3a+4bx] -6b*c>dSin[3a+4bx]-61ibcd?Sin[3a+4bx] +3d>Sin[3a+4bx] +12ib3>c?dxSin[3a+4bx] -
12b%cd*xSin[3a+4bx] -61bd*>xSin[3a+4bx] +12ib3cd*x?Sin[3a+4bx] -6b2d>x*Sin[3a+4bx] +41ib3d®>x3>Sin[3a+4bx] +
41b>c®Sin[5a+4bx] -6b>c?dSin[5a+4bx] -61bcd?Sin[5a+4bx] +3d>Sin[5a+4bx] +121b3>c?dxSin[S5a+4bx] -
12b*cd®*xSin[5a+4bx] -6ibd>xSin[5a+4bx] +12ib>cd’*x*Sin[5a+4bx] -6b*d’>x*Sin[5a+4bx] +41ib>d>x*Sin[5a+4bx])

(2 b?./Csc[a)? (Cos[a)? +Sin[a]?) ) +Sec[a]

Problem 223: Result more than twice size of optimal antiderivative.

J(c+dx)ZSin[a+bx]2Tan[a+bx} dx

Optimal (type 4, 184 leaves, 9steps):
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cdx d?x2 i(c+dx)® (c+dx)?Log[1+e?! @P¥] id (c+dx)Polylog[2, -e?t (@b ]

+ + - + -
2b 4b 3d b b2
d?Polylog[3, -2 (@b | d (c+dx) Cos[a+bx]Sin[a+bx] d2Sin[a+bx]2 (c+dx)zsin[a+bx]2
_ N _
2b3 2 b2 4 b3 2b

Result (type 4, 525leaves):
1
12 b3
d’>e'? (21b?x* (2be®*?x+31i (1+e’'?) Log[1+e*' ®®¥ ]) +61ib (1+e*'?) xPolylog[2, -e®* @] -3 (1+e>'?) Polylog|3, -e>' (@X)])
c?Sec[a] (Cos[a] Log[Cos[a] Cos[bx] -Sin[a] Sin[bx]] +bxSin[a])

Sec[a] - -
b (Cos[a]?+Sin[a]?)

) 1 .
cdCscla] |b?e tArcTaniCotiall y2 = Cot[a] (ibx (-7-2ArcTan[Cot[a]]) - Log[1l+e2%PX] -
1+ Cot[a]?
2 (bx-ArcTan[Cot[a]]) Log[1 - e?* (Px-ArcTaniCotiall) | 4 v og[Cos[bx]] - 2ArcTan[Cot[a]] Log[Sin[bx - ArcTan[Cot[a]]]] +

1
8 b3

i Polylog|2, e’ (bxArcTaniCotiall) 1) | sec[a] /(bz\/Csc[a}2 (Cos[a]?+sin[a]?) )+

Cos[2bx] (2b*>c?Cos[2a] -d*Cos[2a] +4b’>cdxCos[2a] +2b*d*x*Cos[2a] -2bcdSin[2a] -2bd*xSin[2a]) -
1

8 b3
(2bcdCos[2a] +2bd*xCos[2a] +2b*c*Sin[2a] -d®*Sin[2a] +4b*cdxSin[2a] +2b*d*x*Sin[2a]) Sin[2bx] +

1
—x (3c®+3cdx+d*x*) Tan[a]
3

Problem 228: Result more than twice size of optimal antiderivative.

J(c+dx)4Csc[a+bx] Sec[a+bx] dx

Optimal (type 4, 247 leaves, 12 steps):
2 (c+dx)4Ar‘cTanh[e“(a*b’”} 21id (c+dx)3PolyLog[2, —e?i (@b 244 (c+dx)3PolyLog[2, @2 (a+bx) |

b : b2 ) b2 )
3d? (c+dx)?Polylog[3, -e2i (X ] 3d? (c+dx)?Polylog[3, e?! (@*®¥ ] 3id? (c+dx) PolyLog[4, -e2i (20X ]
b : b3 ) b :
3id® (c+dx) Polylog (4, €21 (@2 ] 3d%polylog|5, -e?? (2'°X) |  3d*PolyLog[5, e?! (20X ]
. _

b* 2 b° 2b°
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Result (type 4, 578 leaves):
1 . . ) )

— (—4b4 c*ArcTanh[e?! @) ] 41 8b* 3 dxLog[1l-e?® @PX) ] +12b%c?d? x? Log[1-e®* "X ]| 1 8b* cd®x® Log[1-e®* (@PX) ]

2b
2b*d*x* Log[1-e?! @P¥ ] _gb*c*dxlog[l+e®! (@] _12b*c?d?x? Log[1+e?* (@PX | —8b*cd® x> Log[1+e?* (0 ] —
2b%d* x* Log[1+e?* (PX) ] 143 b3d (c+dx)3PolyLog[2, —e?t @] _44pd (c+dx)3PolyLog{2, et (x|
6 b” c?> d? PolyLog |3, -e?* (@) | _12b% c d® x Polylog|3, —e?* (@*X) | 6 b? d* x* PolyLog |3, -e?* (@) | + 6 b? c® d*> Polylog[3, e** 30X | +
12b% c d® x Polylog[3, e?* (@PX) | 6 b? d* x? Polylog[3, e** (P | 6 i bcd’Polylog[4, -e** (**®¥ | —6i bd* x PolyLog[4, -e?* @x ],

6ibcd®PolyLog[4, e (@®¥ | + 61 bd*xPolyLog[4, e?* (@PX | 4 3d*PolyLog[5, -e?* (¥ | -3 d*PolyLog[5, e?! (@0 ] )

Problem 235: Result more than twice size of optimal antiderivative.

J(c+dx)3Csc[a+bx]ZSec[a+bx} dx

Optimal (type 4, 350 leaves, 23 steps):

21 (c+dx)’ArcTan[e! @®¥ ] 6d (c+dx)?ArcTanh[e! @®X¥ ]  (c+dx)’Cscla+bx]

b b2 ) b :

61id2 (c+dx) Polylog[2, -e*@*®¥ | 3id (c+dx)?Polylog[2, -ie!@®¥] 3id(c+dx)*Polylog|2, ie! @b |

b2 i b2 ) b2 )
6id? (c+dx) PolyLog[2, e! (@*®X) | 6d*Polylog|3, -e! (¥ | 6d? (c+dx) Polylog|3, -i el (30

b3 ) b ) b3 '
6d2 (c+dx) Polylog[3, ie* @®¥ | 6d*Polylog|3, el @*®X¥) | 61 d>Polylog|4, -ie! (¥ | 6id*>Polylog|4, ie! (20X ]

+ - +
b3 b* b b*

Result (type 4, 760 leaves):

—:7 (21’1b3 c® ArcTan[e! @*X¥) | + 6b? c?dArcTanh[e! @°X) ] + b’ 3 Cscla+bx] +3b*c*dxCscla+bx] +3b>cd’x?Cscla+bx] +
b>d*x>Cscla+bx] -6b2cd’xLog[l-e' ¥ | -3p2d>x* Log[1-e' @P¥ ]| -3b3c?dxlog[l-ie’ "X ] -
3b°cd?x?Log[1-ie! @PY] _b3d®x?Log[1-ie! @P¥ ]| +3b3c?dxlog[l+ie’ @Y ] +3b>cd?x?Log[l+ie’ @]
b>d®x® Log[1+ie' ¥ | +6b’cd?®xLog[1+e' @®¥ ]| +3b?d®x*Log[1+e! ®®¥ ] -61ibd® (c+dx) Polylog[2, -e' (¥ ] -
3ib%d (c+dx)*Polylog[2, -ie’ @P¥ ]+ 3ib?c?dPolylog[2, i e’ @P¥ ] +6ib?cd?xPolylog[2, ie! P ]+
31 b?d’ x? Polylog[2, i e* X ] +61ibcd?Polylog|2, e ¥ | +6ibd®>xPolylog[2, e' @P¥ |+
6 d> Polylog|3, -e’ @ | + 6bcd?PolyLog|3, -ie! @P®¥ ] +6bd®xPolylLog|3, -ie! @®¥ | -6bcd?Polylog|3, ie' (@PX)] -
6 b d®>xPolylLog[3, i e! @*¥ | - 6d*PolyLog[3, e' @*¥) | + 61 dPolylog|4, -ie' @ | -6id®Polylog|4, i et <a+bx>})
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Problem 236: Result more than twice size of optimal antiderivative.

J(c+dx)2Csc[a+bx]2Sec[a+bx} dx

Optimal (type 4, 226 leaves, 19 steps):

21 <c+dx)2Ar‘cTan[ei(a*bX)] 4d (c+dx) ArcTanh[e® (30X | (c+dx)2Csc[a+bx]
- - - +
b b2 b
21 d?Polylog[2, —e? @] 2id (c+dx) Polylog[2, -ie!@®X | 2id (c+dx)Polylog|2, i e (@b ]
b i b2 . b2 )
2i d?Polylog[2, el @*®X¥) |  2d2Polylog|3, -ie! @*®¥ | 2d2Polylog|3, i et (30X |
b3 ) b3 i b3

Result (type 4, 593 leaves):
(c+dx>2Csc[a] 1
_ .

b b3
(-21b?c?ArcTan[e* @®*¥ | +2b?cdx Log[1-ie' @®¥ | +b?d?x?Log[1-ie* @P¥ ] -2b2cdxLlog[l+ie’ @P¥ ]| _b2d>x?Log[1+iel @PX ]
2ibd (c+dx) Polylog[2, -ie* @®¥ ] -2ibd (c+dx) PolyLog[2, i e’ @**¥ ] -2d’Polylog|3, -ie' @®¥ ]| +2d?Polylog|3, ie' @®*]) +

4icdArcT i Cos[a]-iSin[a] Tan| 2|
ic rc an[ ] Sec[a]sec[i bl} (*CZSin[b*X}—2chSin[bfx]—dZXZSin[b—XH
+ 2 2 2 2 5 5 X

Cos[a]?+Sin[a]?

bz\/Cos 2 +Sin[a]? 2b

CSC[?} CSC[%*—b?X} (CZSin[bTX] +2cdein[b7X} +d2XZSin[bTX]> 1

2b b3

-Cos[a]+Sin[a] Tan{b—x]
2ArcTan[Tan[a]] ArcTanh] ]
Cos[a]?+Sin[a]? 1

2d? |- +
\/COS 2:Sin[a]? 1+ Tan[a]?

((bx+ArcTan[Tan[a] 1 ) <Log[1 (e (b x+ArcTan[Tan[a] ])} _ Log[1+ (ej (b x+ArcTan([Tan[a]]) ]) N

i (PolyLog[Z, i (bx+ArcTan[Tan[a] ] ] PolyLog[Z el (bx+ArcTan[Tan[a]]) ])) Sec[a]
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Problem 237: Result more than twice size of optimal antiderivative.

J(c+dx) Csc[a+bx]2Sec[a+bx] dx

Optimal (type 4, 131 leaves, 10 steps):

2idxArcTan[e! @®X ] gaprcTanh[Cos[a+bx]] dxArcTanh[Sin[a+bx]]
- - +

b b2 b
(c+dx) ArcTanh[Sin[a+bx]] (c+dx)Csc[a+bx] idPolylog[2, -ie!(@*®X ] idPolylog|2, ie! @®x]

— + —

b b b? b?

Result (type 4, 550 leaves):
_cCot[% (a+bx)] ) d (aCos[% (a+bx)] - (a+bx) Cos[% <a+bx)]) Csc[% (a+bx) ] dLog[Cos[% (a+bx)]]

2b 2 b2 b?
cLog[Cos[%(aerx)]—Sin[%(a+bx)H dLog[SinE(a+bx)H cLog[Cos[i(a+bx)]+$in[i(a+bx)“
b ' b? ' b :
;_zd[a Log[l—Tan[%(a+bx)H—Log[1+Tan[§(a+bx)H]+(a+bx) —Log[l—Tan[%(a+bx)H+Log[1+Tan[§(a+bx)H)—
i Log[l—Tan[%(a+bx)HLog[ §+§) {—i+Tan[§(a+bx)] ]—Log[%((1+1’1)—(1—11)Tan[3(a+bx>] ]Log[1+Tan[§<a+bx)H+

Log |

|+

—%—i—] (i+Tan[§ (a+bx)]

] Log[1+Tan[§ (a+bx)]] —Log[l—Tan[i (a+bx)]] Log[% [(1+1‘1) +(1-14) Tan[% (a+bx)]
]_

1 i 1
Polylog|2, [——— —] (—1+Tan[— (a+bx)]
2 2 2

| - PolyLog|2, (—§+ E] (—1+Tan[l (a+bx)]

ot o8] -

Polylog|2, [%—%) [1+Tan{% (a+bx)]|] +PolyLog|2, [§+§) [1+Tan[§ (a+bx)]

dSec[% (a+bx)] (aSin[% (a+bx)] - (a+bXx) Sin{% (a+bx”) cTan[% (a+bx) ]

2 b2 . 2b

Problem 241: Result more than twice size of optimal antiderivative.

J(c+dx)3Csc[a+bx]3Sec[a+bx] dx

Optimal (type 4, 325leaves, 22 steps):
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31‘1d(c+dx)2 (c+dx)3 2(c+dx)3Ar‘cTanh[e“(a*b”} 3d(c+dx)2Cot[a+bx} (c+dx)3Cot[a+bx]2

2 b2 - 2b b . 2 b2 . 2b :
3d? (c+dx) Log[1-e2t @b ] 3id(c+dx)?Polylog[2, -e?! @®X¥ ] 3id?Polylog|2, e?* @] 3id (c+dx)®Polylog[2, e (0% ]
b3 ' 2b?2 ) 2 b ) 22 .
3d? (c+dX) PolylLog[3, -e2® (@0X | 342 (c+dx) PolylLog[3, e2® (*®X | 34 d*PolylLog|4, -e?! (@®X) | 3 d°Polylog[4, e?! (20X ]
2b3 . 2b3 ) 4 b* : 4 b*

Result (type 4, 1285 leaves):

c+dx)3Cscla+bx]?2 1 ‘
- ( ) - —cd?’et?Csca]
2b 4p3

(2b2x? (2be?i®x+31i (-1+e’'?) Log[1-e2:(@PX)]) +6b (-1+e?*?) xPolylog[2, €2 @PX) ]+ 34 (-1+e?'?) Polylog|3, e?* @0X) ]} -

‘ . 1
—d3ef?Cscla] X4+(—1+e’2”)x4+
4 2 b*

efZ]la (_1+(eZna>

(2b*x*+41ib* x> Log[1-e?! (¥ | + 6b? x? PolyLog[2, e** (®**X | + 6 i bxPolylLog[3, e?* (®**¥ | —3 polyLog|[4, e (@®X¥) |} | +

1 )
=x (4ct+6c?dx+4cd®x*+d>x?) Csc[a] Sec[a] + 3cd2ce”la
4 4b

(2ib>x* (2be*'?x+31 (1+e*'?) Log[1+e?? P ])+6ib (1+e’'?) xPolylog[2, -e*! (@*®¥ | -3 (1+e?"?) Polylog|3, -e?* (20X |

1 . . 1
Secla] - —id’e'® [-x*+ (1+e?'?) x* -
4 2 b*

e—ZJ’la (1+‘eZia>
(2b*x*+41ib®x Log[1+e?! ¥ | + 6b? x? Polylog|2, -e®* @®*¥) | + 61 bxPolylog|3, -e>! (@*X) | 3 polylLog|4, -e** @**) |} | sec[a] -

c3Sec[a] (Cos[a] Log[Cos[a] Cos[bx] -Sin[a] Sin[b x]] +bein[a})

b (Cos[a]?+Sin[a]?) :

c®Csc[a] (-bxCos[a] +Log[Cos[bx] Sin[a] +Cos[a] Sin[bx]] Sin[a])

+

b (Cos[a]?+Sin[a]?)
3cd?Cscla] (-bxCos[a] +Log[Cos[bx] Sin[a] +Cos[a] Sin[bx]] Sin[a])

b* (Cos[a]?+Sin[a]?)
2 2 _-iArcTan[Cot[a]] 2 1
3c“dCsc[a] |b‘e Xt
1+ Cot[a]?
Cot[a] (ibx (-m-2ArcTan[Cot[a]]) - Log[1+e?*®*] -2 (bx-ArcTan[Cot[a]]) Log[1-e>! (PxArcTaniCotiall) ] ,

nLog[Cos[bx]] -2ArcTan[Cot[a]] Log[Sin[bx -ArcTan[Cot[a]]]] + i PolylLog|[2, 2! (bx-ArcTaniCotiall) [} | Sec[a] /

3¢ C b 2dsin[bx] +2cd?xSin[bx] +d®x2Sin[b
(sz\/Csc[a]z(Cos[a]2+Sin[a]2) )+ sc(a) Csca+bx] (c*dSin( X]Z cdixsin(bx) + & x¥Sin[bx])
2b




186 | 4.7 Miscellaneous.nb

2 _i1ArcTan[Tan[a]] 2 1
b‘ e

3c?dCscla] Sec[a] X2 +

1+Tan[a]?

(ibx (-m+2ArcTan[Tan[a]]) -mlog[1+e?'°X| -2 (bx+ArcTan[Tan[a]]) Log[1- 2 (bxrArcTan(Tan(all) |

nlog[Cos[bx]] +2ArcTan[Tan[a]] Log[Sin[bx+ArcTan[Tan[a]]]] + i PolylLog|2, e*! (PxwArcTaniTan(all) 1) Tan[a] ] ]/

b2 ejAr‘cTan[Tan[a]] 2 1

(2 bz\/Sec[a]2 (Cos[a]®+sin[a]?) ) - [3 d®Csc[a] Sec[a] x? +

1+Tan[a]?

(ibx (-r+2ArcTan[Tan[a]]) -log[1+e2'°X| -2 (bx+ArcTan[Tan[a]]) Log[1- e (bxrArcTan(Tan(all) | ., ;11 0g[Cos[bx]] +2ArcTan|

Tan[a]] Log[Sin[bx+ArcTan([Tan[a]]]] + i PolylLog|2, ! (0xsArcTan(Tan(all) ] ) Tan[a}]]/ (2 b“\/Sec[a}2 (Cos[a)?+sin[a]?) )

Problem 242: Result more than twice size of optimal antiderivative.

J(c+dx)2Csc[a+bx]3Sec[a+bx1 dx

Optimal (type 4, 201 leaves, 17 steps):
cdx d2x? 2 (c+dx)*ArcTanh[e?! X ] d (c+dx)Cotla+bx] (c+dx)*Cot[a+bx]2 d2Log[Sinf[a+bx]]
- - - +

b 2b b b2 2b b3
id(c+dx) Polylog|2, €2 @] jd (c+dx) PolyLog[2, 2! (@PX)| d2polylog|3, -e?* (@0 | d?Polylog[3, e2* (30X ]
- +

b? b? 2b3 2b3

+

Result (type 4, 785 leaves):
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c+dx)2Cscla+bx]2 1 ,
- ( ) - d>et3Csc[a]
2b 12 b3

(2b2x? (2be?®x+31i (-1+e”'?) Log[1-e2?(@PX)]) +6b (-1+e?*?) xPolyLog|2,
1

12b3

e?'?) Log[1+e®* @®¥]) +6ib (1+e’'?) xPolylog[2, -e>! (@0

c2Sec[a] (Cos[a] Log[Cos[a] Cos[bx] -Sin[a] Sin[bx]] +bein[a})

e (@b ] 433 (~1+e?'?) Polylog[3, e @PX ]} +
=x (3c®+3cdx+d*x?*) Cscla] Sec[a] +

d®>e? (21b?x* (2be?*?x+3 1 (1+ -3 (1+e”'?) Polylog[3, -e** (2*¥ )
Sec[a] -

+

b (Cos[a]?+Sin[a]?)
c?Csc[a] (-bxCos[a] +Log[Cos[bx] Sin[a] +Cos[a] Sin[bx]] Sin[a])
b (Cos[a]?+Sin[a]?)

+

d?Csc[a] (-bxCos[a] +Log[Cos[bx] Sin[a] +Cos[a] Sin[bx]] Sin[a])
b* (Cos[a]?+Sin[a]?)

cdCsc[a] {bz e iArcTan(Cot[a]] y2 Cot[a] (ibx (-7-2ArcTan[Cot[a]]) -Log[l+e21PX] -
1+ Cot[a]?

2 (bx-ArcTan[Cot[a]]) Log[1- (bx-ArcTan[Cot[al]) | , s Log[Cos[bx]] - 2ArcTan[Cot[a]] Log[Sin[bx - ArcTan[Cot[a]]]] +

Sec| ]/(bz\/Csc (Cos[a]®+sSin[a]?) )+

Cscla] Csc[a+bx] (cdSin[bx] +d*xSin[bx])
b2

i PolyLog [2, ez i (bx-ArcTan[Cot[a]]) ] )

. 1
- [chsc[a} Sec[a] [b2 ghArcTan(Tan(al] y2 | — —

1+Tan[a]?

(ibx (-7+2ArcTan[Tan[a]]) -nLog[1+e?'°X| -2 (bx+ArcTan[Tan[a]]) Log[1- 2! (bxrArcTan(Tan(al]) |

+mLog[Cos[bx]] +2

ArcTan[Tan[a]] Log[Sin[bx+ArcTan[Tan[a]]]] +i PolyLog[2, 2! (bx+ArcTan(Tan(all) 1) Tan| ]J/ (bz\/Sec (Cos[a]?+sSin[a]?) )

Problem 250: Result more than twice size of optimal antiderivative.
J(c+dx) Sec[a+bx] Tan[a+bx] dx
Optimal (type 3, 29leaves, 2 steps):

dArcTanh[Sin[a+bx]] (c+dx) Sec[a+bXx]
- +
b2 b

Result (type 3, 93 leaves):
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dLog[Cos[§+b7]—Sin[§+b2—XH dLog{Cos[§+b7X]+SinE+b7xH cSec[a+bx] dxSec[a+bx]
- + +

b? b2 b b

Problem 254: Result more than twice size of optimal antiderivative.

J(c+dx)3Tan[a+bx]2d1x

Optimal (type 4, 128 leaves, 7 steps):
i(c+dx)® (c+dx)* 3d(c+dx)?Log[1+e?! (@:0X)]
- +

b ~ ad b2
3id? (c+dx) Polylog[2, -e?% @®X ] 3d?Polylog[3, -e2i@*®¥ ]| (c+dx)’Tan[a+bx]
+ +
b3 2 b4 b

Result (type 4, 431 leaves):

—lx(4c3+6c2dx+4cd2x2+d3x3)— !
4 4b*
d*e?? (21b?x? (2be?*?x+3i (1+e?*?) Log[1+e?! ®¥ ]) +16ib (1+e?'?) xPolylog[2, -e** @] -3 (1+e?!7) Polylog|3, -e?* (@PX) )

3c?dSec[a] (Cos[a] Log[Cos[a] Cos[bx] -Sin[a] Sin[bx]] +bxSin[a])
Sec[a] + +
b% (Cos[a]?+Sin[a]?)

1

3¢ d2 Csc [a1 [bz e—]’lAr‘cTan[Cot[a]] X2 _
1+ Cot[a]?
Cot[a] (ibx (-m-2ArcTan[Cot[a]]) -Log[1+e 2*®*] -2 (bx-ArcTan[Cot[a]]) Log|[1-e?* (Px-ArcTaniCotiall) ],

Sec[a]]/

Sec[a] Sec[a+bx] (c3Sin[bx] +3c?dxSin[bx] +3cd?x?Sin[bx] +d®x3Sin[bx])
b

nLog[Cos[bx]] -2ArcTan[Cot[a]] Log[Sin[bx - ArcTan[Cot[a]]]] + i PolylLog|2, e** <bX*A"Ta“[C°t[a“>})

(b3\/Csc[a]2 (Cos[a]?+sin[a]?) ) +

Problem 255: Result more than twice size of optimal antiderivative.

J(c+dx)2Tan[a+bx]2d1x

Optimal (type 4, 96 leaves, 6 steps):
i(c+dx)® (c+dx)’® 2d(c+dx)Log[l+e?t @] jd2Polylog2, -e?! @] (c+dx)’Tan[a+bx]
- - +

- +

b 3d b? b3 b

Result (type 4, 276 leaves):
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1 2cdSec[a] (Cos[a] Log[Cos[a] Cos[bx] -Sin[a] Sin[bx]] +bxSin[a
——x(3c2+3cdx+d2x2)+ []< [a] Logl [a] [bx] [a] (bx]] []>+
3 b2 (Cos[a}2+Sin[a]2)
i 1
d? Csc[a] p2 @ iArcTan[Cot[a]] y2 _
1+Cot[a]?

Cot[a] (ibx (-m-2ArcTan[Cot[a]]) -Log[1+e2*®*] -2 (bx-ArcTan[Cot[a]]) Log[1-e?* (Px-ArcTaniCotiall) ] ,

nLog[Cos[bx]] -2ArcTan[Cot[a]] Log[Sin[bx-ArcTan[Cot[a]]]] +i PolylLog|2, ! (bx-ArcTaniCotiall) [} | sec[a] /

Sec[a] Sec[a+bx] (c2Sin[bx] +2cdxSin[bx] +d?x?Sin[bx])
b

(b3\/Csc[a]2 (Cosfal®+sin[a]?) ) +

Problem 260: Result more than twice size of optimal antiderivative.
J(c+dx)351n[a+bx] Tan[a+bx]2dx

Optimal (type 4, 228 leaves, 13 steps):
6id (c+dx)?ArcTan[e! @*®¥ ] 6d? (c+dx) Cos[a+bx] (c+dx)’Cos[a+bx]

+ —

b? b3 b
61id> (c+dx) Polylog[2, -ie! (@®¥ ] 6id? (c+dx) Polylog|2, i e! @ | 6d*>Polylog[3, -1ie’ @PX]
b ' b3 ' b )
6d>Polylog[3, i e' @®¥] (c+dx)’Secla+bx] 6d>Sinfa+bx] 3d(c+dx)zsin[a+bx1
+ + -
b4 b b4 b2

Result (type 4, 532 leaves):

%Sec[a+bx} (3b°c®-6bcd’+9b>c?dx-6bd’>x+9b>cd*x?+3b>d® x> +121i b’ c?dArcTan|e' ®*®¥ | Cos[a+bx] +

2b
b>c®Cos[2 (a+bx) | -6bcd’®Cos[2 (a+bx)]+3b>c*dxCos[2 (a+bx)]-6bd®xCos[2(a+bx)]+3b>cd’>x*Cos|[2 (a+bx)]+
b>d®x?Cos[2 (a+bx) | -12b*cd*xCos[a+bx] Log[1-ie" @®¥ ]| _6b?d>x*>Cos[a+bx] Log[1-1ie! @PX) ]
12b?cd?xCos[a+bx] Log[1+ie' @P®¥ ] +6b>d®x*Cos[a+bx] Log[1+ie! @P¥]_-12ibd? (c+dx) Cos[a+bx] Polylog[2, -ie’ @PX];
12ibd* (c+dx) Cos[a+bx] Polylog|2, i e’ ®®* ] +12d°Cos[a+bx] Polylog[3, -ie’ *®* ]| -12d®Cos[a+bx] Polylog[3, ie' @®X] -
3b*c’dsin|[2 (a+bx)| +6d>Sin[2 (a+bx)] -6b>cd’xSin[2 (a+bx)]-3b>d*x*Sin[2 (a+bx)])

Problem 261: Result more than twice size of optimal antiderivative.

J(c+dx)zsin[a+bx] Tan[a +bx]2dx
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Optimal (type 4, 145leaves, 10 steps):

4id(c+dx)ArcTan[e’ @®¥] 2d2cCos[a+bx] (c+dx)>Cos[a+bx]
- N -

b2 b3 b
21id?Polylog[2, -iel @®¥] 23 d2Polylog[2, iel @®¥] (c+dx)?Secla+bx] 2d(c+dx)Sinfa+bx]
+ + -
b3 b3 b b2

Result (type 4, 362 leaves):

1 X b x ) . b x
= —4bchr‘cTanh[Sln[a] + Cos[a] Tan[f]] -4d° ArcTan[Cot[a]] ArcTanh[Sln[a} +Cos[a] Tan[fH +
b 2 2
1 . .
————2d*Csc[a] ((bx-ArcTan[Cot[a]]) (Log[l—eJl (bx-ArcTan(Cot(al]) | _ | og|[1 + et <bX’A“Ta"[C°t[a”>]) +

Cscla]?
JiPolyLog[Z, _et (bx—Ar‘cTan[Cot[a]])] —iPolyLog[Z, et (bx—Ar‘cTan[Cot[a]])]) + b2 <c+dx)25ec[a} N
Cos [b x] ((—2d2+b2 (c+dx)2) Cos[a] -2bd (c+dx) Sin[a]) - (Zbd (c+dx) Cos[a] + (—2d2+b2 (c+dx>2) Sin[a]) Sin[bx] +

b2 (c+dx)*sin[2X] b2 (c+dx)?sin[2X]

(Cos[%] —Sin[%” (Cos[% (a+bx) ] —Sin[% <a+bx)]) _ (Cos[%] +Sin[§” (Cos[% (a+bx) ] +Sin[% (a+bx)])
Problem 266: Result more than twice size of optimal antiderivative.
J(c+dx)4Csc[a+bx] Sec[a+bx]2dx

Optimal (type 4, 469 leaves, 27 steps):

8id (c+dx)’ArcTan[e! @**¥ ] 2 (c+dx)*ArcTanh[e! @®¥ ] 4id (c+dx)’PolyLog[2, -e! (30X ]

+ —

b? b b?
12 i d? <c+dx)2PolyLog[2, ~iel @] 124 d? (c+dx)2PolyLog[2, el @0X ] 44d <c+dx)3PolyLog[2, el (3+0%) ]
b3 : b3 i b2 i

12 d? (c+dx>2PolyLog[3, —el (@0 ] 4¢3 (c+dx) PolyLog[3, -ie! @°X ] 2443 (c+dx) PolylLog[3, i e (30X ]

b3 ' b ) b '
12d? (c +dx)?Polylog|3, e! 3P ] 241 d? (c+dx) Polylog[4, e’ (@*®¥) | 24 d*Polylog[4, -ie' @PX) ] 241 d*PolylLog|4, iel (0% ]

b3 ) b ' bS ) bS '
243 d* (c+dx) PolylLog[4, e! (0¥ ]  24d*Polylog[5, e X ]  24d*Polylog[5, e! @] (c+dx)*Sec[a+bx]

+ - +
b* b° b> b

Result (type 4, 998 leaves):
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blis _2b* c“Ar‘cTanh[«ejl (a*bx>] +4b* cg’deog[l—ejL <a*bx>] +6b*c?d?x? Log[l—cejl be)] +4b*cd®x® Log[l—ce]'l (a*b")] +

b*d*x* Log[1-e' ¥ | —4b*dxLog[l+e' @P¥ | -6b*c?d?x?Log[1+e! @P¥ ]| -4b*cd®x® Log[1+e! @PX)] -

b*d* x* Log[1+e' @*®¥ ] +41b>d (c+dx)’PolyLog[2, -e* @] -4ib*d (c+dx)>PolyLog[2, e' (@*P*)] -

12 b c?d? Polylog|3, -e' @ ] - 24b? cd®xPolylog|[3, -e' @ ] —12b2d* x> PolyLog|3, -e’ @*®¥ | + 12 b c? d? PolyLog|[3, e (@*PX) ] +

24b? c d® x Polylog|[3, e' *®¥ | + 12 b d* x? PolyLog |3, e* " | - 24 i b c d® Polylog|4, -e' (¥ | 24 i bd* x PolyLog[4, -’ (@*¥ | -

4d (7211 b*c® ArcTan[e! 3P ] 1 3b% c2dxLog[1-ie' ®P¥ ] +3b3cd®x?Log[1-ie' @] b3 d®x?Log[1-1ie! @]
3b®c?dxlog[l+ie* @Y ] -3b’cd?x?Log[l+ie* @] -b*d®x’Log[1+1ie’ @P¥]+3ib?d (c+dx)?Polylog[2, -ie' @PX] -
3ib%d (c+dx)*Polylog[2, i e* @Y ] -6bcd?PolyLog[3, -ie’ @P¥ ]| -6bd®xPolylog[3, -ie' @]+
6bcd?PolyLog[3, i e! @] +6bd>xPolylog|3, ie! @®¥ ] -6id>PolyLog[4, -ie (@®¥ | +61i d®PolylLog[4, i e’ <a+bX>]) +

24 i bcd®Polylog|4, e' @®¥ ] 4243 bd*xPolylog|4, e’ @®¥ ]| +24d*PolyLog[5, -e* @P¥ ] -

24 d* Polylog|5, e' (@*PX) ] 4 b* (c+dx)4Sec[a+bx])

Problem 268: Result more than twice size of optimal antiderivative.
J(c+dx)2Csc[a+bx] Sec[a+bx]2dx

Optimal (type 4, 219 leaves, 19 steps):

4id(c+dx)ArcTan[e! @] 2 (c+dx)?ArcTanh[e! (20X ]

+

b2 b
2id (c+dx) Polylog[2, e @*®*) | 21 d?Polylog[2, -ie! @®X | 2id2Polylog|2, ie! (30X |
b2 ) b3 ' b3 )
2id (c+dx) Polylog[2, e! (3**X ]  2d2Polylog|3, -e! (3P | 2d?PolyLog|3, e' (20X | (c+dx)25ec[a+bx}
- + +
b? b3 b3 b

Result (type 4, 449 leaves):
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i(—2 b? czAr‘cTanh[ce]'l (a*bx)] +2b%2cdx Log[l—ce]'l (a*bx)] + b2 d? x? Log[l—ejl (a*b")] -2b? cdeog[lJrce]'l (a*bx)] - b?d?x? Log[lJrcejl “‘*bx)} +

b3
2ibd (c+dx> PolyLog[z, _et (a+bx)] _2ibd (c+dx) PolyLog[z, el (a+bx)] _242 PolyLog[3, _et (a+bx)} +2d? PolyLog[3, et (a+bx)]> N
i i . bx
2 4]'1chr‘cTan[ﬂsm[a]*lcos[a] Tan[T}]
(C+dX> Sec[a+bx] Cos[a]2+Sin[a]? i
b bz\/Cos[a12+Sin[a]2 b?
2d? —;Csc[al ((bx-ArcTan[Cot[a]]) (Log[1-e! PX-ArcTaniCotial]) ] _ | og[q 4 i (bx-ArcTaniCot(al]) ]}
1+ Cot[a]?

[ Sin[a]+Cos[a] Tan{b—ﬂ ]

2

2 ArcTan[Cot[a] ] ArcTanh

Cos[a]?+Sin[a]?

i (PolyLog [2, _(ei (b x-ArcTan[Cot[a]]) } _ PolyLog {2) ej (bx-ArcTan[Cot[a]]) ] ) ) N

\/Cos[a]2 +Sin[a]?

Problem 280: Result more than twice size of optimal antiderivative.

j(c+dx)2Csc[a+bx]3Sec[a+bx]2d1x

Optimal (type 4, 305 leaves, 36 steps):

41id?xArcTan[el @bx ] 3 (Cerx)ZAr‘cTanh[efl (a+6x) ] 42 ApcTanh [Cos[a + b x] ]

b2 b b3

2cdArcTanh[Sin[a+bx]] cdCscla+bx] d?xCscla+bx] 3id(c+dx)Polylog|[2, -e! (@0x ]

b2 ) b2 ) b2 ' b2 )
2id?Polylog[2, —ie! @] 2id2Polylog[2, ie! X | 3id (c+dx)Polylog|2, el (@bx ]

b3 i b3 . b2 .
3d?Polylog([3, -e! @] 3d2Polylog[3, e! @®¥ ] 3 (c+dx)’Sec[a+bx] (c+dx)®Csc[a+bx]?Sec[a+bx]
+ + -
b3 b3 2b 2b

Result (type 4, 889 leaves):
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b 2
(-c2-2cdx-d*x?) Csc[2+ TX]

N

+

8b
e (3b2c?Log[1-e' @®¥ ]| +2d? Log[1-e* @P¥ ]| +16b?cdxLog[l-e’ @PX ] +3b2d?x? Log[1-e’ @] -3b2c?Log[l+e! (@0 |-
2d? Log[1+<ejL <a*bx>] —6b2cdeog[1+«ajL (a*bx>] -3b2d?x? Log[1+ej (a*bx)] +6ibd <c+dx) PolyLog[Z, -et (a"bx)} -
6ibd (c+dx) PolyLog[2, e* @*** ]| - 6d? PolyLog[3, e’ PX) | + 6d?Polylog|3, e! (@PX) ) +
(c2+2cdx+d?x?) Sec[ierjx]z (c+dx) Cscla] Sec[a] (-dCos[a] +bcSin[a] +bdxSin[a])

+ —

8b b?

41icd Ar‘CTan[ -i Sinfa]-i Cos[a] Tan{ﬂ ]

Cos[a]2+Sin[a]? i
3
bz\/Cos 2 +Sin[a]? b
1 )
2d*> |- ——Csc[a] ((bx-ArcTan[Cot[a]]) (Log[l—«aﬁl (bx-ArcTan(Cot(all) | _Log[1+e" PX A”CTa”[C°t[a”>})+
1+ Cot[a]?

Sin[a]+Cos[a] Tan{—x}
2 ArcTan[Cot[a]] ArcTanh] L]
Cos[a]?+Sin[a]?

(PolyLog[Z 7@ (b x-ArcTan [Cot[a } _ PolyLog[Z <E (b x-ArcTan [Cot[a]]) ] ) ) N i
\Jcos[a)? +sin[a)?

Sec[?} Sec[§+b7x} (—cdSin[bTX} —d2xSin[b7"]) +Csc[§]€sc[§+b7x} (cdsln[T"] +d2xSin[b7x}) )

2 b? 2 b?

CZSin[bTX] +2cdx51n[7x} +d2xzsin[bx]

b (Cos[i] 7Sin[§]) (Cos[

—CZSin[bTX} —2cdein[T"] - d?x2sin[®*]
b (Cos[%] +Sin[§]) (Cos{% bT
Problem 281: Result more than twice size of optimal antiderivative.

J(c+dx) Csc[a+bx]3Sec[a+bx]2dx

Optimal (type 4, 154 leaves, 13 steps):
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3dxArcTanh[e! 3" | 3 cApcTanh[Cos[a+bx]] dArcTanh[Sin[a+bx]] dCscl[a+bx]

+

b 2b b2 2 b2
3idPolylog[2, -e' (**X ] 3idPolylog[2, e! *®¥ ] 3 (c+dx)Sec[a+bx] (c+dx)Csc[a+bx]?Sec[a+bx]
_ N _
2 b? 2 b? 2b 2b

Result (type 4, 520 leaves):

d—X_dCot[i(aerx)] cCsc[%(aerx)]z dszc[%(a+bx)]2 3cLog[Cos[§(a+bx)H

- - - +

b 4 b2 8b 8b 2b
dLog{Cos[% (a+bx)] —Sin[% (a+bx)]] 3cLog[Sin[§ (a+bx)]] _dLog[Cos[% (a+bx)] +Sin[i (a+bx)]]

+ —

b2 2b b2
3adLog[Tan[%(a+bx)]] 1

+

3d ((a+bx) (Log[l—ejl be)] —Log[1+ej be)}) 1 (PolyLog[Z, -et be)] —PolyLog[Z, et <a*bx>])> +

2 b? 2 b2
cSec[i(a+bx)}2+dxsec[§(a+bx)]2+ csin[t (a+bx)] ) csin[t (a+bx)] )
8b 8b b (Cos[2 (a+bx)]-sin[? (a+bx]]] b (Cos[? (a+bx)]+Sin[t (a+bx]])
d (asin[% (a+bx)] - (a+bx)sin[l (a+bx]]) d(-asin[L (a+bx)]+ (a+bx]sin[l(asbx]]] dTan[l (a+bx)]

b2 (Cos[%(a+bXH+Sin[%<a+bX)]) ' b2 (COS[%(a+bx”—$in[§(a+bx”) 4 b2

Problem 286: Result more than twice size of optimal antiderivative.

JXZCsc[a+bx]3Sec[a+bx]2d1x

Optimal (type 4, 235 leaves, 29 steps):

41ixArcTan[e! @®x | 3x2ArcTanh[e! @*®X) |  ApcTanh[Cos[a+bx]] xCsc[a+bx]
- - - +

b2 b b3 b?
3ixPolylog[2, -e' (3P| 21 Polylog[2, -ie! (@®X | 21 Polylog[2, ie! @PX¥ ] 3ixPolylog[2, e! (30X |
bz N b3 i b3 N b2 -
3Polylog(3, -e! @bx | 3PolylLog|[3, e! (3*°¥ | 3x2Secfa+bx] x2Cscla+bx]2Sec[a+bx]
+ + -
b3 b3 2b 2b

Result (type 4, 557 leaves):
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X CSc[g TX iz Zp i (—a+1—bx) i (—a+i—bx)
- - x (Log[l—e 2% ] - Log[1+e 2 })—
8b b3
dl l E : i (—a+l—bx) i (—a+1—bx) l
( a+ ] Log{Tan[2 [—a —bx)H +1 (PolyLog[Z, -e : "] - Polylog|2, e 2 ]) e
2

2

(2ArcTanh[Cos[a+bx] +iSin[a+bx]] +3b*x*ArcTanh[Cos[a+bx] +iSin[a+bx]] -3ibxPolyLog[2, -Cos[a+bx] -iSin[a+bx]] +

31beolyLog[2,Cos[a+bx]+jSin[a+bx]}+3PolyLog[3,—Cos[a+bx}—JiSin[a+bx]}—3PolyLog[3,Cos[a+bx}+JiSin[a+bx]}>+
2 . .

XZSec[§+b7X] xCsc[a] Sec(a] (-Cos[a] +bxsSin[a]) szc[%]Csc[§+b7x]Sln[b2—x] xSec[%]Sec[§+bTx]Sln[b7x}

+ + - +

8b b2 2 b? 2 b?

b(Cos[g]fsin[i]) (Cos[ierx]fSin[ +b"]) b(Cos[i]JrSin[i]) (Cos[§+bx}+sin[i+bx])

Problem 287: Result more than twice size of optimal antiderivative.

Jszc[a+bx13Sec[a+bx12d1x

Optimal (type 4, 126 leaves, 13 steps):
3xArcTanh|e! @*®¥ | ApcTanh[Sin[a+bx]] Cscl[a+bx]
) b ) b2 2w
31 PolyLog[2, -e' 3P| 31i Polylog[2, e! @*®¥ | 3xSecla+bx] xCsc[a+bx]2Sec[a+bX]

+ —

2 b? 2 b? 2b 2b

+

Result (type 4, 282 leaves):
1

8 b2

8bx—2Cot[1 (a+bx) ] —besc[l <a+bx)]2+12 (a+bx) (Log[1-e' @®¥ ]| _Log[1+e (@PX]) +8Log[Cos[1 (a+bx) ] —Sin[l (a+bx)]] -
2 2 2 2

8Log[Cos[l (a+bx)] +Sin[l (a+bx)]] —12aLog[Tan[l (a+bx)]]+121 (Polylog[2, e @** | - Polylog[2, e' @** ]} +
2 2 2

1 5 8bein[i(a+bx” 8bein[§(a+bx)] 1
bxseC[; (2+5x)] +Cos[% (a+bx)] —Sin[% (a+bx)] 7Cos[% (a+bx) ] +Sin[% (a+bx)] 72Tan[2 (2+5x)]

Problem 291: Result more than twice size of optimal antiderivative.

J(c+dx)4Sec[a+bx]2Tan[a+bx} dx
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Optimal (type 4, 139leaves, 7 steps):
2id (c +dx)3 6d? (c +dx)2 Log[1+e?t (@29 ] 61 d> (c+dx) PolyLog|[2, -e2* (20X |

+ —

b2 b3 b
3d*Polylog(3, -e?! @®¥ ] (c+dx)*sec[a+bx]? 2d(c+dx)3Tan[a+bx}
N _
b> 2b b2

Result (type 4, 425leaves):
1

2b°
d*e? (21b?x* (2be®*?x+31i (1+e??) Log[1+e** ®®¥ |) +6ib (1+e?'?) xPolylog|2, -e®* @] -3 (1+e?!?) Polylog|3, -e?* (@X) ])
(c+dx)*secla+bx]?

Sec[a] + -
2b

6 c2d?Sec[a] (Cos[a] Log[Cos[a] Cos[bx] -Sin[a] Sin[bx]] +bein[a]) 1

b2 e—J‘L ArcTan[Cot[a]] X2

- |6 cd3®Csc[a] -

b* (Cos[a]?+Sin[a]?)

1+Cot[a]?
Cot[a] (ibx (-m-2ArcTan[Cot[a]]) -Log[1+e?*®*] -2 (bx-ArcTan[Cot[a]]) Log[1-e?! (Px-ArcTaniCotiall) ],

Sec[a]]/

2Sec[a] Sec[a+bx] (c3dSin[bx] +3c?d?xSin[bx] +3cd®x?Sin[bx] +d*x>Sin[bx])
b2

nLog[Cos[bx]] -2ArcTan[Cot[a]] Log[Sin[bx-ArcTan[Cot[a]]]] +i PolylLog|2, e*! (bPx-ArcTaniCot(all) ] )

(b“\/Csc[a]2 (Cosfal®+sin[a]?) )

Problem 292: Result more than twice size of optimal antiderivative.

J(c+dx)35ec[a+bx]2Tan[a+bx1 dx

Optimal (type 4, 115leaves, 6 steps):

3id (c+dx)? 3d?(c+dx) Log[1l+e?®@®X] 3id®Polylog[2, -e?* @P¥ ] (c+dx)’Secla+bx]? 3d(c+dx)?Tan[a+bx]
_ N N _

2 b? b3 2 b* 2b 2 b?

Result (type 4, 286 leaves):
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(c+dx)35ec[a+bx}2 3cd*Sec[a] (Cos[a] Log[Cos[a] Cos[bx] -Sin[a] Sin[bx]] +bxSin[a])
b* (Cos[a]?+Sin[a]?)

2b
; 1
3 d3 Csc [a] bZ e—lAr‘cTan[Cot[a]] X2 _
1+ Cot[a]?
Cot[a] (ibx (-m-2ArcTan[Cot[a]]) -Log[1+e?*®*] -2 (bx-ArcTan[Cot[a]]) Log[1-e>! (Px-ArcTaniCotiall) ],
nLog[Cos[bx]] -2ArcTan[Cot[a]] Log[Sin[bx -ArcTan[Cot[a]]]] + i PolylLog|[2, e?* (bx-ArcTaniCot(all) [} | sec[a] /
3Sec[a] Sec[a+bx] (c?2dSin[bx] +2cd?xSin[bx] +d3x?Sin[bx]
(2 b“\/Csc[a]2 (Cos[a]®+sin[a]?) ) - ( 2 )
2b

Problem 299: Result more than twice size of optimal antiderivative.

J(c+dx)25ec[a+bx] Tan[a+bx]2dx

Optimal (type 4, 193 leaves, 17 steps):
i (c+dx)2Ar‘cTan[eﬁ (@X) ] g2 ArcTanh[Sin[a+bx]] 1d (c+dx)Polylog|2, -ie' @®X ] id (c+dx)Polylog|2, ie! (20X |
+ - + +
b b3 b? b?
d?Polylog[3, -ie' (3*®¥ | d2PolylLog|3, ie! @®¥ | d (c+dx) Secla+bx] (c+dx)25ec[a+bx] Tan[a+ b x]
- - +
b3 b3 b? 2b
Result (type 4, 526 leaves):
2 i dZA T i (a+bx)
% ibc?ArcTan|e! (@PX) ] - - re abn[e } -bcdxLlog[1-ie! @]
b
1bdzx2 Log[1-ie'@P¥ ]| 1bcdxLlog[l+ie @] lbdzx2 Log[1+1ie*@®¥] _—id (c+dx)Polylog[2, -ie! @PX] 4
2 2
) dZP 1vL 3, — i 1 (a+bx) dZP 1vL 3, 1 1 (a+bx)
id(c+dx) Polylog[2, ie! @®X] 4 oyog[; Le }— oyog[b,ne }]—
d(c+dx)Sec[a] c2:2cdx+d?x? —cdSin[bTX]_dszin[bTX}
+ + +
b2 4b(Cos[§+b2—X]fsin[§+bT"”2 b2 (Cos[i]—sin[i]) (Cos[§+b7x}fsin[i+b7"])
2 2cdx_d?x? cdSin["z—X}+d2xsin[bTX]
+
4b (Cos[§+b7x] +Sin[§+ bz—x])z b2 (Cos[g} +Sin[§}) (Cos[§+ bz—x] +Sin[§+ bTX”



198 | 4.7 Miscellaneous.nb

Problem 300: Result more than twice size of optimal antiderivative.

J(c+dx) Sec[a+bx] Tan[a+bx]%dx

Optimal (type 4, 117 leaves, 12 steps):

i (c+dx) ArcTan[e @*®¥ | idPolylog|2, -ie ¥ ]| idPolylog[2, ie' @®¥ | dsecla+bx] (c+dx)Sec[a+bx]Tan[a+bx]
b 2 b2 2 b? 2 b2 2b

Result (type 4, 607 leaves):

cLog[Cos[i (a+bx)] —Sin[i (a+bx)]] cLog[Cos[i (a+bx) ] +Sin[§ (a+bx)]]

+

2b 2b
Zl?d((a+bx) Log[l—Tan[%(a+bx)H—Log[1+Tan[§(a+bx)H]+a —Log[l—Tan[%(a+bx)H+Log[1+Tan[§(a+bx)H)+
i Log[l—Tan[%(a+bx)HLog[ %Jri—) [—1’1+Tan[§(a+bx)] ]—Log[%((1+J‘1)—(1—]‘L)Tan[§(a+bx>] ]Log[1+Tan[§<a+bx)H+
Log | 7ifi—] (1’1+Tan[§(a+bx)] ]Log[1+Tan[§(a+bx)H7Log[17Tan[§<a+bx)HLog[%[(1+1‘1)+(1711)Tan[§<a+bx)] |+

| - Polylog|2, [7§+ £] (71+Tan[1 (a+bx)]

st a0 ]

] _

2

PolyLog|2, [7§7 %] (71+Tan[1 (a+bx)]
|

PolyLog|2, (

N |

(1+Tan[§ (a+bx)]

C d x
+

46 (cos[L (a+bx)]-sin[2 (a+bx)]|* 4b(cos[L (a+bx)]-sin[ (a+bx)])"

N e

| +PolyLog|2, {3*%) [1+Tan[§ (a+bx)]

dSin[% (a+bx)

]
2 b2 (COSE (a+bx)] —Sln[i (a+bx)])

C

4b (Cos[% (a+bx) ] +Sin[% <a+bx)])2*
d x

4b (Cos[i (a+bx)] +Sin[i (a+bx)])2

+

dSin[% (a+bx)

]
2b? (Cos[i (a+bx)] +Sln[i (a+bx)])
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Problem 304: Result more than twice size of optimal antiderivative.
J(c+dx)3Tan[a+bx]3dlx

Optimal (type 4, 259 leaves, 13 steps):
3id (c+dx)? (c+dx)® i(c+dx)* 3d?(c+dx) Log[l+e?f (@0% ]
N _ _

+

2 b? 2b 4d b3
(c+dx)3 Log[lwezjL (a*bx>] 31d3 PolyLog[Z, —e2t “‘*bx)} 3id (c+dx)2PolyLog[2, —e2t (a*bx)]
b : 264 i 2 b2 '
3d? (c+dx) PolylLog|3, -e?® (20X | X 31 d*Polylog[4, -e?! (30X | L (c+dx)?Tan[a+bx] . (c+dx)>Tan[a+bx]2
2 b3 4 b* 2 b? 2b

Result (type 4, 817 leaves):
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7ic dZ e—]ia
4b3
(2ib*x* (2be**?x+31 (1+e*'?) Log[1+e?* @P¥])+6ib (1+e’'?) xPolylog[2, ~e** (3"*¥ | -3 (1+e?%?) Polylog|[3, -e?* (@0X)])

1 ) . 1 . )
Secla] + —1d*>e’? |-x*+ (1+e’2“‘) xto ——e2t2 (1+<e2“‘)
4 2 b*

(2b*x*+ 41 b*x Log[1+e?® ()] 1 6 b2 x? PolyLog[2, -e?* P ] + 61 bxPolylog[3, -e2! (®**¥ | -3 Polylog[4, -e?! @**¥ ]} | Sec[a] +
(c+dx)3$ec[a+bx]2 c®Sec[a] (Cos[a] Log[Cos[a] Cos[bx] -Sin[a] Sin[bx]] +bxSin[a])

+ —

2b b (Cos[a]?+Sin[a]?)

3cd?Seca] (Cos[a} Log[Cos[a] Cos[bx] -Sin[a] Sin[bx]] +bein[a])

+
b* (Cos[a]?+Sin[a]?)

{3 C2 d Csc [a] [bz e—iAr‘cTan[Cot[a]] X2 _ 1
1+ Cot[a]?

Cot[a] (ibx (-m-2ArcTan[Cot[a]]) -Llog[1l+e?"®*] -2 (bx-ArcTan[Cot[a]]) Log[1-e>" (PxArcTaniCotiall) ],

Sec[a] ]/

nLog[Cos[bx]] -2ArcTan[Cot[a]] Log[Sin[bx-ArcTan[Cot[a]]]] + i PolylLog|2, e*! (Px-ArcTaniCot(all) ] )

b2 e—jl ArcTan[Cot[a]] 2 _ 1

(2 bz\/Csc[a]2 (Cosfa]®+sin[a]?) ) - {3 d®Csc[a] X

1+ Cot[a]?
Cot[a] (ibx (-m-2ArcTan[Cot[a]]) -Log[1+e?"®*] -2 (bx-ArcTan[Cot[a]]) Log[1-e>" (PxArcTaniCotiall) ],

Sec[a]]/

nLog[Cos[bx]] -2ArcTan[Cot[a]] Log[Sin[bx - ArcTan[Cot[a]]]] + i PolyLog|2, e*! (Px-ArcTan(Cot(all) ] )

3Sec[a] Sec[a+bx] (c?dSin[bx] +2cd?*xSin[bx] +d*x?Sin[bx])
2 b?

(2 b“\/Csc[a]2 (Cosfa]®+sin[a]?) )

1
=x (4c>+6c?dx+4cd*x*+d>x?) Tan[a]
4

Problem 305: Result more than twice size of optimal antiderivative.

J(c+dx)2Tan[a+bx]3d1x

Optimal (type 4, 169 leaves, 9 steps):
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cdx d?x2 i(c+dx)® (c+dx)?Log[1+e?! @PX] g2 |og[Cos[a+bx]]
b 26 3d b i b3 )
id(c+dx) PolylLog[2, -e2® @®X | d2polylog|3, -e?! (@b ] 4 (c+dx) Tan[a+bx] (Cerx)ZTan[aerx]2
b2 ' 2b3 ) b2 ' 2b
Result (type 4, 461 leaves):
1
C12b°

d*>e'? (21b?x? (2be®*?x+31i (1+e’'?) Log[1+e*' @®¥ ]) +61ib (1+e>'?) xPolylog[2, -e®* @®*¥) | 3 (1+e>!?) Polylog|3, -e?* @X)])
<c+dx)25ec[a+bx12 c?Sec[a] (Cos[a] Log[Cos[a] Cos[bx] -Sin[a] Sin[bx]] +bxSin[a])
Sec[a] + .

2b

b (Cos[a]?+Sin[a]?)

2 . . .
¢ Secal (COS[a] Log[Cos[a] Cos[bx] - Sin[a] Sin[bx]] +bXSln[aJ> + |cdCscla] p2 g i ArcTan[Cot[a]] y2 _ 1
b* (Cos[a]?+Sin[a]?) e
Cot[a] (ibx (-7-2ArcTan[Cot[a]]) ~rrlog[1+e2ibX]

-2 (bx—Ar‘cTan[Cot[a} ]) Log[l— e?t (bX‘A'"CTa”[C"t[am} +

Sec[a]]/
S S b —cdSin[bx] -d?>xSin[b
(bZ\/Csc[a]z<Cos[a]2+Sin[a12) )+ ec(a] Secfa+bx] (-cdSin{bx] -d*xSin(bx]) 1

-=x(3c*+3cdx+d*x*) Tan[a]
b2 3

nLog[Cos[bx]] -2ArcTan[Cot[a]] Log[Sin[bx-ArcTan[Cot[a]]]] + i PolylLog|2, e** <bX*A"Ta“[C°t[a“>})

Problem 306: Result more than twice size of optimal antiderivative.

j(c+dx) Tan[a+bx]3dx

Optimal (type 4, 108 leaves, 7 steps):
d x i<c+dx)2 <C+dx> Log[1+621(a+bx)]
- - +

idPolylog[2, -e2* @®X |  dTan[a+bx]
2b 2d b

(c+dx) Tan[a+bx]?
2b

+

2 b? 2 b?
Result (type 4, 242 leaves):
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clog[Cos[a+bx]] cSec[a+bx]? dxSec[a+bx]?
+ + +
b 2b 2b
) 1
d Csc [a] b2 e—nAr‘cTan[Cot[a]] XZ _

Cot[a] (ibx (-7-2ArcTan[Cot[a]]) -nlog[l+e2tbx] -2 (bx-ArcTan[Cot[a]]) Log[1 -
1+ Cot[a]?

g2t (bxcArcTan(Cotiall) | ., ;1 Log[Cos[bx]] - 2ArcTan[Cot[a]] Log[Sin[bx - ArcTan[Cot[a]]]] +i PolylLog[2, e?* (bx-ArcTan(Cotiall) | )

- ~dx%Tana]

Sec[a] / (2 bz\/Csc[a]2 (Cos[a]®+sin[a]?) ) _ dsec(a] Sec [2ab+2bx] Sin[bx] ;

Problem 310: Result more than twice size of optimal antiderivative.

j(c+dx)4Csc[a+bx] Sec[a+bx]3dx

Optimal (type 4, 399 leaves, 25 steps):

2id (c+dx>3 (c+dx)4 2 (c+dx)4Ar‘cTanh[e““’”b")] 6 d? (c+dx)2Log[1+e“<a*bX)]
. _

- +
b? 2b b b3

61d> (c+dx) Polylog[2, -e?* @PX | 2id (c+dx)>PolyLog[2, -2 (20X ]

b : b2 )
2id (c+dx)’Polylog[2, e?! (0|  3d*PolyLog[3, -e?! P | 3d? (c+dx)?PolyLog[3, -e?! (20 ]

b2 ) bS ) b i
3d? (c+dx)?Polylog[3, e?* @] 3id® (c+dx)Polylog[4, -e?! (@0 ] 3id? (c+dx) Polylog[4, e?! (30X ]

b3 ) b ' b :
3d*Polylog[5, ~e?! (X ]  3d*Polylog[5, e2!@®¥ | 2d (c+dx)’Tan[a+bx] (c+dx)*Tan[a+bx]?

- - +
2 b° 2 b b? 2b

Result (type 4, 1790 leaves):

- 73c2 d?et?Csc[a]
2b

(2b2x? (2be?*?x+31i (-1+e*'?) Log[1-e2?@PX]) +6b (-1+e?’?) xPolyLog[2, e2! @) ] +34 (-1+e?'?) Polylog[3, e** @X]) -

cd®e’?Csclal [x*+ (-1+e?1?) x*+ e?i? (-1+e*"?)

2 b*

(2b*x*+4ib*x° Log[1-e?® (@'PX)] 1 6 b2 x? Polylog[2, ! @**¥ | + 61 bxPolyLog[3, e*! @**¥ | _3PolylLog[4, e* <a*bx>])
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1 ‘ )
—d*e'?Cscla) |X°+ (-1+e %) X+
5 4 b°

30 i b> x? Polylog[3, e2! ("X | _30bx PolylLog[4, e*! ("®¥ | 15 i Polylog[5, e?* (@®X) |} | +

1 .
=x (5c¢*+10c’dx+10c?d?*x* + 5cd®x® + d* x*) Csc[a] Sec[a] + c2d?et?

5 2b3

(2ib>x* (2be*'?x+31i (1+e*'?) Log[1+e*" P ]) +6ib (1+e’"?) xPolylog[2, -e*' (@**¥ ] -3 (1+e?"?) Polylog|3, -e®’ (@®X [

e?'?(-1+e’'?) (4b°x>+101b*x* Log[1-e®* (¥ | 4+ 20b% x> Polylog |2, e*® X | 4

| 203

Sec[a] + o5
2
d*e? (21b?x? (2be®*?x+31i (1+e??) Log[1+e?! ®®¥ |) +16ib (1+e?'?) xPolylog[2, -e** @) | -3 (1+e'?) Polylog|3, -e?! (@PX |)
Secla] —1cd®el? |-x*+ (1+<e’“a) x4 - L<e’2j“" (1+<ez“)
2 b*

(2b*x*+ 41 b?x* Log[1+e?* (¥ ] 1 6 b2 x? PolyLog[2, -e?* P ] + 61 bxPolylog[3, -e2! (®*®¥ | —3Polylog[4, -e*! @**¥ ]} | sec[a] -

ljldll(eia
5

-x° + <1+<e’“a) x> - Lse’“a (1+<ez“> <4b5X5+101'1b4X4 Log[1+cezjl (a*bx)} +20b3 %3 PolyLog[Z, —e“(a*b”] +
4b

30 i b? x? PolyLog[3, -e?! (*®¥ | ~30bxPolylog[4, -e?! (@PX) | 15 PolyLog|5, -e** @** ]} | Sec[a] +

(c+dx)45ec[a+bx]2 c*Sec[a] (Cos[a] Log[Cos[a] Cos[bx] -Sin[a] Sin[bx]] +bxSin[a])

2b b (Cos[a]?+Sin[a]?)
6 c>d?Sec[a] (Cos[a] Log[Cos[a] Cos[bx] -Sin[a] Sin[bx]] +bein[a])

+

b* (Cos[a]?+Sin[a]?)
c*Csca] (—beos[a] + Log[Cos[bx] Sin[a] +Cos[a] Sin[bx]] Sin[a])

b (Cos[a]?+Sin[a]?)

2 C3 dCsc [a] b2 e—i ArcTan[Cot[a]] X2 _ 1

1+ Cot[a]?
Cot[a] (ibx (-m-2ArcTan[Cot[a]]) -Log[1+e?*®*] -2 (bx-ArcTan[Cot[a]]) Log[1-e?! (Px-ArcTaniCotiall) ],

nLog[Cos[bx]] -2ArcTan[Cot[a]] Log[Sin[bx-ArcTan[Cot[a]]]] +i PolylLog|2, ! (bx-ArcTaniCotiall) [} | sec[a] /

) 1
(bz\/Csc[a]2 (Cosfal®+sin[a]?) ) - |6cd®Csc[a] |b? e tArcTan(Cot(al] 2 _

1+ Cot[a]?
Cot[a] (ibx (-m-2ArcTan[Cot[a]]) - Log[1+e2*®*] -2 (bx-ArcTan[Cot[a]]) Log[1-e?* (Px-ArcTan(Cot(all) ],

nLog[Cos[bx]] -2ArcTan[Cot[a]] Log[Sin[bx-ArcTan[Cot[a]]]] +i PolylLog|2, e?* (bx-ArcTaniCotiall) [} | sec[a] /
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(b4\/c5c[a]2 (Cos [a]2+ sin(a]?] ) ~ 2Sec(a] Sec[a+bx] (c3dSin[bx] +3c?d? xZSin[bx] +3cd®x?Ssin[bx] +d*x>Sin[bx]) .
b

) 1
2c3dCscla] Sec[a] |b? efArcTan(Tan(a]] y2

1+Tan[a]?

(ibx (-m+2ArcTan[Tan[a]]) -mlog[1+e?*°X] -2 (bx+ArcTan[Tan[a]]) Log[1- ! (Px-ArcTan(Taniall) | ., ;11 0g[Cos[bx]] +2

ArcTan([Tan[a]] Log[Sin[bx+ArcTan[Tan[a]]]] + i PolylLog[2, 2! (bx+ArcTan(Tan(all) |} Tan[a] / (b2 \/Sec [a]? (Cos[a]?+Sin[a]?) )

Problem 311: Result more than twice size of optimal antiderivative.

J(c+dx)3Csc[a+bx] Sec[a+bx]3dx

Optimal (type 4, 325leaves, 22 steps):
3]’1d(c+dx>2 (c+dx)3 2(c+dx)3Ar‘cTanh[e““‘*bx)] 3d? (c+dx) Log[1+e?! (2:0%) ]
N _

2b? 2b b ) b3 :
31id?Polylog[2, -e2! @®¥ ] 3id (c+dx)*Polylog[2, -e?* @PX | 3id (c+dx)?Polylog[2, e?! (@b ]
2 b4 : 2b? ) 2 b? )
3d? (c+dx) PolyLog[3, -e?! (2®X | 342 (c+dx) Polylog[3, e2* @®X) |  3idPolyLog|4, -e?! (20X |
2b? : 2b° ) 4% :
31d3Polylog[4, e?! @®¥ ] 3d (c+dx)?Tan[a+bx] (c+dx)’Tan[a+bx]2
4% ) 2b? ' 2b
Result (type 4, 1294 leaves):
7ic d?>e '3 Csc[a]
4b3
(2b2x* (2be?*?x+31i (-1+e*'?) Log[1-e2?@PX]) +6b (-1+e?*?) xPolylog[2, €2 @PX) | 4+ 34 (-1+e”'?) Polylog[3, e** @PX]) -

1 ‘ . 1
—d3ef?Cscla] |x*+ (—1+e’2“) x4+

4(e—ZJia (_1+ezja)
4 2b

(2 b*x* +4 1 b x3 Log[l—«eZiL ““*bx)] +6b%x? PolyLog[Z, e?t (a*bx)} +61 beolyLog[S, e?t (a*bx)} —3PolyLog[4, e?t “’”b")]) +

1 i
=x (4c?+6c?dx+4cd®x*+d>x*) Csc[a] Sec[a] + cd?ei?

4 4b°
(2ib>x* (2be*'?x+31i (1+e*'?) Log[1+e??@PX])+6ib (1+e’?) xPolylog[2, -e** (@®¥ | -3 (1+e?%?) Polylog|3, -e?* (0¥ |
l]'ld3 eia —X4+ <1+e—2ja) X4— Le—zila (1+e211a>
4

Sec[a] - S b
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(2b*x*+41b* x> Log[1+e?! (@®¥ | + 6b? x? PolyLog[2, -e?* @**¥) | 1 6i bxPolylog[3, -e?! (@PX) | 3 polyLog|4, -e** @*** ]} | sec[a] +

(c+dx)35ec[a+bx]2 c®Sec[a] (Cos[a] Log[Cos[a] Cos[bx] -Sin[a] Sin[bx]] +bxSin[a])

2b b (Cos[a]?+Sin[a]?)
3cd?Sec[a] (Cos[a] Log[Cos[a] Cos[bx] -Sin[a] Sin[bx]] +bxSin[a])

+

b* (Cos[a]?+Sin[a]?)
c3Cscla] (—beos[a] + Log[Cos[bx] Sin[a] +Cos[a] Sin[bx]] Sin[a])

b (Cos[a]?+Sin[a]?)

b2 (e—J‘L ArcTan[Cot[a]] X2 1

3c?dCscla]

1+ Cot[a]?
Cot[a] (ibx (-m-2ArcTan[Cot[a]]) -Log[1+e?*®*] -2 (bx-ArcTan[Cot[a]]) Log[1-e?* (Px-ArcTaniCotiall) ] ,

Sec[a]]/

nLog[Cos[bx]] -2ArcTan[Cot[a]] Log[Sin[bx-ArcTan[Cot[a]]]] +i PolylLog|2, e*! (Px-ArcTaniCot(all) )

b2 e—iAr‘cTan[Cot[a]] 2 1

(2 bzx/Csc[a]2 (Cos[a]?+sin[a]?) ) - {3 d? Csc[a] X2 -

1+ Cot[a]?
Cot[a] (ibx (-m-2ArcTan[Cot[a]]) -Log[1+e?*®*] -2 (bx-ArcTan[Cot[a]]) Log[1-e?* (Px-ArcTan(Cotiall) ],

Sec[a] ]/

nLog[Cos[bx]] -2ArcTan[Cot[a]] Log[Sin[bx-ArcTan[Cot[a]]]] + i PolylLog|2, e*! (Px-ArcTaniCot(all) ] )

3Sec[a] Sec[a+bx] (c2dSin[bx] +2cd*xSin[bx] +d3xzsin[bx])
) 2 b?

(2 b“\/Csc[a]2 (Cosfa]®+sin[a]?) )

1

3c2dCscla] Sec[a] |b?etArcTan(Tan(a]] y2
1+Tan[a]?

(ibx (-m+2ArcTan[Tan[a]]) - log[1+e?'°X| -2 (bx+ArcTan[Tan[a]]) Log[1- e (bxrArcTan(Taniall) |, ;rlo0g[Cos[bx]] +2ArcTan|

Tan[a]] Log[Sin[bx+ArcTan[Tan[a]]]] + i PolylLog|2, ! (bxArcTan(Tan(all) | ) Tan[a}]]/ (2 bz\/Sec[a}2 (Cos[a]?+sSin[a]?) )

Problem 312: Result more than twice size of optimal antiderivative.

J(c+dx)2Csc[a+bx] Sec[a+bx]3dx
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Optimal (type 4, 201 leaves, 17 steps):

cdx d?x2 2 (c+dx)*ArcTanh[e?i(@*®X | g2 |og[Cos[a+bx]] 1d (c+dx)Polylog|[2, -2 (0% ]
b 2b b ) b3 * b2 -
id(c+dx)Polylog[2, et @®X | d2polylog|3, -e2%(@®X) | d?Polylog[3, e?* ¥ | d(c+dx)Tan[a+bx] (c+dx)*Tan[a+bx]2
b2 . 2b3 i 2b3 . b2 i 2b

Result (type 4, 788 leaves):

1 )
- d?et?Csc[a]
12 b3

(2b2x* (2be?*?x+31i (-1+e'?) Log[1-e?? @PX]) +6b (-1+e?"?) xPolylog[2, €2 @PX) | +34 (-1+e”'?) Polylog[3, e X ]) 4

1 2 2,2 1
—x (3c*+3cdx+d*x*) Csc[a] Sec[a] +
3 12 b3

d*e ' (2ib2x* (2be*’?x+31i (1+e*'?) Log[1+e?*@®¥]) +6ib (1+e*'?) xPolylog[2, -e*' @] -3 (1+e?'?) Polylog|3, -e>' (@** |)
(c+dx)25ec[a+bx]2 c?Sec[a] (Cos[a] Log[Cos[a] Cos[bx] -Sin[a] Sin[bx]] +bxSin[a])

Sec[a] + - -
2b b (Cos[a]?+Sin[a]?)

d?Sec[a] (Cos[a] Log[Cos[a] Cos[bx] -Sin[a] Sin[bx]] +bxSin[a])

+

b* (Cos[a]?+Sin[a]?)
c?Csc[a] (-bxCos[a] +Log[Cos[bx] Sin[a] +Cos[a] Sin[bx]] Sin[a])

b (Cos[a]?+Sin[a]?)

. 1 .
cdCscla] |b?e tArcTaniCotiall y2 —————Cot[a] (1'1 b x (—JT—ZAr'cTan[Cot[a] }) _ﬂLog[1+e*21bX] _
1+Cot[a]?

2 (bx-ArcTan[Cot[a]]) Log[1-e?! (PxArcTaniCotiall) | 4 yrLog[Cos[bx]] - 2ArcTan[Cot[a]] Log[Sin[bx - ArcTan[Cot[a]]]] +

i Polylog|2, ! (bx-ArcTaniCot(all) [} | Sec[a] /(bz\/Csc[a]2 (Cos[a]®+sin[a]?) )+

Sec[a] Sec[a+bx] (-cdSin[bx] -d2xSin[bx ) 1
[ ] [ ] ( 5 [ ] [ J) _ chsc[a] Sec[a] bz enAr‘cTan[Tan[a]] X2+
b

1+Tan[a]?

(ibx (-m+2ArcTan[Tan[a]]) - log[1+e?'°X]| -2 (bx+ArcTan[Tan[a]]) Log[1- ! (Px-ArcTan(Taniall) | ., ;1| 0g[Cos[bx]] +2

ArcTan[Tan[a]] Log[Sin[bx+ArcTan[Tan[a]]]] + i PolylLog|2, 2! (bx+ArcTan(Tan(all) |} Tan[a] / (bz\/Sec[a]z (Cos[a]?+sSin[a]?) )
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Problem 318: Result more than twice size of optimal antiderivative.

J(c+dx)2Csc[a+bx]2Sec[a+bx]3d1x

Optimal (type 4, 341 leaves, 31 steps):
31 <c+dx)2Ar‘cTan[efL “’”bx)] 2d2xAr‘cTanh[aajl (a*b”] 6d (c+dx) Ar‘cTanh[ei (a*b”] d? x ArcTanh[Cos[a + b x]]

+ —

+

b b2 b2 b2
d (c+dx) ArcTanh[Cos[a+bx]] d?ArcTanh[Sin[a+bx]] 3 (c+dx)?Cscla+bx] 2id?Polylog[2, -e (@X]
b2 ' b3 . 2b : b "
3id(c+dx) Polylog[2, -ie (*®¥ ] 3id (c+dx) PolylLog[2, i e! (@*®X)] 21 d?PolylLog[2, el (30X |
b2 b2 b3
3d?Polylog[3, -ie' (@*®¥] 3d2Polylog(3, ie! @] d(c+dx)Sec[a+bx] (c+dx)?Csc[a+bx]Sec[a+bx]?
b ' b3 ) b2 ' 2b

Result (type 4, 889 leaves):
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i (a+bx) ] i

- (6ib%>c?ArcTan[e’ (@**¥ | +4 i d?ArcTan[e’ (@**¥ | —6b>cdxlog[1-ie’ @] _-3p2d’x’Log[l-1ie
2b3
6b’cdxLlog[l+ie! @P¥ ]| 3p2d*x?Log[1+ie’ @] -6ibd (c+dx)Polylog[2, -ie" @PX) ]

6ibd (c+dx) Polylog[2, i e’ ®**¥ | +6d”Polylog[3, -ie’ @PX) | -6d?Polylog|3, i e' (¥ |) -

) iCos[a]-iSin[a] Tan[—x}
4]1chr‘cTan[ 2 ]
(c+dx) Cscla] Sec[a] (bcCos[a] +bdxCos[a] +dSin[a]) Cos[al?+Sin[a]?

+ +

2
b b? \/Cos 2 +Sin[a]?

Sec|2] sec[2+ bjx} (—CZSin[bTX} ‘ZCdXSin[bz_X] _d2xzsin[b7)‘”

+

2b

Csc[ﬂ Csc[§+ bTX} (czsin[%"] +2cdx51n[7x} +d2x2$in[b7x])

+

2b

c2+2cdx+d*x?

+ +

4b(COS[§+b—X]—Sln[§+b2_X])Z b (Cos[ | -sin| }) (Cos[%+%"]—51n[§+%‘”
. Tb
~c2-2cdx-d?x? . cdsln[fpdzxslbn[f] b )
4b (Cos[ierTX] +Sin[§+b2—x]) b2 (Cos{g} +Sin[§}) (Cos[§+TX] +Sln[§+7x})

-Cos[a]+Sin[a] Tan{b—x]
2ArcTan[Tan[a]] ArcTanh| |
1 Cos[a]2+Sin[a]? 1

b3
\/Cos 24+Sin[a]? 1+Tan[a]?

((bx+ArcTan[Tan [a] }> <Log[1 (E (b x+ArcTan[Tan[a] ])} _ Log[l N e]i (b x+ArcTan[Tan[a]]) ]) N

i (PolyLog [2, _eﬁ (b x+ArcTan[Tan[a]]) ] _ PolyLog [2, ei (b x+ArcTan([Tan[a]]) ] ) ) Sec [a]

Problem 319: Result more than twice size of optimal antiderivative.

J(c+dx) Csc[a+bx]2Sec[a+bx]3dx

Optimal (type 4, 162 leaves, 13 steps):



3idxAr‘cTan[ej(a*bx)] dArcTanh[Cos[a+bx]] 3cArcTanh[Sin[a+bx]] 3(c+dx)Csc[a+bx]
+ - +

b b2 2b 2b
3idPolylog[2, -ie! @PX ]| 3idPolylog|2, ie! @] gsecla+bx] (c+dx) Cscla+bx] Sec[a+bx]?

+

2 b2 2 b? 2 b? 2b

Result (type 4, 772leaves):

4.7 Miscellaneous.nb

| 209



210 | 4.7 Miscellaneous.nb

_cCotE (a+bx)] d (aCos[% (a+bx)] - (a+bx) Cos[% <a+bx)]) Csc[i (a+bx)] dLog[Cos[i (a+bx)]]

+ — —

2b 2 b2 b?
3cLog{Cos[%<a+bx)]—Sin[%(a+bx>H dLog[SinE(a+bx)H 3cLog[Cos[%(a+bx)}+$in{%(a+bx)”
2b ' b2 ' 2b '
;?Bd (a Log[l—Tan[% (a+bx)]] —Log[1+Tan[§ (a+bx)HJ + (a+bx) —Log[l—Tan[% (a+bx)]] +Log{1+Tan[§ (a+bx)H) -

i

Log[l—Tan[% (a+bx)]] Log| §+i—) [—i+Tan[§ (a+bx)]

]—Log[%

(1+1) - (1-14) Tan[% (a+bx)]

]Log[1+Tan[§ (a+bx)]]+

Log| —%—i—] (Ji+.'l'an[§<a+bx)] ]Log[1+Tan[§(a+bx)H—Lo.g[l—Tan[§<a+bx)HLog[%[(1+1‘1)+(1—1’1)Tan[§(a+bx)] |+
PolyLog|2, (—%—g] (—1+Tan[% (a+bx)]|]-PolyLog|2, (—§+§] (—1+Tan[§ (a+bx)]|]-
PolyLog|2, [%—%) [1+Tan[§ (a+bx)]|]+PolyLog|2, [§+§) [1+Tan[§ (a+bx)] })J +

d d x

4b (Cos[i (a+bx)] +Sin[§ (a+bx)])z
d x

+

4b (Cos[% (a+bx)] +Sin[§ (a+bx)])2

dSin[i (a+bx>]

+

2 b2 (Cos[i (a+bx) ] +Sin[i (a+bx)]>

dSec[% (a+bx) ] (aSin[% (a+bx)] - (a+bXx) Sin{% (a+bx”)

2 b2
cTan[i (a+bx)}

2b

Problem 324: Result more than twice size of optimal antiderivative.

J(c+dx)2Csc[a+bx]3Sec[a+bx13d1x
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Optimal (type 4, 190 leaves, 10 steps):

2 21 (a+bx) 2 2
r + + + +
4<C+dX> Arc anh[e } d Aclanh[Cos[Za be]] 2d<C dX) Csc[2a 2bX] 2<C+dX> Cot[2a+2bx} Csc[2a 2bX]
_ _ _ _ +

b b3 b2 b
2id (c+dx) Polylog[2, -e*! (@**X | 2id (c+dx) PolyLog[2, e?! (@"®X |  d2Polylog|3, -e2® (@PX)|  d2polylog|3, e’ (0% |

+

b2 b2 b3 b3

Result (type 4, 429 leaves):

o d(c+dx)Csc[2a] (-c*-2cdx-d?>x?)Csc[a+bx]?
- + +

4 b? 16 b

% (2b?c? Log[1-e?* X |+ d?Log[1-e?! @] +4b’cdxLlog[l-e?! @]+ 2b2d?x? Log[1-e?" @0X) | _
8b

2b2c?Llog[1+e? @] _d2Log[1+e?! (@] _4b2cdxlog[l+e?! (@) ] _2b2d?x? Log[1+e?® (30X ]
2ibd (c+dx) Polylog[2, -e?* @®*¥ ] -2ibd (c+dx) PolyLog[2, e*! (®*®¥ | —d?Polylog|3, -e®* (%) | .+ d> PolyLog|3, e (®X) |} +
(c2+2cdx+d?x?) Sec[a+bx]? Sec[a] Sec[a+bx] (-cdSin[bx] -d*xSin[bx]) Csc[a]Csc[a+bx] (cdSin[bx] +d?xSin[bx])
+

+

16 b 8 b2 8 b?

Problem 325: Result more than twice size of optimal antiderivative.

J(c+dx) Csc[a+bx]3Sec[a+bx]3dx

Optimal (type 4, 110leaves, 7 steps):

4 (c+dx) ArcTanh[e?® @®X) | gcsc[2a+2bx]
. b i b2

2 (c+dx) Cot[2a+2bx] Csc[2a+2bx] 1idPolylog[2, -e?® (@0X idPolylog|2, e?! (20X |

+ —

b b2 b2

Result (type 4, 236 leaves):
7dCot[a+bx]7cCsc[a+bx]2 d(Za—Z(a+bX)>CSC[a+bX]272cLog[Cos[a+bx]} 2clog(Sinfa+bx]] 2adLlog(Tan[a+bx]]

2 b2 2b 4p? b b b2

+

1
b2

cSec[a+bx]2 d(-2a+2(a+bx))Secla+bx]? dTan[a+bx]
+ _

2b 4 b? 2 b?

d(2(a+bx) (Log[l—@“l (@bx) ] _Log[1+e?! (a*bx)” +i (PolyLog[Z, -e?! (@b ] _polylog[2, ! <a*bx)])) +

| 211



212 | 4.7 Miscellaneous.nb

Problem 331: Result more than twice size of optimal antiderivative.

x Sin[a+ b x]
J—dlx

v/ Cos[a+bx]
Optimal (type 4, 33 leaves, 2 steps):
2x+/Cos[asbx] 4EllipticE[> (a+bx), 2]

- +

b b?

Result (type 4, 181 leaves):
1

bz Cos[a+b x

1+Cos[a+b x]

Cos[l (a bx)]2]3/2 Cos[a+bx] 1
- +
2 (1+Cos[a+bx])2 1+Cos[a+bx]

4

2

2EllipticF[Ar‘cSin[Tan[1(aerx)H,1}\/Sec[l(a+bx>]2 +\/Cos[a+bx] Sec|
2 2

Problem 340: Result more than twice size of optimal antiderivative.
Jxmsin[a+bx] dx
Optimal (type 4, 53 leaves, 3 steps):
2 % 4m5111pticE[§(a+bx),z]m
b+/Secla+bx] ’ b2
Result (type 4, 132leaves):

1
;(a+bx)]

2 EllipticE [Ar‘cSin[Tan[l (a+bx)]], -1] \/Sec[— (a+bx)]

|

7bx+2Tan[1 (a+bx)]
2
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1 2 EllipticE[Ar‘cSin[Tan[i (a+bx) ], -1] Sec[% (a+bx) }2

2 |-bx+ -
b2 +/Sec[a +bx]

\/Cos[a+bx] Sec[% (aerxH4

2 EllipticF [ArcSin[Tan[2 (a+bx)]], -1] Sec[? (a+bx)]2 1
2 2 +2Tan[= (a+bx) ]
2

\/Cos[a+bx1 Sec[% (a+be4

Problem 342: Result more than twice size of optimal antiderivative.

X

stin[a+bx] 4
Sec[a+bx]3?
Optimal (type 4, 80leaves, 4 steps):

2% 12 +/Cos[a + b x] EllipticE[%(aerx),Z} v/Sec[a + b x] 4Sin(a+bx]

- + +
5bSec[a+bx]>/? 25 b? 25b2Sec[a+bx]3/?

Result (type 4, 212 leaves):

VSecla+bx] (—ixCos[a+bx] - ixCos[3 (a+bx)] + Si”;:*bbxl + Si“BZ(Sagbx” ) 1 cOs[l ’ bx”z secis X
+ — + A/ +
2

b 25 b?

. . . 4 . . .
_ , -
12 E1lipticE [ArcSin|Tan| (a+bx)] -12EllipticF[ArcSin|[Tan|[= (a+bx)]], -1]

(a+bx)]], -1] \/Cos[a+bx] Sec|

N |

N |
N |

\/Cos[a+bx] Sec[l (a+bx)]4 + (—5a+5 (a+bx) —12Tan[1 (a+bx)]
2 2

(—1+Tan[1 (a+bx)]2)

2

Problem 345: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

JXCos[aerx} Sin[a+bx]3?dx

Optimal (type 4, 65leaves, 3 steps):
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. . 1 s
12E111pt1cE[;(a—;+bx),2} 4Cos[a+bx]Sin[a+bx]32 2xSin[a+bx]>%?
- + +

25 b? 25 b? 5b

Result (type 4, 186 leaves):

1

- \/Sin[a+bx]
25b2\/Tan[; (a+bx)]

(a+bx)]2 -

12 (-1)**EllipticE[i ArcSinh[ (-1)** \/ Tan|

(a+bx)] |, —1]\/Sec[

N |
N |

12 (-1)** EllipticF[JiAr‘cSinh[(—1)1/4\/Tan[1 (a+bx)] |, -1] \/Sec[i (a+bx”2 +

2 2

\/Tan[% (a+bx)] |-5bx+5bxCos|[2 (a+bx)|-2Sin[2 (a+bXx)] +12Tan[§ (a+bx)]

Problem 347: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

dx

JxCos[a+bx}
\/Sinf[a +bx]

Optimal (type 4, 38 leaves, 2 steps):
4EllipticE[§ (a— §+bx), 2] 2x/Sin[a+bx]

+

b? b

Result (type 4, 162 leaves):

1

- 2+/Sin[a+bx]
bz\/Tan[i (a+bx)]

2 (—1)3/4EllipticE[JiAr'cSinh[(—1)1/4\/Tan[1 (a+bx)] ], -1] \/Sec[l (a+bx)}2 -

2 2

7bx+2Tan[1 (a+bx)]
2

2 2 2

2(1)3/4E111pticF[jArcSinh[(1)”4\/Tan[1(a+bx)] },1]J5ec[1(a+bx)]2 +\/Tan[1(a+bx)]

Problem 356: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

JxCos[a+bx1 \Cscla+bx] dx
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Optimal (type 4, 58 leaves, 3 steps):

2 x 4+/Csc[a+bx] EllipticE[i (a— §+bx), 2] \/Sin[a+bx]
b~/Csc[a+bx] b?

Result (type 4, 161 leaves):

1

bz\/Sec[i (a+bx)]®

2

4~/Cscla+bx] |-2(-1)>* EllipticE[lercSinh[(-1)1/“\/Tan[1 (a+bx)] ], -1] +

Tan[% (a+bx) ]

2

(bx2Tan[i(a+bx)])JTanB(a+be \/
sl (avox) )

2 (-1)%* EllipticF[jArcSinh[(1)”“\/Tan[l (a+bx)] |, -1] +
Problem 358: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
Jw

Csc[a+bx]3/?

dx

Optimal (type 4, 85leaves, 4 steps):
5 x 4Cos[a+bx] 12+/Cscla+bx] EllipticE[? (a-Z+bx|, 2] VSin[a+bx]

.
S5bCsc[a+bx]®? 25b2Csc[a+bx]3/? 25 b?

Result (type 4, 190leaves):
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1
25b%+/Cscla+bx]
12 (-1)7* V2 [ e EllipticE[iAr‘cSinh[(1)1/4JTan[§ (a+bx)] ], -1]
5bx-5bxCos[2 (a+bx)]|+2Sin[2 (a+bx)] - +
\/Tan[%(a+bx”
12 (-1)¥*2 P EllipticF[jAr‘cSinh[(1)1/4\/Tan[; (a+bx)] |, -1] .
-12Tan|[ =~ (a+bx) ]|
2

\/Tan[i (a+bx)]

Problem 376: Result more than twice size of optimal antiderivative.

J(c+dx)3Csc[a+bx]2Sin[3a+3bx] dx

Optimal (type 4, 255 leaves, 20 steps):
6(c+dx)3Ar‘cTanh[<ejl (@bx) ] 24 d? (c+dx) Cos[a+bx] 4(c+dx)3Cos[a+bx} 9id (c+dx)2PolyLog[2, -t (@bx) ]

+ + -

b b3 b b2
9id (c+dx)?Polylog[2, e! @®¥ ] 18d? (c+dx) PolylLog[3, e @®¥ ] 18d? (c+dx) Polylog[3, et (30 ]

_ . _
b2 b3 b3
18 i d* Polylog[4, -e' @*®¥ ] 181 d®>PolylLog[4, e @®¥ | 24d*sin[a+bx] 12d (c+dx)?Sin[a+bx]
+ + -
b* b* b* b?

Result (type 4, 515leaves):

1 )

-~ (—6b3c3Ar'cTanh[<e]l (@bx)] 1 4b*c®Cos[a+bx] -24bcd*Cos[a+bx] +12b%c2dxCos[a+bx] -

b
24bd>xCos[a+bx] +12b>cd?x*Cos[a+bx] +4b>d®x*>Cos[a+bx] +9b>c®dxlog[l-e! @] 9b%cd®x?Log[1-e" @P¥ ]+
3b>d® x® Log[1-e! @] —9b>c?dxLog[1l+e’ @] -9b>cd?x?Log[1+e' @®¥ ]| -3b7d>x®Log[1+e! (0¥ ] +
9ib?d (c+dx)?Polylog[2, -e' (@*®¥ ] -9ib?d (c+dx)*PolyLog[2, e' ®**¥ | -18b c d®PolyLog[3, -e @PX ] -
18 b d® x Polylog|3, -e' ®** | + 18 b c d? Polylog|3, e’ @*®¥ | + 18 b d®> x PolyLog|[3, e (**®¥) | - 18 i d° PolyLog[4, -e* @P¥ ] +
18 i d® Polylog |4, e' @®¥ ] —12b2c?dSin[a+bx] +24d>Sin[a+bx] - 24b?cd’xSin[a+bx] —12b2d3xzsin[a+bx}>
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Problem 382: Result more than twice size of optimal antiderivative.

J(c+dx)45ec[a+bx] Sin[3a+3bx] dx

Optimal (type 4, 299 leaves, 20 steps):

6cd®x 3d*x2 (c+dx)* i(c+dx)’ (c+dx)*Log[1+e?t (D0
+ - - + -

b3 b3 b 5d b
2id (c+dx)>Polylog[2, -e?t (30| . 3d? (c+dx)?Polylog[3, e (20X ] .
b2 b3
3id® (c+dx) Polylog[4, -e2® (0¥ ]| 3d*Polylog|5, -e2! (3P |  6d* (c+dx) Cos[a+bx] Sin[a+bx]
b ) 2b5 ) b i
4d (c+dx)’Cos[a+bx] Sin[a+bx] 3d*Sinfa+bx]2 6d? (c+dx)?Sinfa+bx]2 2 (c+dx)*Sin[a+bx]?
b2 : bS ) b i b

Result (type 4, 2517 leaves):
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7ic2d2 e-ia
2b?
(2ib*x? (2be**?x+31i (1+e*'?) Log[1+e?* @]} +6ib (1+e’*?) xPolylog[2, -e?! (@"*X | _3 (1+e?%?) PolyLog[3, -e?! (@®X )
Sec[a] +icd®el? |-x*+ (1+<e’2“) x4 - Lce’zj“" <1+<e“a)
2 b

(2b*x*+ 41 b*x Log[1+e?® ()] 1 6 b2 x? PolyLog[2, -e?* P ] + 61 bxPolylog[3, -e2! (®**¥ | -3 Polylog[4, -e?! @**¥ ]} | Sec[a] +

1 . . 1 . . ) )
—idtet? |-x®+ <1+<e’2“') x> - —Se’“a <1+<e“a> <4b5X5+101'Lb4X4 Log[1+e21 (a*bx)} +20b3 %3 PolyLOg[Z, —e“(a*b”] +
5 4b

30 i b? x? PolyLog[3, -e?* (@*®¥ | _30bx Polylog[4, -e?! (@*PX)] - 15 i PolylLog[5, -e?* <a+bX>])) Sec[a] +
c*Sec[a] (Cos[a] Log[Cos[a] Cos[bx] -Sin[a] Sin[bx]] +bxSin[a]) 1

4 2c3dCsc[a} b2 e—]‘lAr‘cTan[Cot[a]] XZ—
2 s 2
b (Cos[a]?+Sin[a]?) 1. Cot[al?

Cot[a] (ibx (-m-2ArcTan[Cot[a]]) -Log[1+e?*®*] -2 (bx-ArcTan[Cot[a]]) Log|[1-e>! (Px-ArcTaniCotlall) ],

nLog[Cos[bx]] -2ArcTan[Cot[a]] Log[Sin[bx -ArcTan[Cot[a]]]] + i PolylLog|2, e*! (bx-ArcTan(Cotlall) [} | sec[a] /

Cos[2a+2bx] 1Sin[2a+2bx]

40 b° 40 b°

(-20b*c*Cos[a] +4@i b c®dCos[a] +6@b>c>d*Cos[a] -60ibcd’Cos[a] -30d*Cos[a] -88b*c>dxCos[a] +120 i b*>c*d*xCos[a] +
120b% cd®>x Cos[a] -60 i bd*xCos[a] -120b* c?2d?x?Cos[a] +1201 b3 cd®>x?Cos[a] +60b?d*x?Cos[a] -80b*cd®x3Cos[a] +
401 b3>d*x3Cos[a] -20b*d*x*Cos[a] -201b°>c*xCos[a+2bx] -401b>c>dx?Cos[a+2bx] -401ib°c?d?’x3Cos[a+2bx] -
201 b°cd®>x*Cos[a+2bx] -41b>d*x°Cos[a+2bx] +201b°>c*xCos[3a+2bx]+401b>c3>dx?Cos[3a+2bx] +
401b°>c?d*x>Cos[3a+2bx] +201b°cd®x*Cos[3a+2bx] +41b°d*x°*Cos[3a+2bx]-10b*c*Cos[3a+4bx] -
201 b3>c3>dCos[3a+4bx] +30b%>c?d’Cos[3a+4bx] +30ibcd®*Cos[3a+4bx] -15d*Cos[3a+4bx]-40b*c3>dxCos[3a+4bx] -
601b>c?d’xCos[3a+4bx] +60b>cd®*xCos[3a+4bx]+301bd*xCos[3a+4bx]-60b*c?2d?’x?*Cos[3a+4bx] -
601b>cd®x?Cos[3a+4bx] +30b>d*x>Cos[3a+4bx] -40b*cd3>x3Cos[3a+4bx]-201b3>d*x*Cos[3a+4bx] -
10b*d*x*Cos[3a+4bx] -10b%*c*Cos[5a+4bx] -201b3c>dCos[5a+4bx] +30b%>c?d?’Cos[5a+4bx]+30ibcd*Cos[5a+4bx] -
15d*Cos[5a+4bx] -40b*c3>dxCos[5a+4bx] -601b>c?d?>xCos[5a+4bx] +60b>cd®>xCos[5a+4bx]+30ibd*xCos[5a+4bx] -
60b* c>d’x?Cos[5a+4bx] -601b>cd®*x?Cos[S5a+4bx] +30b>d*x*Cos[5a+4bx] -40b*cd®*x*Cos[5a+4bx] -
20ib3d*x3Cos[5a+4bx] -10b*d*x*Cos[5a+4bx] +20b°c*xSin[a+2bx] +40b° c3dx?Sin[a+2bx] +40b°c>d?’x3Sin[a+2bx] +
20b°cd®x?*Sin[a+2bx] +4b°d*x>Sin[a+2bx] -20b°c*xSin[3a+2bx] -40b°c3dx?Sin[3a+2bx] -40b°>c?d?’x>Sin[3a+2bx] -
20b°cd®x*Sin[3a+2bx] -4b>d*x>Sin[3a+2bx] -101b*c*Sin[3a+4bx] +20b3c3dSin[3a+4bx] +301b%>c?d?’Sin[3a+4bx] -
30bcd*Sin[3a+4bx] -151d*Sin[3a+4bx] -401ib*c3dxSin[3a+4bx] +60b3c?d?®xSin[3a+4bx] +601b%>cd®*xSin[3a+4bx] -
30bd*xSin[3a+4bx] -601b*c?d?’x?Sin[3a+4bx] +60b3cd®x?>Sin[3a+4bx] +301b?d*x?Sin[3a+4bx] -
401b*cd®>x®*Sin[3a+4bx] +20b3d*x>Sin[3a+4bx] -101b*d*x*Sin[3a+4bx] -10ib*c*Sin[5a+4bx] +20b3c>dSin[5a+4bx] +
301 b%c?d?’Sin[5a+4bx] -30bcd®>Sin[5a+4bx] -151d*Sin[5a+4bx] -401b*c3dxSin[5a+4bx] +60b3c?d>xSin[5a+4bx] +
601b%>cd®xSin[5a+4bx] -30bd*xSin[5a+4bx] -601b*c?d*x>*Sin[5a+4bx] +60b3cd3>x*Sin[S5a+4bx] +
30ib*d*x*Sin[5a+4bx] -40ib*cd®*x*Sin[5a+4bx] +20b>d*x*Sin[5a+4bx] -10ib*d*x*Sin[5a+4bx])

(bz\/Csc[a]2 (Cos[a]?+sin[a]?) ) +Sec[a]
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Problem 383: Result more than twice size of optimal antiderivative.
J(c+dx)35ec[a+bx] Sin[3a+3bx] dx

Optimal (type 4, 242 leaves, 19 steps):
3d3x (c+dx)3 Ji(c+dx)4 (c+dx)3Log[1+e“<a*bX)] 31‘1d<c+dx)2PolyLog[2,fezﬂa*bx)]
_ _ N _

+

2b3 b 4d b 2 b?
3d* (c+dx) PolyLog[3, -e*! (¥ | 31 d*Polylog[4, -e*! @*) | 343 Cos[a+bx] Sin[a+bx]
2b? i 4 b ) 2 b4 :
3d<c+dx)2Cos[a+bx1 Sin[a+bx] 3d? (c+dx) Sin[a+bx]? 2(c+dx)ssin[a+bx12
b2 ) b3 . b

Result (type 4, 1733 leaves):
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_ 1 CdZ(e—Jia

4 b3
b(zjbzx2 (2be’*?x+3i (1+e’'?) Log[1+e2!@PX]) +61ib (1+e?"?) xPolylog[2, -e*! ¥ | -3 (1+e?%?) PolylLog|[3, -e?* (@0X) ])
Sec[a] + lJ'1d3 et |-x*+ (1+e’2“‘) x* - Lce’“"" (1+<e“a)

4 2 b*
(2b*x*+ 41 b*x Log[1+e?® ()] 1 6 b2 x? PolyLog[2, -e?* P ] + 61 bxPolylog[3, -e2! (®**¥ | -3 Polylog[4, -e?! @**¥ ]} | Sec[a] +

c®Sec[a] (Cos[a] Log[Cos[a] Cos[bx] -Sin[a] Sin[bx]] +bxSin[a]) o |32 dcscra) |p2 et ArcTanicotial y2 _ 1

b (Cos[a]?+Sin[a]?) 1+ Cot[a]?

Cot[a] (ibx (-m-2ArcTan[Cot[a]]) -Log[1+e?*®*] -2 (bx-ArcTan[Cot[a]]) Log|[1-e>! (Px-ArcTaniCotiall) ] ,

nLog[Cos[bx]] -2ArcTan[Cot[a]] Log[Sin[bx -ArcTan[Cot[a]]]] + i PolylLog|2, e*! (bx-ArcTan(Cotlall) [} | sec[a] /

Cos[2a+2bx] 1Sin[2a+2bx]

16 b* 16 b*

(-8b°c®Cos[a] +121ib*>c*dCos[a] +12bcd®Cos[a] -6i d>Cos[a] -24b’>c>dxCos[a] +241ib*cd®xCos[a] +12bd>xCos[a] -
24b3cd*x*Cos[a] +12ib%2d3>x%®Cos[a] -8b3>d*>x®*Cos[a] -81b*c3>xCos[a+2bx]-12ib*c?dx?*Cos[a+2bx] -
8ib*cd?’x>Cos[a+2bx] -21b*d*x*Cos[a+2bx] +8ib*c3>xCos[3a+2bx] +121b*c?dx?*Cos[3a+2bx] +
8ib*cd?’x>Cos[3a+2bx] +2ib*d>x*Cos[3a+2bx] -4b3>c3Cos[3a+4bx]-61b>c®?dCos[3a+4bx]+6bcd?’Cos[3a+4bx] +
3id3Cos[3a+4bx] -12b>c?>dxCos[3a+4bx]-121b%2cd?*xCos[3a+4bx] +6bd®xCos[3a+4bx]-12b>cd?x?*Cos[3a+4bx] -
61ib’°d>x?Cos[3a+4bx] -4b3d®>x>Cos[3a+4bx] -4b3>c3>Cos[5a+4bx]-61b>c>dCos[5a+4bx]+6bcd?Cos[5a+4bx]+
3id3Cos[5a+4bx] -12b>c?dxCos[5a+4bx] -121b%2cd?*xCos[5a+4bx] +6bd®xCos[5a+4bx]-12b>cd?x?Cos[5a+4bx] -
61ib’d>x?Cos[5a+4bx] -4b>d®>x*Cos[5a+4bx] +8b*c®>xSin[a+2bx] +12b*c?2dx?>Sin[a+2bx] +8b*cd*x>Sin[a+2bx] +
2b*d*x*sin[a+2bx] -8b*c3>xSin[3a+2bx] -12b*c?dx?Sin[3a+2bx] -8b%*cd?’x3Sin[3a+2bx] -2b*d*x*Sin[3a+2bx] -
4ib>c3sin[3a+4bx] +6b%>c?dSin[3a+4bx] +6ibcd?’Sin[3a+4bx]-3d3Sin[3a+4bx]-12ib>c?dxSin[3a+4bx] +
12b?cd?xSin[3a+4bx] +6ibd*xSin[3a+4bx] -121b3>cd*x?Sin[3a+4bx] +6b>d>x>Sin[3a+4bx] -41b3d®*x*Sin[3a+4bx] -
4ib3c3sin[5a+4bx] +6b2c?dSin[5a+4bx] +61ibcd?>Sin[S5a+4bx]-3d>*Sin[5a+4bx] -12ib3c?dxSin[5a+4bx] +
12b*cd®*xSin[5a+4bx] +6ibd’>xSin[5a+4bx] -12ib>cd’*x*Sin[5a+4bx] +6b*d’*x*Sin[5a+4bx] -41ib’>d>x*Sin[5a+4bx])

(2 bz\/Csc[a]2 (Cosfa]®+sin[a]?) ) +Sec[a]

Problem 384: Result more than twice size of optimal antiderivative.

J(c+dx)25ec[a+bx} Sin[3a+3bx] dx

Optimal (type 4, 173 leaves, 14 steps):

2cdx d?x2 i(c+dx)® (c+dx)?Log[1+e?! @0X] id (c+dx)Polylog[2, -e?® (@bX]
" b b 3d b ) b2
d?Polylog[3, -e?! (@®X ]| 2d (c+dx) Cos[a+bx] Sin[a+bx] d2Sin[a+bx]2 2 (c+dx)*Sin[a+bx]?

+ - +

2b3 b? b3 b

+
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Result (type 4, 523 leaves):
1
123
d’e'? (2ib?x? (2be?*?x+3i (1+e?*?) Log[1+e*' @P¥ ]) +6ib (1+e?!?) xPolylog[2, -e?* (@0 | -3 (1+e2!?) Polylog|3, -e?* (@PX)])
c?Sec[a] (Cos[a] Log[Cos[a] Cos[bx] -Sin[a] Sin[bx]] +bxSin[a])

Sec[a] + +
b (Cos[a]?+Sin[a]?)

) 1 ]
[chSC[aJ {bz e LArcTan(Cot(al] y2 _ Cot[a] (ibx (-m-2ArcTan[Cot[a]]) - Log[l+e 20| -
1+ Cot[a]?

2 (bx-ArcTan[Cot[a]]) Log[1 - e2* (bx-ArcTan(Cot(all) |, ;| og[Cos[bx]] - 2ArcTan[Cot[a]] Log[Sin[bx - ArcTan[Cot[a]]]] +

iPolyLog[z, e2i (bercTan[COt[am])J Sec[a]]/ (bz\/Csc[a12 (Cos[a]2+Sin[a]2) ) TS
2b

Cos[2bx] (2b*>c®Cos[2a] -d*Cos[2a] +4b’>cdxCos[2a] +2b*d*x*Cos[2a] -2bcdSin[2a] -2bd*xSin[2a]) +
1

203
(2bcdCos[2a] +2bd*xCos[2a] +2b*c*Sin[2a] -d®*Sin[2a] +4b*cdxSin[2a] +2b*d*x*Sin[2a]) Sin[2bx] -

1
—x (3c*+3cdx+d*x*) Tan[a]

Problem 385: Result more than twice size of optimal antiderivative.

J(c+dx) Sec[a+bx] Sin[3a+3bx] dx

Optimal (type 4, 107 leaves, 13 steps):

d x Ji(c+dx)2 (c+dx)Log[1+e“<a*bx>] idPolylog[2, -e2* ¥ | gCos[a+bx]Sin[a+bx] 2 (c+dx) Sin[a+bx]?
-— + - + +

b 2d b 2 b? b? b

Result (type 4, 257 leaves):
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_cCos[Z (a+bx)] . clLog[Cos[a+bx]] + ldcscla) |b2 et ArcTanicotian) o _ 1
b b

1+Cot[a]?
Cot[a] (ibx (-m-2ArcTan[Cot[a]]) - Log[1+e2*®*] -2 (bx-ArcTan[Cot[a]]) Log[1-e>! (Px-ArcTaniCotiall) ],

nLog[Cos[bx]] -2ArcTan[Cot[a]] Log[Sin[bx-ArcTan[Cot[a]]]] +i PolylLog|2, e (Px-ArcTaniCotiall) [} | sec[a] /

dcC 2b 2bxC 2 -Sin[2 d(C 2 2bxSinj[2 Sin[2b
(sz\/cSc[a]z(Cos[a]2+Sin[a]2) )— os[2bx] (2bxCos[2a) - sin[2a)) N (Cos2a] +2bxsin[2a}) Sin[2bx] 1
2 b2 2 b2 2
d
X2
Tan[a]

Problem 389: Result more than twice size of optimal antiderivative.
J(c+dx)3Sec[a+bx]ZSin[3a+3bx] dx

Optimal (type 4, 230 leaves, 19 steps):
6id (c+dx)?ArcTan[e! @®X ] 24d2 (c+dx) Cos[a+bx] 4 (c+dx)’Cos[a+bx]

- +

b2 b3 b
61id? (c+dx) Polylog[2, -ie! @®X ] 6id? (c+dx)PolyLog[2, ie! @] 6d*>Polylog[3, -ie’ @bX]
b ) b3 ) b '
6d>Polylog[3, i e' @®¥] (c+dx)’Secla+bx] 24d3Sin[a+bx] 12d(c+dx)*Sinfa+bx]
- - +
b* b b4 b2

Result (type 4, 532 leaves):

—%Sec[a+bx] (3p°c*-12bcd*+9b>c*dx-12bd®x+9b%>cd’x* +3b° d®x*> + 6 i b> > dArcTan e’ ®*¥) ] Cos[a+bx] +

b
2b*c*Cos[2 (a+bx)|-12bcd?Cos[2 (a+bx) ] +6b>c>dxCos[2 (a+bx)]|-12bd’>xCos[2 (a+bx)]|+6b’cd’x*Cos[2 (a+bx)]+
2b>d>x*Cos[2 (a+bx) | -6b*cd*xCos[a+bx] Log[1-ie" @®¥]|_-3b2d>x?Cos[a+bx] Log[1l-1ie' @P¥ ]+
6b?cd?xCos[a+bx] Log[l+ie" @P¥ ]| +3b?d>x*Cos[a+bx] Log[l+ie’ P ] _6ibd® (c+dx)Cos[a+bx]Polylog[2, -ie @®* ]
6ibd? (c+dx) Cos[a+bx] PolyLog[2, i e’ @PX) ] +6d>Cos[a+bx] PolyLog[3, -ie’ @PX | -6d>Cos[a+bx] PolyLog[3, ie @PX ] -
6b>c>dsin[2 (a+bx) | +12d*Sin[2 (a+bx)| -12b*cd*xSin[2 (a+bx) ]| -6b*d®>x*Sin[2 (a+bx)])

Problem 390: Result more than twice size of optimal antiderivative.

J(c+dx)2Sec[a+bx]ZSin[3a+3bx] dx
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Optimal (type 4, 147 leaves, 15 steps):

4id(c+dx)ArcTan[e* @®¥ ]| gd2cCos[a+bx] 4 (c+dx)*>Cos[a+bx]
- +

- +

b2 b3 b
21id?Polylog[2, -iel @®¥] 23 d2pPolylog[2, iel @®¥] (c+dx)?Secla+bx] 8d(c+dx)Sinfa+bx]
- - +
b3 b3 b b2

Result (type 4, 542 leaves):

(c+dx)25ec[a] 1 2 .2 2 2 2 42 2 s 2 s
- —74Cos[bx} (b c“Cos[a] -2d“Cos[a] +2b“cdxCos[a] +b d“x“Cos[a] -2bcdSin[a] -2bd xS:Ln[a]) +
b b

. . . b x
X -iSinf[a]-iCos[a] Tan| —
4icdArcTan| {’H
Cos[a]2+Sin[a]? 1

b? \/Cos[a]2 +Sinfa]?

2d2 7;CSC[3] ((bx—Ar‘cTan[Cot[a}]) (Log[l—ej (bx—ArcTan[Cot[a]])] —Log[lwei (bx—ArcTan[Cot[a]])}) .

1+ Cot[a]?

in[a]+Cos[a] Tan[bz—w ]

s
2ArcTan([Cot[a]] ArcTanh|
- i (bx-ArcTan[Cot[a]]) i (bx-ArcTan[Cot[a]]) Cos[a]+sin[a]?
i (PolyLog[z, _ys | -PolyLog|2, e ])) + +
\/Cos [a]?+Sin[a]?

1 . . . . .
—4 (2bcdCos[a] +2bd*xCos[a] +b?c?Sin[a] -2d*Sin[a] +2b*cdxSin[a] +b*>d*x*Sin[a]) Sin[bx] +
b

—czsin[bTX} —2cdein[b2—X] —dzxzsin[bx}

b (Cos[2] -sin[2]) (cos[2+2X] - sin[2+2X])

2 2
c2sin[®X] +2cdxSin[®*] +d?x?sin[ 2]

b (Cos[i] +Sin[§]) (Cos[?

Problem 397: Result more than twice size of optimal antiderivative.
Jx Cos[2 x] Sec[x]3dx

Optimal (type 4, 67 leaves, 19 steps):
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-31ixArcTan[e*] + 3 iPolylog|2, -ie'*] - 3 iPolylog[2, ie**]| + secx] 1 x Sec[x] Tan[x]
2 2 2 2
Result (type 4, 146 leaves):
1 6xLlog[1-ie**| -6xLog[l+ie'*]|+61iPolylog|2, -ie**] -
4
2Sin| % 2Sin| %
6 i Polylog[2, i e*| + [2] + X - [2} . X

Cos[X] -sin[] (cOs[§]+Sin[§])2 Cos[X] +sin[*] -1+Sin[x]

Test results for the 9 problems in "4.7.4 xAm (a+b trighn)*p.m'

Problem 1: Result more than twice size of optimal antiderivative.

X
Jidlx
a+bsSin[x]?

Optimal (type 4, 203 leaves, 9 steps):

i xLog[1- —2¢" ] ixlog[1- —2<" ] polylog[2, — 2" ] Ppolylog[2, — o< —
LXx og{ 2a+b—2\/?\/a+b ] X Og{ 2a+b+2\/?\/a+b ] oLy Og{ ’ 2a+b—2\/?\/a+b ] oy og{ ’ 2a+b+2ﬁ\/a+b ]
- + - +
2\/?\/a+b 2\/?\/a+b 4\/?\/a+b 4\/?\/a+b

Result (type 4, 545 leaves):
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1 aCot[x] 2a -a (a+b) Tan[x]
4xArcTanh[————————] - 2ArcCos |1+ — | ArcTanh]| |+
4./-a <a+b> 7a<a+b> b a
- b) T V2 - b) e ix

Ar‘cCos[1+2—a}721ArcTanh[&}+ZjAr‘cTanh[ 2 (a+b) Tanix] Log | 2(axb) e |+

b “a(a+b) a Vb +/2a+b-bCos[2x]

_ b) T NN b ix

AI"CCOS[1+2—a}+2]']. Ar‘cTanh[ﬂ]—Ar‘cTanh[ 2(a+b) Tanx] Log| afarb) e ] -

b -a (a+b) a \/-b v/2a+b-bCos[2x]

[ b) T 2a(a+bfjﬂlfa(a+b))<171'1Tan[x])
ArcCos[1+2Ta}+2]1Ar‘cTanh[ 2 (2+b) an[x]} Log| ] -
a

b (a+ -a (a+b) Tan[x]

[Za (a+b+j\/m) (1+iTan[x])
Log

a b(a+ -a(a+b) Tan[x]

-a (a+b) Tan[x]

] +

2a
ArcCos |1 + T} -2 1iArcTanh|

(2a+b72]1 -a (a+b) ) (7a+ -a (a+b) Tan[x]
|
Problem 6: Result more than twice size of optimal antiderivative.

X
J—dlx
a+bCos[x]?

Optimal (type 4, 203 leaves, 9 steps):

(2a+b+21‘1 7a(a+b>)(fa+ -a (a+b) Tan[x]

b (a+1/—a (a+b) Tan[x]

i [Polylog|2, | - PolyLog|2,

]

)]

++/-a (a+b) Tan[x]

ixlogll+ —2&——
[ 2a+b-2+/a +/a+b 2a+b+2+/a +a+b 2a+b-2+/a +/a+b 2a+b+2+/a +/a+b

2\/?\/a+b 2\/?\/a+b 4\/?\/a+b 4\/?\/a+b
Result (type 4, 532 leaves):

bet ] ixLog[l+¢] PolyLog[Z,—ﬁ} PolyLog[z,—ﬁ]
+
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b) Cot
- 4xAr‘cTanh[<a+)—o[X1} +2ArcCos -1 - 2_a] Ar‘cTanh[w} +
4 7a<a+b> 7a(a+b) b 7a(a+b)
2a <a+b> Cot [x aTan[x] \/_1/—a a+b)
ArcCos[-1- =] -21i |ArcTanh| +ArcTanh [ ——————] || Log]|
b -a a+b - a+b Vb /2a+b+ b Cos[2x]
2a <a+b> Cot [x aTan[x] \/71/—a a+b)
ArcCos[-1- =] +21i |ArcTanh| +ArcTanh|[ —————|
b N a+b N= a+b \/—\/2a+b b Cos[2x]

)3 aTan[x] (a+b) ( ia+ a(a+b))<fi+Tan[x])
ArcCos[-1- =] +2iArcTanh[ ————] | Log] |-
b N a+b b(a+b+ -a a+b Tan|
’a aTan[x] (a+b) (1a+ a(a+b)) (i+Tan[

ArcCos[-1- =] -2iArcTanh[——————] | Log] } +

N a+b b(a+b+ -a a+b Tan|
(2a+b721«/ a(a+b) ) (a+bf -a (a+b) Tan[x]

b (a+b+ -a (a+b) Tan[x]

i [Polylog|2,

} _

( 2a+b+2i+/-a(a+b) ) (a+bf -a (a+b) Tan[x]
PolyLog|2,

b

a+b+./-a(a+b) Tan[x]

Test results for the 330 problems in "4.7.5 x"m trig(a+b log(c x*n))*p.m"

Problem 26: Unable to integrate problem.

Jxm Sin[a+ _LZ“")Z Log[cx"] | dx

n

Optimal (type 3, 133 leaves, 3 steps):
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[ lm2 1em Nowe " "2‘ ! _Lem
el MM (ex") e aw (Lem) xMM (cx") o Log[x]
- +
2 2
4 711;;”)_ n 2 7_(1;21)_ n
n n

Result (type 8, 30 leaves):

Jx"‘ Sin[a+ 7(1+72m)2 Log[cx"] | dx

n

Problem 27: Unable to integrate problem.

J\xz Sin[a+3 —nl—z Log[cx"] | dx

Optimal (type 3, 88leaves, 3 steps):

F - (cx 3”'7 r " x® (cx") " Log [x]

Result (type 8, 26 leaves):

szsin[a+3 /7:—2 Log[cx"] | dx

Problem 28: Unable to integrate problem.

stin[aJrZ —:7 Log[cx”]] dx

Optimal (type 3, 88leaves, 3 steps):

1
Y 1 a [-=n 1 B
—e e X2 (ex")?n - Ze Vo - nx? (cx") " Log[x]
2 2
\/ n

Result (type 8, 24 leaves):

N
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stin[aJrZ —:7 Log[cx”]] dx

Problem 29: Unable to integrate problem.

JSln — Log cx"

Optimal (type 3, 82leaves, 3 steps):

o 11 a /-2 1
*e n fnx (cxM)n-=e NV ™ - nx(cx”)’l/nLOg[X]
2 n2

Result (type 8, 21 leaves):

JSln — Log cx"| | dx

Problem 31: Unable to integrate problem.

JSin[a+ l—n% Log[c x"] |

dx

x2

Optimal (type 3, 86 leaves, 3 steps):

Vi"izn/ —ncx “i/n Vi"iz | - —ncx Log X]
Result (type 8, 25leaves):

J\Sin[a+ l—nl—z Log[cx"]]

dx

x2
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Problem 32: Unable to integrate problem.

JSin[a+z |- Loglcx]]

dx

x3

Optimal (type 3, 88leaves, 3 steps):

Vi"izn - —n (cxm) 2" Vi"T [ - —n (cx") " Log[x]

8 x? 2 x?

Result (type 8, 26 leaves):

JSin[a+2 [ -2 Loglcx"]]

dx

X3

Problem 33: Unable to integrate problem.

1 2
J\x"'Sin[aJF1 —< +2m) Log[cx”HZdlx

2 n

Optimal (type 3, 117 leaves, 3 steps):

X1+m e’za\‘f;f X1+m (an)l;l 1 “\’T n on
- -=e 1 XM (cx") 0 Log[x]
2 (1+m) 8 (1+m) 4

Result (type 8, 35leaves):

1 2
Jmein[aJr1 —< ), Log[cx"“zdlx

2 n?

Problem 34: Unable to integrate problem.

sz Sin[a+ EA Log|c x“]]zdlx
2 n?
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Optimal (type 3, 76 leaves, 3 steps):

x3 1 -2a 717n 1 2a 717n
——- —e X3 (cx”)3/”—— "
6 24 4

Result (type 8, 30leaves):

J\xz Sin|a+ 31 Log[c X“HZdlx
2 n?

Problem 35: Unable to integrate problem.

Jx Sln — Log cx" dlx

Optimal (type 3, 76 leaves, 3 steps):

4 16 4

Result (type 8, 25leaves):

J\x Sln — Log c x" dlx

Problem 36: Unable to integrate problem.

JSln a+— — Log cx" dlx

Optimal (type 3, 68 leaves, 3 steps):

2 7"17nx (cx”)g—leza 7"17nx (cx”)
4

i l -1/n
- e
2 8

Result (type 8, 26 leaves):

JSln a+— — Log c x" dlx

Log[x

2 , L 1t
XL e (cx”)z”‘flezav w2 (cx") " Log[x]

]
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Problem 38: Unable to integrate problem.

. n 2
Jsm[%% /—n% Log[cx"] |

dx

x2

Optimal (type 3, 74 leaves, 3 steps):

2a |-~ n 2a |-t n

n? n\-1/n n?
1 e (cxm) e

2 X 8 x 4 X

(cxm) . Log [X]

Result (type 8, 30 leaves):

JASin[ani /—n% LOg[CX”H2

2

dx
X

Problem 39: Unable to integrate problem.

J‘Sin[a+ l—nl—z Log[cx”}]2

dx
x3

Optimal (type 3, 76 leaves, 3 steps):

2a 7:7 n -2/n -2a 717 n 2/n
1 e (cxm) e " (ex")¥" Log[x]
N

4 x? 16 x? 4 x?

Result (type 8, 27 leaves):

JSin[a+ lfn% Log[cx”]]2

dx

X3

Problem 41: Unable to integrate problem.

J\xzsin[a+ /—:—2 Log[cx"HBdlx
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Optimal (type 3, 172leaves, 3 steps):

1/n -a ’1_2 n 1 :
T X3 (cx" —e Vo -— nx® (cx")n -
2 32 n2
a - 3 3/n 3a /-5 oo 1 3 -3/n
7@ " (cxn fe " -— nx’ (cx") Log [X]
n2 n2

Result (type 8, 27 leaves):

J\XZSin[a+ f—nl—z Log[cx”“3dlx

Problem 42: Unable to integrate problem.

stin[a+2 1 Log[cx”Hg'd]x
3y n?

Optimal (type 3, 178 leaves, 3 steps):

- 27 Lo
——e V - x* (cx" 2/ +—<e T X (cx -
n2 n2
a - X2 2/n 3a[-5n 1 2 ny-2/n
7@ " (cx" *e -, nX (cx) Log [X]
n2
n

Result (type 8, 28 leaves):

stin[a+g ffi Log[cx”HBd]x
3 n?

Problem 43: Unable to integrate problem.

JSln a+f — Log cx" dlx

Optimal (type 3, 168 leaves, 3 steps):



1 1
w -/n "
776 *nX CX 3 +7e

Result (type 8, 26 leaves):

JSln a+— — Log cx" dlx

Problem 45: Unable to integrate problem.

dx
2

. n 3
JSln[a+§ /—n% Log[c x"] |

X

Optimal (type 3, 176 leaves, 3 steps):

\ nZ L n CX -1/n

*I’IX CX

a 7izn 1
9e¢ \ l—n—zn<c

>;—n 9e Vi"T l—ncx
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77[1 1 7fn
W fnx (cx" n+fce e fnx (cxn 1/”Log[]

F\/Tncx n Log[X]

16 x 32 X

Result (type 8, 30leaves):

. n13
J\Sln[a+§ /—n% Log[cx"] |

dx

x2

Problem 46: Unable to integrate problem.

dx

. n 3
J\Sln[a+§ /—n% Log[cx"] |

x3

Optimal (type 3, 178 leaves, 3 steps):

V"z l—ncx"Z/n 9e\/”2 [-% n(c
nz

16 x

P 2
Xn sn 9e V"z | - —2 CX”_
n

Vi”Tn [-L n(ex 2/”Log[ X]

32 x2 64 x>

Result (type 8, 30 leaves):

32 x?2

8 x?
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. n 3
JSln[a+§ /—n% Log[c x"] |

dx

x3

Problem 47: Unable to integrate problem.

Jx’“sin[aJr1 ~(1+m)? Log[cx?]] dx
2

Optimal (type 3, 112leaves, 3 steps):

w 1+m a\—(hm}\z 1 1
el-@n? XM (cx?) 7 e am o (1em) xPT (cx?) > P Log[x]

4./~ (1+m)? + 2/-(1+m)?

Result (type 8, 30leaves):

jx"'sin[aJr1 - (1+m)2 Log[cx?] | dx
2

Problem 49: Unable to integrate problem.

Jx’"sin[a+l ~(1+m)? Log[chHZdlx
4

Optimal (type 3, 106 leaves, 3 steps):

2a (1+m) i \
dn el i (e) w1 eijrr) xtm (c xz)i’(’l’m) Log [x]
2 (1+m) 8 (1+m) 4

Result (type 8, 32leaves):
JX’"Sin[aJr 1/ (1+m)2 Log[cszzdlx
4

Problem 51: Unable to integrate problem.

Jx"'sin[a+1 —(1+m)2 Log[chHSdlx
6

Optimal (type 3, 218 leaves, 3 steps):
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[ m? . a (1+m) . 3a (14m) . 3a (1+m) .

ay-fim” . — Lem Lem T .

9e 1n XM (cx?)e I g e (P xlm (cx?)e el XM (cx?) 2 e Vet (1am) xBM (cx?): ™ og [x]
_ N _

164/~ (1+m)? 324/~ (1+m)? 164/~ (1+m)? 84/~ (1+m)?
Result (type 8, 32leaves):
Jx’"Sin[a+1 ~(1+m)? Log[chHBdlx
6

Problem 72: Result unnecessarily involves imaginary or complex numbers.
J(ex)’“sin[d (a+bLog[cx“”]2dlx

Optimal (type 3, 154 leaves, 2 steps):

2b2d2n? (ex)Lm 2bdn (ex)'™Cos[d (a+blog[cx"])]|Sin[d (a+blog[cx"])] (1+m) (ex)¥™Sin[d (a+bLog[cx“}>]2

- +

e(1+m)((1+m>2+4b2d2n2) e((1+m)2+4b2d2n2) e((1+m)2+4b2d2n2)

Result (type 3, 102 leaves):
—((x (ex)m(—l—Zm—m2—4b2d2n2+(1+m)2Cos[2d(a+bLog[cx“”]+2bd(1+m)nSin[Zd(a+bLog[cx“])]))/
(2 (1+m) (1+m-2ibdn) (1+m+2ibdn))]

Problem 75: Result more than twice size of optimal antiderivative.

J(ex)m\/sin[d (a+bLog[cx“”] dx

Optimal (type 5, 149 leaves, 3 steps):

X 1 21 +2im+bdn 21+21im-3bdn
2 (ex)tm Hyper‘geometr‘1c2F1[—f, - y - )
2 4bdn 4bdn

e (2+2m-ibdn)\[1- 729 (cx) 270

e2iad (cxn>21bd] \/Sin[d (a+bLOg[CXn]>] )/

Result (type 5, 582 leaves):
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[2bd elid (a+b (-nLog[x]+Log[cx"])) nxl-ibdn <ex)m\/2_2ezfld (a+b (-nLog[x]+Log[cx"])) x2ibdn

21+21im-3bdn 21+21im-7bdn

. 1
( (2+2m-ibdn) x?*°4" Hypergeometric2F1 |

- -

2 4bdn ’ 4bdn

) . 1 2i+2im+bdn 2i+21im-3bdn
(2+2m+3ibdn) Hypergeometric2Fl| ~, - s —
2 4bdn 4bdn

e2id (a+b (-nLog[x]+Log[cx"])) XZjbdn] _
3

, eZJid(a+b(—nLog[x]+Log[cx”])) XZjbdn}])/

[(2+2mjbdn) (2+2m+3ibdn) (7272m+jbdn+<e“d(a*b(*”L°g[X1+L°g[CX"U> (2+2m+1’1bdn))

\/_]-]_ e-id (a+b (-nLog[x]+Log[cx"])) x-ibdn (_1 + e2id (a+b (-nLog[x]+Log[cx"])) XZJibdn) .

2x (ex)"sin[d (a+b (-nlog[x] +Log[cx"])) ] \/Sin[bdnLog[x} +d (a+b (-nLog[x] +Log[cx"]))] )/
(bdncCos[d (a+b (-nLog[x] +Log[cx"]))]+2Sin[d (a+b (-nLog[x] +Log[cx"]))]+2mSin[d (a+b (-nLog[x] +Log[cx"]))])

Problem 77: Result more than twice size of optimal antiderivative.

(ex)"
J dx
Sin[d (a+bLog[cx"]) }3/2
Optimal (type 5, 150 leaves, 3 steps):

) i 3 21i+2im-3bdn 21i+2im-7bdn . :
2 (ex)tm (1—<e2“‘GI (c x“)“bd)g/2 Hypergeometric2F1| =, - L , - | e2iad (an>21bd] /
2 4bdn 4bdn

(e (2+2m+3ibdn) sin[d <a+b|-0g[cx”}”3/2)

Result (type 5, 2040 leaves):

{4]-1X1—Jibdn (ex)m\/z_zerd (a+b (-nLog[x]+Log[cx"])) x2ibdn

1 21+21im-3bdn 21+2im-7bdn
2’ 4bdn ’ 4bdn

) . 1 2i+2im+bdn 2i+2im-3bdn
(2+2m+3ibdn) Hypergeometric2Fl| ~, - S , - -
2 4 n 4 n

. 1
(2+2m-ibdn) x?*°4" Hypergeometric2F1 |

s eZJ‘Ld(a+b(fnLog[x]+Log[cx"])) XZjbdn] _

s ezjld<a+b(fnLOg[X]+Log[cx"])) Xz]ibdn}])/

bdn (2+2m—1‘1bdn> (2+2m+311 bdn) \/]‘le]id (a+b (-nLog[x]+Log[cx"])) x-ibdn (71+(6211d (a+b (-nLog[x]+Log[cx"])) Xzibdn)

(bdncCos[d (a+b (-nLog[x] +Log[cx"]))]+2Sin[d (a+b (-nLog[x] +Log[cx"]))]+2mSin|[d (a+b (-nLog[x] +Log[cx“””)] +

(8 imxi-ibdn (ex)m\/z_zezﬁd (a+b (-nLog[x]+Log[cx"])) x2ibdn
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‘ 1 2i+2im-3bdn 2i+2im-7bdn ‘ n ,
((2+2m—ibdn) x“bd”Hyper‘geometr‘icZFl[—,— i1+21 S 21+21 ,e21d<a+b(—nLog[x]+Log[cx]))XZJlbdn]_

2 4bdn ’ 4bdn

(2+2m+31’1bdn> Hyper‘geometr‘icZFl[l, _21+2:|1m+bdn) _21+2:|1m—3bdl’1J @2id (a+b (-nLogx]+Log[cx"])) ijbdn}]J/
2 4bdn 4bdn

bdn (2+2m—1‘1bdn> (2+2m+31’1bdn) \/—jeid(aw(nLog[x]+Log[cx"})) x-ibdn (_1+e211d(a+b(—nLog[x]+Log[cx"})) XZibdn)

(bdncCos[d (a+b (-nLog[x] +Log[cx"]))]|+2Sin[d (a+b (-nLog[x] +Log[cx"]))]|+2mSin|[d (a+b (-nLog[x] +Log[cx”””)] +

(41’1m2 xl-ibdn <ex)m\/272e2jd (a+b (-nLog[x]+Log[cx"])) x2ibdn

2i+21im-3bdn 21i+2im-7bdn
- - El

) 1 ‘ n )
<2+2m_ i bdn) x2ibdn Hyper‘geometr‘icZFl{—, e2id (a+b (-nLog[x]+Log[cx"])) X211bdn] _

2 4bdn ’ 4bdn
1 21+21im+bdn 21+21m-3bdn ) n )
(2+2m+31‘1bdn) Hyper‘geometr‘iczFl[—: e > - 2 , e21d (ab (-ntogix)-tog[cx?])) X“bdn}])/
2 4bdn 4bdn

bdn(2+2m-ibdn) (2+2m+3ibdn) \/]-leid(am(nLog[xpLog[cx"})) 5 ibdn (71+62id(a+b<fnLog[x]+Log[cx"})) XZibdn)

(bdncCos[d (a+b (-nLog[x] +Log[cx"]))]|+2Sin[d (a+b (-nLog[x] +Log[cx"]))]+2mSin[d (a+b (-nLog[x] +Log[cx“””)] +

(j bdnxt-ibdn (ex)m\/272e2j1d (a+b (-nLog[x]+Log[cx"])) x2ibdn

((2+2m—ibdn) xz“’d”Hypergeometr‘icZFl[l, 2i+2im-3bdn _21+21m—7bdn, e2id (asb (-nLog(x]+Log[cx"])) xzibdn] _

2 4bdn ’ 4bdn

1 21+21im+bdn 21+21m-3bdn ) n )
(2+2m+31’1bdn> Hyper‘geometr‘icZFl[—, ~ + + L + , @2id (a+b (-nLog(x]+Log[cx"])) XZIbdn}])/
2 4bdn 4bdn

[<2+2m i bdn) (2+2m+3 ibd n) \/Ji e-id (a+b (-nLog[x]+Log[cx"])) x-ibdn (71+e2j1d (a+b (-nLog[x]+Log[cx"])) XZjbdn)

(bdncCos[d (a+b (-nLog[x] +Log[cx"]))]+2Sin[d (a+b (-nLog[x] +Log[cx"]))]+2mSin[d (a+b (-nLog[x] +Log[cx“”)”] +

-m

X" (ex)" 2x*"Csc[d (a+b (-nLog[x] +Log[cx"]))] Csc[bdnlog[x] +d (a+b (-nLog[x] +Log[cx"]))] Sin[bdnLog[x]] -

bdn
(2x*™Csc[d (a+b (-nLog(x] +Log[cx"]))]) /

(bdncCos[d (a+b (-nLog[x] +Log[cx"]|))]|+2Sin[d (a+b (-nLog[x] +Log[cx"]))]|+2mSin[d (a+b (-nLog[x] +Log[cx”]))]))

\/Sin[bdnLog[x] +d (a+b (-nLog[x] +Log[cx"]))]
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Problem 89: Result more than twice size of optimal antiderivative.

Cos[a+blLog[cx"]]
=

dx

Optimal (type 3, 18leaves, 2 steps):
Sin[a+bLog[cx"]]
bn

Result (type 3, 37 leaves):
Cos[bLog[cx"]]Sin[a] Cos[a] Sin[blLog[cx"]]
+
bn bn

Problem 104: Unable to integrate problem.

Jmeos[aJr _L:")Z Log[cx"] | dx

n
Optimal (type 3, 101 leaves, 3 steps):

w2 1+m [ am?

eV = x1m (cx“) n 1 e " 1om

4 (1+m) 2

Result (type 8, 30leaves):

Jx"‘Cos[aJr - (1+2m)2 Log[cx"] | dx

n

Problem 105: Unable to integrate problem.

JCOS — Log cx"| | dx

Optimal (type 3, 62 leaves, 3 steps):

X (cx")n+—e ﬁnx(cx”)’l/”Log[x}
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Result (type 8, 21 leaves):

JCOS — Log cx"

Problem 106: Unable to integrate problem.

1 2
Jx"‘Cos[a+1 7(+7m) Log[cx”sz]x

2 n2

Optimal (type 3, 117 leaves, 3 steps):

n
1em Mz

1+ T 1am xlm ny 224~ e " o
e Xt (e x”) e (c x”)_ln_ Log[x]
2 (1+m) 8 <1+m) 4

Result (type 8, 35leaves):

1 2
J\meos[aJF1 —ﬂ Log[cx”“zdlx

2 n2

Problem 107: Unable to integrate problem.

J\COS a+f — Log cx" dlx

Optimal (type 3, 68 leaves, 3 steps):

X 1 2a/-Xn 1 1 2a /-~ n

~ - 2 n\ ., = n2 n
2+8e x(cx)+4(e x(cx)

-1/n Log [X]

Result (type 8, 26 leaves):

JCOS a+f — Log cx" dlx
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Problem 109: Unable to integrate problem.

JCOS a+f — Log cx" dlx

Optimal (type 3, 128 leaves, 3 steps):

1 1 1 1
2 7“7nx(cx”)’§/"+ieia 7”Tnx(cx”)§/n+ie73a 7"Tnx<cx“)%+1e3a 7"Tnx(cx”)’1/nLOg[X}
16 32 16 8

Result (type 8, 26 leaves):

JCOS a+— — Log cx" dlx

Problem 110: Result more than twice size of optimal antiderivative.
J\/Cos [a +b Log[c x"] } dx

Optimal (type 5, 110leaves, 3 steps):

2x+/Cos[a+bLlog[cx"]] Hyper‘geometr‘icZFl[—i, —%, i (3— Q), —e2ia (cx")?P]

(2-ibn)/1+e2ia (cxn)2i®
Result (type 5, 438 leaves):

[Zj\/?be’i (a+b(—nLog[X]+Log[cx"])) nxi-ibn ((21‘1+bn) (1+(62i (a+b(—nLog[X]+Log[cx"})) ijibn) + (—Zi—bn+e“ (a+b(—nLog[X]+Log[cxn”> <—2]i+bn>)

\/1+e i (a+b nLog[x]+Log[cx"”> x2ibn Hyper‘geometr‘iCZFl[l, _ 2i+bn i _ 1 _e2i (a+b (—nLog[x]JrLog[cx"”) XZjbn]J]/

3 El
2 4bn 4 2bn

<4+b2 n2> (—21’1—bn+e“ (a+b (-nLog[x]+Log[cx"])) (—21’1+bn)) \/e—i (a+b (-nLog([x]+Log[cx"])) x-tbn (1+e2]'l (a+b (-nLog[x]+Log[cx"])) XZibn) J _

2xCos[a+b (-nLog[x] +Log[cx"])] JCos[a+anog[x] +b (-nLog[x] +Log[cx"]) |

-2Cos[a+b (-nLog[x] +Log[cx”])] +bnsin[a+b (-nLog[x] +Log[cx“]>]
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Problem 112: Result more than twice size of optimal antiderivative.

JCos[a +b Log[c x“] }3/2 dx

Optimal (type 5, 109 leaves, 3 steps):

2xCos[a+bLlogl[cx"]]3/?2 Hyper‘geometr‘icZFl[—%, 1 (—3— Q), i (1— Q), ~e?i? (cxn)?1P]

4
(2731'1bn) (1+e2ia (CX”)ZM’)B/Z

Result (type 5, 220 leaves):

: 2 21i (a+b Log[cx" 2 i 1 1 i 5 i _ 21 (a+bLog[cx"]
6ivV2 b \/1+e ( [ex]) xHyper‘geometr‘1c2F1[2, i 3en? 2 aenr ( )] )

Jei (a+bLog[cx"]) (1+e2i(a+bL°g[CX"]>) (-2i+bn) (-2i+3bn) (2i+3bn)

2x+/Cos[a+blog[cx"]] (2Cos[a+blog[cx"]] +3bnSin[a+bloglcx"]])
4 +9b%n?

Problem 114: Result more than twice size of optimal antiderivative.

JCos[a +b Log[cx"] }5/2 dx

Optimal (type 5, 110leaves, 3 steps):

2xCos[a+blog[cx"]]5/2 Hyper‘geometr‘icZFl[—%, i (—5— ﬁ), —%, -e?t? (c x“)zjb}
. : 2
(2-5ibn) (1+e2i® (cxn)?'?)”

Result (type 5, 681 leaves):
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[3@51\/?[)3 et (a+b (-nLog[x]+Log[cx"])) n3 xi-ibn ((21’1+bn) (1+62ﬁ (a+b (-nLog[x]+Log[cx"])) XZJ‘Lbn) + (_2]-1_bn+e21'1 (a+b (-nLog[x]+Log[cx"])) (—2]’1+bn>)

x/lJrce”l (a+b (-n Log[x] sLog[cx"]] ) y2ibn Hyper‘geometricZFl[l, - 21+bn, 3.1 , —e2? (avb (-nLog(x]+Log[cx"])) x“b"]J]/
2 4bn 4 2bn

(-2i+5bn) (23 +5bn) (4+b2n?) (25 -bne2t(ab(ntoeiatog[ext])) (L35 pn)]|

Jej (a+b (-nLog[x]+Log[cx"])) x-ibn (1+(EZJ'1 (a+b (-nLog[x]+Log[cx"])) XZjbn) +\/Cos[a+bn Log[x] +b (—n Log[x] + LOg[C Xn] )]

(- ((2x (2Cos[a+b (-nLog[x] +Log[cx"])]| +15b*n?Cos[a+b (-nLog[x] +Log[cx"|)] -bnSin[a+b (-nLog[x] +Log[cx"])])) /
((-21+5bn) (2i+5bn) (-2Cos[a+b (-nLog[x] +Log[cx"|)] +bnSin[a+b (-nLog[x] +Log[cx"])]))) +
(xSin[2bnLog[x]] (5bnCos[2 (a+b (-nlLog[x] +Log[cx"]))]-2Sin[2 (a+b (-nLog[x] +Log[cx"]))]|))/((-2i+5bn) (2i+5bn)) +
(xCos[2bnLlog[x]] (2Cos[2 (a+b (-nLog[x] +Log[cx"]))] +5bnsSin[2 (a+b (-nlog[x] +Log[cx"|))]|))/((-2i+5bn) (2i+5bn)))

Problem 118: Result more than twice size of optimal antiderivative.

J ! dx
Cos[a+bLlog[cx"]]3/2
Optimal (type 5, 109 leaves, 3 steps):

2 x (1+eua (cxn>2jb)3/2 Hyper‘geometr‘iCZFl[%, i (3— ﬁ), i (7_ Q), _e2ia (cxn>21b]

(2+31‘1bn) Cos[a+blog[cx"]]3/2

Result (type 5, 847 leaves):
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[4\/?@’21 (a+b(—nLog[x]+Log[cx”])) xl-ibn [(21‘1+bn) (1_'_@21'1 (a+b(—nLog[x]+Log[cx"])) X2j1bn) + (_2j_bn+(ezi (a+b(—nLog[X]+Log[cxn]>) (—21’1+bn))

x/lJrce“l (a+b (-nLog[x] +Log[cx"]] ) y2ibn Hypergeometr‘icZFl[l, - 2]1+an 3.1 , —e2? (avb (-nLog(x]+Log[cx"])) x““])]/
2 4bn 4 2bn

bn (4+ b2 n2) \/ei (a+b (-nLog[x]+Log[cx"])) x-ibn (1 + 2t (a+b (-nLog[x]+Log[cx"])) XZibn)

(-2Cos[a+b (-nLog[x] +Log[cx"]) ] +bnSin[a+b (-nLog[x] +Log[cx”})])}] -

(ﬁbe—zﬁ (a+b (-nLog[x]+Log[cx"])) nxi-ibn ((21’1+bn) (1+eu (a+b (-nLog[x]+Log[cx"])) XZibn) + (—2]1—b|’1+(82j1 (a+b (-nLog[x]+Log[cx"])) (—21’1+bn>)

\/:I_Jr e21 (a+b (-nLog[x]+Log[cx"])) x2ibn Hyper‘geometr‘iCZFl[l, B 21+ bn) i B 1 s _ 2t (a+b (-nLog[x]+Log[cx"])) XZiLbn] ) ]/
2 4bn 4 2bn

<4+ b2 n2> \/(e]'l (a+b (-nLog[x]+Log[cx"])) x-ibn (1 +e2i (a+b (-nLog[x]+Log[cx"])) XZjbn)

(-2Cos[a+b (-nLog[x] +Log[cx"])] +bnSin[a+b (-nLog[x] +Log[cx“”])} +

\/Cos[a+anog[x] +b (-nLog[x] +Log[cx"]) ]

biZXSec[a+b (-nLog[x] +Log[cx"])]| Sec[a+bnLog[x] +b (-nLog[x] +Log[cx"])]|Sin[bnLog[x]] +
n

2xSec[a+b (-nLog[x] +Log[cx"]) ] J

-2Cos[a+b (-nLog[x] +Log[cx"]) ]| +bnSin[a+b (-nLog[x] +Log[cx"]) |
Problem 123: Result unnecessarily involves imaginary or complex numbers.
Jx’"Cos[a+bLog[c X”H4dlx

Optimal (type 3, 266 leaves, 3 steps):

24 b* n* x1+m 12b% (1+m) n2x*"Cos[a+bLog[cx"]]2 (1+m)x*"Cos[a+bloglcx"]]*

+

+ +
(1+m) ((1+m)?+4b2n2) ((14m)?+16b2n2)  [(1+m)?+4b>n2) ((14m)+16b2n2) (1+m)?+16b%n2
24b3n3x*"Cos[a+blog[cx"]]Sin[a+blog[cx"]] 4bnx™Cos[a+blog[cx"]]3Sin[a+bLlog[cx"]]
+
((1+m>2+4b2n2> ((1+m)2+16b2n2) <1+m>2+16b2n2

Result (type 3, 435leaves):
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3X1+m
8(1+m)
(-2bnCos[2a+2b (-nlog[x] +Log[cx"]|)] +Sin[2a+2b (-nlLog[x] +Log[cx"|)] +mSin[2a+2b (-nLog[x] +Log[cx"])])) /
(2(1+m-2ibn) (1+m+2ibn))+ (x**"Cos[2bn Log[x]]
(Cos[2a+2b (-nLog[x] +Log[cx"])]| +mCos[2a+2b (-nLog[x] +Log[cx"]|)] +2bnSin[2a+2b (-nLog[x] +Log[cx"]|)])) /
(2(1+m-2ibn) (1+m+2ibn)) - (x**"Sin[4bnLog[x]]
(-4bnCos[4a+4b (-nlog[x] +Log[cx"])] +Sin[4a+4b (-nlog[x] +Log[cx"|)| +mSin[4a+4b (-nLog[x] +Log[cx"])]))/
(8(1+m-4ibn) (1+m+4ibn))+ (x*"Cos[4bnLog[x]] (Cos[4a+4b (-nLog[x] +Log[cx"])] +
mCos[4a+4b (-nlog[x] +Log[cx"])]+4bnSin[4a+4b (-nlog[x] +Log[cx"]|)])) /(8 (1+m-4ibn) (1+m+4ibn))

- (x**™sin[2bn Log[x]]

Problem 125: Result unnecessarily involves imaginary or complex numbers.

jx"‘ Cos[a+bLog[cx"] ]2 dx

Optimal (type 3, 120leaves, 2 steps):

2 b2 n2 xim (1+m) x¥M"Cos[a+blog[cx"]]? 2bnxMCos[a+bLlog[cx"]]Sin[a+bLog[cx"]]
+ +

(1+m) ((1+m)2+4b2n2) (1+m)2+4b2n2 (1+m)2+4b2n2

Result (type 3, 91 leaves):
xL+m (1+2m+m2+4b2n2+ (1+m)2Cos[2 (a+bloglcx"])]|+2b (1+m)nSin|2 (a+bLog[cx”])])

2 (1+m) (1+m—21‘1bn) (1+m+21‘1bn)

Problem 128: Result more than twice size of optimal antiderivative.

Jx’"x/COS[a +bLog[cx"|] dx

Optimal (type 5, 129 leaves, 3 steps):

2x1*"+/Cos[a+bLog[cx"]] Hyper‘geometr‘icZFl{—%, —“*22:‘“’“, —“*zaibmfb”, ~e?i? (cxn)?1P]

(2+2m-ibn) \/1+62ja (an)zjb

Result (type 5, 529 leaves):
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_ [ [2 b el (a+b (-nLog[x]+Log[cx"])) n xlm-ibn \/2 4+ 2 @21 (ath (-nLog[x]+Log[cx"])) x2ibn

. 1 21+2im-3b 21+2im-7b . n )
[(21’1+21’1m+bn) x? 1P Hypergeometric2F1[ =, - troim n, _stroim n, —<e“<a*b(’”L°g[X]*L°g[”]))x“b”}+
2 4bn 4bn

1 2i+2im+bn 2i+2im-3bn . n .
(-21i-2im+3bn) Hypergeometric2F1| -, - : AL , —@2t (a+b (-nLoglx]+Log[cx"])) x“b”]]]/
2 4bn 4bn

[(2+2m—1’1bn) (2+2m+3ibn) (2+2m—1’1bn+e“(a*b(’”L°g[X]*L°g[CX"D> (2+2m+1’1bn))

\/e—j (a+b (-nLog[x]+Log[cx"])) x-ibn (1 42l (a+b (-nLog[x]+Log[cx"])) XZJibn) ]] N

2x*"Cos[a+b (-nlLog[x] +Log[cx"])] \/Cos[a+anog[x] +b (-nLog[x] + Log[cx"]) | )/

(2Cos[a+b (-nlLog[x] +Log[cx"|)] +2mCos[a+b (-nLog[x] +Log[cx"])]| -bnSin[a+b (-nLog[x] +Log[cx"])])

Problem 130: Result more than twice size of optimal antiderivative.

Xm
J dx
Cos[a+bLlog[cx"]]3/?

Optimal (type 5, 130leaves, 3 steps):

. b\ 3/2 . Coim Coim . ;
2 xim (1+<e“a (cx”)“b) Hypergeometric2Fl[2, - 2i2in3bn = 202in7bn = g2ia (c x“)“b}
2 4bn 4bn

(2+2m+3ibn) Cos[a+bLlog[cx"]]3?

Result (type 5, 1822 leaves):

[4]-1 xl+m-ibn \/ZJr 2 e2i (a+b (-nLog[x]+Log[cx"])) x2ibn

2i+2im-3bn 2i+2im-7bn

, _e2i (a+b (-nLog[x]+Log[cx"]))
4bn 4bn

XZjbn} _

. 1
[ (2+2m-ibn) x**°" Hypergeometric2F1| -, -
2

1 21+21m+bn 21+21m-3bn ) n )
(2+2m+31bn) Hypergeometric2F1| —, - i ML , @21 (2w (-nLog(x] Log[cx"])) lebn})]/
4bn 4bn

bn (2+2m7 i bn) (2+2m+3 i bn) \/ei (a+b (-nLog[x]+Log[cx"])) x-ibn (1+e21'1 (a+b (-nLog[x]+Log[cx"])) XZ]‘Lbn)

(-2Cos[a+b (-nlLog[x] +Log[cx"])] -2mCos[a+b (-nlLog[x] +Log[cx"|)] +bnSin[a+b (-nLog[x] +Log[cx”””]] -

(8 imxtrm-ibn \/2 42 g2l (a+b (-nLog[x]+Log[cx"])) x2ibn

| 245
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) 2ib X 1 21+2im-3bn 21+2im-7bn
((2+2m—1bn) x? 1" Hypergeometric2F1| =, - - s

=, s _e2i (a+b (-nLog[x]+Log[cx"])) Xzﬁbn} _
2 4bn 4bn
1 2i+21im+bn 2i+21im-3bn ) n .
(2+2m+31ibn) Hypergeometric2F1| —, - y - , —e2i(a+b (-nlog(x]+Log[cx"])) x“b“})J/
2 4bn 4bn

bn (2+2m_ i bn) (2+2m+3 i bn) \/ei (a+b (-nLog[x]+Log[cx"])) x-ibn (1+62j (a+b (-nLog[x]+Log[cx"])) XZ]‘Lbn)

(-2Cos[a+b (-nlLog[x] +Log[cx"])] -2mCos[a+b (-nLog[x] +Log[cx"|)] +bnSin[a+b (-nLog[x] +Log[cx”}”)] -

(4 i m2 xlm-ibn \/ZJr 2 e2i (a+b (-nLog[x]+Log[cx"])) x2ibn

. 1
(2+2m-ibn) x*'°"Hypergeometric2F1|

2’ 4bn ’ 4bn
2i+21im+bn 2i+21im-3bn
- B

2i+21im-3bn 2i+2im-7bn
- - B

_e2i (a+b (-nLog[x]+Log[cx"])) ijbn} _

1
(2+2m+31bn) Hypergeometric2F1| —, - s
2 4bn 4bn

_ @21 (arb (-nLog(x]+Log[cx"])) xnbn} ) )/

bn (2+2m7 i bn) (2+2m+3 i bn) \/ei (a+b (-nLog[x]+Log[cx"])) x-ibn (1+e21'1 (a+b (-nLog[x]+Log[cx"])) XZ]‘Lbn)

(-2Cos[a+b (-nlLog[x] +Log[cx"])] -2mCos[a+b (-nlLog[x] +Log[cx"|)] +bnSin[a+b (-nLog[x] +Log[cx”}”)] -

(j bn xim-ibn \/2 422l (a+b (-nLog[x]+Log[cx"])) x2ibn

. 1
( (2+2m-ibn) x*'°"Hypergeometric2F1|

2J 4bn ’ 4bn
2i+21im+bn 2i+2im-3bn
- B

2i+2im-3bn 2i+2im-7bn
- 3

_e?i (a+b (-nLog[x]+Log[cx"])) XZ]‘lbn} _

1
(2+2m+31bn) Hypergeometric2F1| —, - s
2 4bn 4bn

_ @21 (atb (-nLog[x]+Log[cx"])) ijbn} ) )/

[<2+2m i bn) <2+2m+ 314 bn) \/e—i (a+b (-nLog[x]+Log[cx"])) x-tbn (1+e2]'l (a+b (-nLog[x]+Log[cx"])) XZibn)

(-2Cos[a+b (-nlog[x] +Log[cx"])] -2mCos[a+b (-nlLog[x] +Log[cx"|)] +bnSin[a+b (-nLog[x] +Log[cx”}”)] +

\/Cos[a+anog[x] +b (-nLog[x] +Log[cx"]) ] [binl*mSec[aer (-nLog[x] + Log[cx"]) ]
n
Sec[a+bnLog[x] +b (-nLog[x] +Log[cx"|)]|Sin[bnlLog[x]] - (2x*™Sec[a+b (-nLog[x] +Log[cx"])])/

(2Cos[a+b (-nLog[x] +Log[cx"|)] +2mCos|a+b (-nLog[x] +Log[cx"]|)] -bnSin[a+b (-nLog[x] +Log[cx”}”))

Problem 131: Result more than twice size of optimal antiderivative.
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Xm
J dx
Cos[a+bLlog[cx"]]°/?

Optimal (type 5, 130leaves, 3 steps):

B ) e

. ip)5/2 . 2 ime e2 i me , i
2 yl+m 1+<82]la (an>21b Hyper‘geometr‘1c2F1[5, _2i+2im-5bn  2i+2im-9bn _ 2ia (CXn>21b}
2 4bn 4bn

(2+2m+51‘1bn) Cos[a+bLog[cx"]]%/?2

Result (type 5, 263 leaves):

xtem [—4 (1+m) Cos[a+bLog[cx"]] +

. . 1 -2i-2im+bn 2i+21im-5bn
((2+2mfjbn) \/1+<e2“ (cx”)zjLb Hypergeometric2F1[ —, -
2 4bn 4bn

(e ((2+e2') cos[bLog[cx]] +i (~1+e?:%) sin[bLog[cx']]))>?] /

(Je’“‘ (cx“)’j‘b+ej‘a (cx")]‘Lb ) +2bnSin[a+bLog[cx“H))/ (Bb2 nZCos[a+bLog[cx”H3/2)

, -2t (a+b Log[cx"]) ]

Problem 135: Result more than twice size of optimal antiderivative.
sz’ Tan[a+ i Log[x]] dx
Optimal (type 3, 47 leaves, 5steps):

i x4

4

21ia

—ie?taqx? s +ie**?Log[e?t? + x?

Result (type 3, 132leaves):

ix4 (1+x%) Cosa]

-ix?*Cos[2a] +ArcTan|
4 Sin[a] - x?Sin[a]

(1+x?) Cos[a]

1
| Cos[4a] + —iCos[4a] Log[1+x*+2x*Cos[2a]] +
2

1
x?Sin[2a] + i ArcTan| | sinf4a) - ~Log[1+x*+2x?Cos[2a]] Sin[4a]
Sin[a] - x?*Sin[a] 2

Problem 137: Result more than twice size of optimal antiderivative.

JX Tan[a+ 1 Log[x]] dx

Optimal (type 3, 33 leaves, 5steps):
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i x?2

2

-ie?*?Log[e?!?+ x?]

Result (type 3, 114 leaves):

ix2 (1+x%) Cosla]
— —Ar‘cTan[
2 Sin[a] - x?Sin[a]

(1+x?) Cos[a]

1- 4 2
| Cos[2a] - —iCos[2a] Log[1+x*+2x*Cos[2a]] -
2

1
i ArcTan| | sin[2a] + — Log[1+x*+2x?Cos[2a]] Sin[2a]
2

Sin[a] - x?2Sin[a]

Problem 141: Result more than twice size of optimal antiderivative.

JTan[a +1 Log[x]] dx

x3

Optimal (type 3, 35leaves, 4 steps):
d 2ia
-ie?'?Log[1+ exz ]

1

2 x2

Result (type 3, 132leaves):
(1+x2) Cos[a]

i
—— - ArcTan|
2 x2 Sin[a] - x2Sin[a]

(1+x?) Cos[a]

1
| Cos[2a] +21iCos[2a] Log[x] - —iCos[2a] Log[1+x*+2x?Cos[2a]] +
2

1
i ArcTan| | sin[2a] +2Log[x] Sin[2a] - ~ Log[1+x*+2x?Cos[2a]] Sin[2a]
2

Sin[a] - x?Sin[a]

Problem 143: Result more than twice size of optimal antiderivative.

Jx3 Tan[a+ i Log[x]]%dx

Optimal (type 3, 63 leaves, 5steps):
) 4 2 61ia ) )
Zezlaxz_x__ .e _4e4nal_og{621a+x2]
4 g2iay 2

Result (type 3, 155leaves):
x4 , (1+x?) Cot[a]
-~—+2x*Cos[2a] -4iArcTan| —————
4 -1+x2
(1+x?) Cot[a]

| Cos[4a] -2Cos[4a] Log[1+x*+2x?Cos[2a]]|+21ix*Sin[2a] +

2 (Cos[5a] +isSin[5a])

4 ArcTan| | sinf4aa] -2ilog[1+x*+2x*Cos[2a]]Sin[4a] -

-1+x2 (1+x%) Cos[a] -i (-1+x?) Sin[a]
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Problem 145: Result more than twice size of optimal antiderivative.

JxTan[aJr i Log[x]]%dx

Optimal (type 3, 51leaves, 5steps):
x? 2ett? 2ia 2ia, o2
,;+m+2e Log[e +X]

Result (type 3, 135leaves):

x2 (1+x?) Cot[a]
- =—+2iArcTan[—"——
2 -1+x2

(1+x?) Cot[a]

| Cos[2a] +Cos[2a] Log[1+x*+2x?Cos[2a]] -

. . 4 5 . 2Cos[3a] +21Sin[3a]
2 ArcTan| | sin[2a] + i Log[1+x*+2x*Cos[2a]] Sin[2a] +

-1+ x2 (1+x?) Cosfa] -i (-1+x?) Sin[a]

Problem 149: Result more than twice size of optimal antiderivative.

: 2
JTan[a +1 Log[x]] dx

x3

Optimal (type 3, 55leaves, 4 steps):

Zelela 1 . ezia

- + -2e?'?Log[1+

14 €2 2x? x2
XZ

Result (type 3, 150 leaves):

1 (1+x?) Cotla]
——-21iArcTan| ———

; ; | Cos[2a] +4Cos[2a] Log[x] - Cos[2a] Log[1+x*+2x?Cos[2a]] +
2 X -1+x

2Cos[a] -21iSin[a]

1+ x?) Cot
—2Ar‘cTan[—( +x?) Cot [a)

| sin[2a] -4iLog[x] Sin[2a] +1iLlog[1+x*+2x*Cos[2a] ] Sin[2a]
(1+x?) Cos[a] -i (-1+x?) Sin[a] -1+ x2

Problem 151: Result more than twice size of optimal antiderivative.

J(ex)mTan[an iLlog[x]]?dx

Optimal (type 5, 77 leaves, 5 steps):
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X (ex)™ 2x (ex)" . 1 1-m e?ta

- + - 2x (ex)"Hypergeometric2F1[1, ~ (-1-m), , - ]
1+m 14+ et 2 2 x?
XZ
Result (type 5, 172leaves):
1 ] 2 x2 Hypergeometric2Fi |2, 3;'“, 5;'“, -x2 (Cos[2a] -iSin[2a]) ]
X (e X) -

(Cos[a] +1iSin[a])? 3+m

x* Hypergeometric2Fi |2, S*T'", ”T’", -x? (Cos[2a] -iSin[2a])] (Cos[a] - iSin[a])?

5+m

Hypergeometric2F1|2, 1;"‘, 3?’", -x? (Cos[2a] -iSin[2a])] (Cos[2a] +iSin[2a])

1+m

Problem 153: Result more than twice size of optimal antiderivative.

JTan [a+blog[x]]Pdx

Optimal (type 6, 142 leaves, 4 steps):

X (1_e213X2jb>—p i <17(eziax2jb)

p . .
. . 1 1 . . . .
] (1+<e“aX21b>pAppellF1[—2b,—p, p,l_ZbJ(EZJLaXZJLb’ _e21LaX211b]

1+eraX21b

Result (type 6, 330leaves):

[(]'sz)x

J'l(—1+<e P

ZjaXZjb)

1+(EZJiaX2j1b

AppellFl[—L, “p, P, 17L, g2iay2ib 7e2j1aX2ij] /
2b 2b

(—Zbe“apx“bAppellFl[l—i, 1-p,p,2- L, e2iay2ib _(eziaXZJ'lb} B
2b 2b

2be?i?px?1® AppellF1|1 - - -p, 1+p, 2- S e2iay2in, —e?tax?iP] 4 (_i+2b) AppellFl[—i, -p, p, 1- = e
2b 2b 2b

2b

Problem 154: Result more than twice size of optimal antiderivative.

j(ex)mTan[a+bLog[x}]Pd1x

Optimal (type 6, 162 leaves, 4 steps):
1 o j(lieraXZib) p

e (1+m)

(e x)m <1_(ez]'1aX2j1b) (1+euaXZﬁb>pAppe11F1[—7: -p, P, 1-

1+e2iax2ib 2b 2b

j(1+m> ]'1(1+m) 2iay2ib _

2iay2ib
]

X

e

ZﬁaXZJib

2ia Zib]

]
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Result (type 6, 351 leaves):

i(-1+e2tax2ib)\P i(1+m i(1+m , . . .
(1+21‘1b+m)x(ex)’" _ ( . : ) AppellFl[—g, -p, p)l_M) eZlaX21b) _(EZILaXZJLb} /
1+e2iax2ib 2b 2b
1’1(1+m) 11<1+m> . . . ) . . 1'1(1+m)
(1+m) [(1+21ib+m) AppellFl[- ———", -p, p, 1- ———, 2?2 x2iP, _2iay2ib] _2jbe?i2px?*® |AppellF1[1- ——, 1-p,
2b 2b 2b
i(l+m ) . . ) i(l+m i(1l+m . , , .
p,Z—M, ‘EZJLBXZ]Lb, _(EZILaXZJlb}_'_AppellFlI:l_M, _p)1+p,2_ ( >,<521aX21b, _ezjlaXZJlb:I
2b 2b 2b
Problem 158: Result more than twice size of optimal antiderivative.

J&3Tan[d(a-beog[cx”])]dx
Optimal (type 5, 71 leaves, 4 steps):

ix* 1 21 21 . .
_ X + = i x* Hypergeometric2F1[1, - S-S _eriad (cx“)ZIbd}

4 2 bdn bdn
Result (type 5, 146 leaves):
7)(4 2]-lezJid(a+bLog[cx"}) Hyper‘geometr‘iCZFl{l, 1- 2i , 2 - 21 s _e21d<a+bLOE[CX”]>] "
-8-4ibdn bdn bdn

7 3 21 21 21d b L n
(-21i+bdn) Hypergeometric2F1|1, - 1- _g2id(ar °€VX])]

3 3
bdn bdn

Problem 159: Result more than twice size of optimal antiderivative.

J&zTan[d(aArbLog[cx"])]dx

Optimal (type 5, 75leaves, 4 steps):

ix3 2 31 31 .
- + — i x® Hypergeometric2F1[1, - , 1- , —e?t?d (cx")
3 3 2bdn 2bdn

Zjbd}

Result (type 5, 155leaves):
3i 3i
B 2 - B
2bdn 2bdn

2id (a+bLlog[cx"]) }

3 (37 e2id (a+bLog[cx"])

-e +

Hypergeometric2F1[1, 1 - Zﬁd(amL°ﬂqu)]

-9-61bdn
31 31

B 1_ 3
2bdn 2bdn

(-31+2bdn) Hypergeometric2F1|1, - -e
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Problem 160: Result more than twice size of optimal antiderivative.

JxTan[d (a+bLog[cx"])] dx

Optimal (type 5, 69 leaves, 4 steps):

ix? ) . i i
- +1X Hyper‘geometr‘1c2F1[1J -
2

_g2iad (cxn)Zibd]

117 3
bdn bdn

Result (type 5, 146 leaves):

1 . n i
R — j_eZId(a*b“@[cx})HypergeometricZFl[l, 1-
-2-21bdn

12_ 3
bdn bdn

_e2id(asbLog[cx"]) ]

_e2id (a+bLog[cx"])] +

(-1 +bdn) Hypergeometric2F1[1, - !

)1_ )
bdn bdn

Problem 161: Result more than twice size of optimal antiderivative.

J}an[d(a-FbLog[cx“])]dx

Optimal (type 5, 67 leaves, 4 steps):
- ,1- i )7e213d<cxn>21bd]
2bdn 2bdn

-1 x +2 i x Hypergeometric2F1[1, -

Result (type 5, 154 leaves):
1

1
-1+2bdn

Hypergeometric2F1[1, 1 - SRR S , —e2id(abrog[ext])]
2bdn 2bdn

_p21iad

X |-e (cx”)2ijd

i

(1+21bdn) Hypergeometric2F1[1, - , 1- s
2bdn 2bdn

_e2id(asb Log[cx"]) ]

Problem 163: Result more than twice size of optimal antiderivative.

\{Tan[d(a-kbLog[cx”])}

2

dx
X

Optimal (type 5, 71leaves, 4 steps):

. . i i 2iad 2ibd
i 2 i Hypergeometric2Fi[1, —— 1y o, P (cxm) ]

X X

Result (type 5, 153 leaves):



1

. 1
(i+2bdn)x

_g2id(ab Log[cx"])

HypergeometricZFl[l, 1+ s ,
2bdn 2bdn
14+ i _e2jd(a+bLog[cx"”]

(1-2ibdn) Hypergeometric2F1[1, s ,
2bdn 2bdn

Problem 164: Result more than twice size of optimal antiderivative.

N{Tan[d(anLog[cx”])}

3

dx
X

Optimal (type 5, 69 leaves, 4 steps):

;  iHypergeometric2Fi[1, bzn, 1+ bzn, _g2iad (cx”)zjbd}

2 x? x?

Result (type 5, 147 leaves):

1 . n i
_ —eZHd(a*b“*[‘X})HypergeometricZFl[l, 1+ =
2 (i+bdn)x?

s 2+ D
bdn bdn

_@2id(arbLlog[cx]) } +

i

> 1+ s
bdn bdn

(1-1ibdn) Hypergeometric2Fi|1, —ezjd@*bmghxﬂ>]

Problem 178: Result more than twice size of optimal antiderivative.
J}an[d(aAFbLog[cx”])]pdx

Optimal (type 6, 190 leaves, 5 steps):

i (1-—@213d (cx”)Zibd)
X (1__e21ad (cxn>21bd)*P

P
(1~+e2jad (cx”)zjbd)p
1+ e2iad (cx”)“bd

AppellFl[;—2 . p,p,1-

s e2iad (an)zﬁbd’ _g2iad (
bdn 2bdn

cxn)Z]'lbd}

Result (type 6, 458 leaves):

2. 7e21d(a+bLog[cx"})} +
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i (—1+ce“lad (c x”)“bd) P

. 2ibd AppellFl[_ > =Ps P 1- ]
1+e213d<cxn> i 2bdn 2bdn

(-i+2bdn) [—

)1_p: P, 2 -

2bdn el G L CLU B

(—Zbde“ad np (cx")?*°¢ AppellF1[1 -

2bde?*29np (cx")?'°¢ AppellF1[1 - , -p,1+p,2-

2bdn 2bdn’

e2iad (CX”)Zibd, _g2iad (an)Zﬂbd]

e2iad (cx”)”bd, _g2iad (an)zibd] +

(—i+2bdn)AppellF1[— - , -p, p, 1- ,
2bdn 2bdn

Problem 179: Result more than twice size of optimal antiderivative.

J(ex)"‘Tan[d (a+bLog[cx”}delx

Optimal (type 6, 210leaves, 5steps):

| 2iad 2ibd) \P
! (ex)lm (1,(52ﬁad(cxn)2]ibd)*l3 1(1‘@ ad (cx") )
e(1+m) 1+62j1ad (an>2jbd
. (1 - | |
(1+e“ad(an)zﬂbd)pAPDEIlFl[_M:—p: P, 1—M, ezﬁad(Cx“)hbd,—e21ad<cx“)21bd}
2bdn 2bdn

Result (type 6, 496 leaves):

p

i[-1+e2iad (cxn)2ibd (1 (1
(1+m+2j1bdn)x(ex)'" - ( ( ) ) AppellFl[—M, “p, p,l—M, eZiad<CXn>21'lbd’
23 2ibd
1+e?iad (cxn) 2bdn 2bdn
i (1 i (1 2ibd , , , ,
((1+m) (1+m+2ibdn)AppellFl[-ilz(b;m)J_p’p,_l( +:;d1 n),ezlad(cxn)and)_QZHad(CXn>21bd}_
n n
. i (1 2ibd i (1 4ibd _
zjbdQZjladnp(cxn)and Appe11F1[71< +r;;d1 n),lfp, p,fl< +r;;d1 n)Jezjad(cxn)ZRbd,7e213d(
n n
i (1 2ibd i (1 4ibd , . , .
AppellFl[—l( +m+21 n>,—p,1+p,—1< +M+ 41 n),ezlad<cxn)21bd, —eznad(CXn)ZHbd}J]]
2bdn 2bdn

Problem 186: Result more than twice size of optimal antiderivative.

Jx3 Cot[a+iLog[x]] dx

Optimal (type 3, 49 leaves, 5 steps):

e2iad (an>21’Lbd, _e2iad (an)zjbd]]/

(cxn)Zibd]]/



i x4

4

711@2113)(27

_jetta Log[ezjaixz]

Result (type 3, 137 leaves):

ix4 (-1+x?) Cos[a]
- -ix*Cos[2a] - ArcTan|
4 -Sin[a] -x2Sin[a]

(-1+x?) Cos[a]

1
| Cos[4a] - —iCos[4a] Log[1+x*-2x*Cos[2a]] +
2

1
x?Sin[2a] - i ArcTan]| | sinf4aa] + ~ Log[1+x*-2x*Cos[2a]] Sin[4a]
2

-Sin[a] -x2Sin[a]

Problem 188: Result more than twice size of optimal antiderivative.

JX Cot[a+1Log[x]] dx

Optimal (type 3, 35leaves, 5steps):
Loy 2

_IX ) e2ia Log|e
2

2]137)(2]

Result (type 3, 118leaves):

ix2 (-1+x?) Cos[a] 1
- —— - ArcTan| | Cos[2a] - —iCos[2a] Log[1+x*-2x*Cos[2a]] -
2 -Sin[a] -x?Sin[a] 2

(-1+x?) Cos|[a]

1
i ArcTan| | sinf2a] + = Log[1+x*-2x*Cos[2a]] Sin[2a]
2

-Sin[a] - x?Sin[a]

Problem 192: Result more than twice size of optimal antiderivative.

JCot[a +1 Log[x]] dx

x3

Optimal (type 3, 36 leaves, 4 steps):
]

Result (type 3, 136 leaves):
(-1+x?) Cos[a]

i ) 21a
- ~ie?'?Log1-
2 x2 X2

e

i
- —— - ArcTan|
2 x? -Sin[a] -x?Sin[a]

(-1+x?) Cos|[a]

1
| cos[2a] +21iCos[2a] Log[x] - —iCos[2a] Log[1+x*-2x?Cos[2a]] +
2

| sin[2a] +2Log[x] Sin[2a] - 1Log[1+x472x2Cos[2a}] Sin[2a]

i ArcTan|
-Sinf[a] - x%Sin[a] 2
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Problem 194: Result more than twice size of optimal antiderivative.

sz’ Cot[a+ 1 Log[x]]?dx

Optimal (type 3, 67 leaves, 5steps):
ﬁ 2 <E6 ia

_pe2iay2 _
4 e2ia_y2

7464]16 Log[GZJ'laiXZ]

Result (type 3, 162 leaves):
4

X 5 . Cot[a] - x?Cot[a]
-~ -2x*Cos[2a] +41iArcTan|
4

1+x2

| Cos[4a] -2Cos[4a] Log[1+x*-2x*Cos[2a]]|-21ix*Sin[2a] -

Cot[a] - x?Cot[a]

1+ x?

2Cos[5a] +21Sin[5a]

4 ArcTan | | sin[4a] -2ilog[1+x*-2x*Cos[2a]]Sin[4a] +

(-1+x?) Cos[a] - i (1+x?)Sin[a]

Problem 196: Result more than twice size of optimal antiderivative.

ijot[aJr i Log[x]]?%dx

Optimal (type 3, 55leaves, 5steps):
x? 2ett? 2ia 2ia 2
,;,mfze Log[e fx]

Result (type 3, 142leaves):

x? _ Cot[a] - x%Cot[a]
7—+21Ar‘cTan[

2 1+ x?
Cot[a] - x2Cot[a]

| Cos[2a] - Cos[2a] Log[1+x*-2x*Cos[2a]] -

2Cos[3a] +21iSin[3a]
4Ar‘cTan[

Cos[a] Sin[a] - i Log|1+x*-2x?*Cos[2a]]| Sin[2a
1+x2 ] 2 [a] - i Log| (2a]] [ ]+(—1+x2>Cos[a]—i(1+x2)Sin[a]

Problem 200: Result more than twice size of optimal antiderivative.

: 2
JCot[a +1 Log[x]] dx

x3

Optimal (type 3, 57 leaves, 4 steps):

zelella 1 ) eZJ'La

+ +2e? % Log(1- ]
1_eZna 2X2 X2
XZ
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Result (type 3, 153 leaves):
+Cos[2a] (-4Log[x] +Log[1+x*-2x*Cos[2a]]) + 2Cos[a] + 25ina) +
2 x2 (-1+x?) Cos[a] -1 (1+x?)sSin[a] i (-1+x?)Cos[a]+ (1+x?)Sin[a]

Cot[a] - x?> Cot[a]

ArcTan | | (-21iCos[2a] -4Cos[a] Sin[a]) +4 1 Log[x] Sin[2a] - i Log[1+x*-2x*Cos[2a] ] Sin[2a]

1+ x2

Problem 202: Result more than twice size of optimal antiderivative.

J(ex)mCot[a+Ji Log[x]]2dx

Optimal (type 5, 77 leaves, 5steps):

X (ex)™ 2x (ex)" . 1 1-m e2i2

- + - 2x (e x)"Hypergeometric2F1[1, = (-1-m), s
1+m 1- et 2 2 X2
XZ
Result (type 5, 169 leaves):
1 2 x2 Hypergeometric2Fi |2, 3;"‘, 5?”', x? (Cos[2a] - 1iSin[2a]) |
X (ex)" |- -

(Cos[a]+jsin[a])2 3+m

x* Hypergeometric2Fi[2, S*T'“, 7*7’", x? (Cos[2a] -iSin[2a])] (Cos[a] -iSin[a])?

5+m

Hypergeometric2F1|2, 1;’", 3?’", x? (Cos[2a] -iSin[2a])] (Cos[2a] +iSin[2a])

1+m

Problem 204: Result more than twice size of optimal antiderivative.

JCot [a+blog[x]]Pdx

Optimal (type 6, 142leaves, 4 steps):

i (1+e2iay2ib P i ] ] ]
B ( ) AppellFl[—f, P, 7p,177’ eZILaXZJlb) 762113)(

X<1ieZiaXZjb>P(1+62jax21'1b>*l9 2ia2ib
. b 2b

Zib}

Result (type 6, 330 leaves):
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i 1+e2jax21b p i i ) ) ) )
(-i+2b) x ( ) AppellFl[- —, p, -p, 1- —, e?12x?1P, 212 x21P] /
-1+ e2tax2ib 2b 2b
. . 1 1 . . . .
(Zbe“apx“bAppellFl[l— —, p,1-p,2- —, e?laxib, _e2iay2ib],
2b 2b
. . bl 1 . . . . i 1 . . .
2be’'?px?1P AppellF1[1- —, 1+p, -p, 2- —, e?12x?P, —e21ax2ib] , (_j +2b) AppellFl[- —, p, -p, 1- —, e?*2x21P, _g2ia
2b 2b 2b 2b

Problem 205: Result more than twice size of optimal antiderivative.

J(ex)"‘Cot[aJr bLog[x]]Pdx

Optimal (type 6, 162 leaves, 4 steps):

i(1 2iay2ib p i (1 i (1
1 (ex)Lm (17e2jaxzjb)P(1+e21aX2ij>*P [1< +e‘ X. ) Appe11F1[71< +m>,p,7p,171< +m>,621aX2ib,7e2ilaX2j1b}
e (1+m) 1-e?tax?ib 2b 2b
Result (type 6, 351 leaves):
i (1 2iay2ib p i (1 i (1
(1+2ib+m) x (ex)" i(ive . X. ) AppellFl[—71< +m>,p, —p,1—71< +m>,e“ax“b, —e?tax2ib] /
-1+ e2tax2id 2b 2b
i (1 1 (1 . . . . . . 1 (1
((1+m) (1+21ib+m) AppellFl[—%, p, -p, 1- %, e?iax2ib, _e2iay2ibl 12 ibe?t?px?*P® |AppellF1[1 - %, P,
Ji(1+m) . . ) . ]i(1+m) Ji(1+m) . . . .
1-p,2- Je213x211b1 79213X21b]+Appe11F1{17 ,1+p, -p, 2- JGZJLBXZ]Lb’ eZIBXZIb]}])
2b 2b 2b

Problem 209: Result more than twice size of optimal antiderivative.

sz’ Cot[d (a+bLog[cx"])] dx

Optimal (type 5, 70leaves, 4 steps):

ix* 1., . 21 21
- — 1 X" Hypergeometric2Fl [1, - > 1- B
4 2 bdn bdn

erad (an>21bd}

Result (type 5, 220leaves):
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1 ; ) 21 21 . \
—x* zezld(a*b'-"g[””Hyper‘geometr‘iCZFl[l, 1. =2 , 2——1, e“d(a’beOg[CX”] "
-81+4bdn bdn bdn
21 21 . n
(-2i+bdn) |Cot[d (a+bLog[cx"])]|-Cot[d (a-bnLog[x]+blog[cx"|)] +iHypergeometric2Fi|1, - 1,1 71, e“d(“bmg[CXU}Jr
bdn bdn

Csc[d (a+bLog[cx"])] Csc[d (a-bnLog[x] +blog[cx"])]|Sin[bdnLog[x]]

|

Problem 210: Result more than twice size of optimal antiderivative.

sz Cot[d (a+bLog[cx"])] dx

Optimal (type 5, 74 leaves, 4 steps):

ix3 2 31 31 ‘ i

= - — i x® Hypergeometric2F1[1, - L1 2h griad (cx”)“bd]
3 3 2bdn 2bdn

Result (type 5, 229 leaves):
1

s 3
-91+6bdn

31 31
)2_ B
2bdn 2bdn

X

3 e2td (abLog[ex"]) Hypergeometric2F1[1, 1- e?1dleotoe[xX'])] . (34 +2bdn)

31 31
)1_ B
2bdn 2bdn

Cot[d (a+bLlog[cx"])] -Cot[d (a-bnlog[x] +blog[cx"])] +iHypergeometric2F1|1, -

|

e2id (a+bLog[cx"]) }

+

Csc[d (a+bLlog[cx"])] Csc[d (a-bnLog[x] +blog[cx"])]|Sin[bdnLog[x]]

Problem 211: Result more than twice size of optimal antiderivative.

JxCot[d (a+bLog[cx"])] dx

Optimal (type 5, 68 leaves, 4 steps):

i x?2 1 1

- i x? Hypergeometric2F1[1, - ,1- , e?tad (¢ x”)“bd}
bdn bdn
Result (type 5, 219 leaves):
b e erid(ambroglex]) Hypergeometric2F1(1, 1 - ,2- ——, etid (arbLog[ex]) ]
-2i+2bdn bdn bdn
(-i+bdn) |Cot[d (a+bLlog|[cx"|)]-Cot[d (a-bnLog[x]+blog[cx"])] +iHypergeometric2F1[1, - S e“d(a*bmg[”"”] +

bdn’~ bdn’
Csc|d <a+bLog[cx”])] Csc|d (a-bnlog[x] +bLog[cx”])] Sin[bdnLog[x]]

|
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Problem 212: Result more than twice size of optimal antiderivative.

JCot[d (a+bLog[cx"])] dx

Optimal (type 5, 66 leaves, 4 steps):

i
i X -2 1 XxHypergeometric2F1 [1, -

,1- s e2iad (cxn>21bd]
2bdn 2bdn

Result (type 5, 338leaves):

x Cot [d (a+b (-nLog[x] +Log[cx”])” - Csc|d (a+b (-nLog[x] +Log[cx””” (szc[d (a+bL0g[cx”]” Sin[bdnLog[x]] -

1 asb (—nLog[x]*Log[cx"“ (1+2ibdn) (amLog{cx"J) i i ) N
— e bn —e bn Hypergeometric2F1[1, 1 - , 2 - , e2id(asbLog[cx ”} -
-i+2bdn 2bdn 2bdn

a -n Log [x] +Log[c x|
ebon’ n (-i+2bdn) x [Cot[d (a+bnLog[x] +b (-nLog[x] +Log[cx"]))] +

i

i Hypergeometric2F1 [1, - > 1- s
2bdn 2bdn

e?id (a+bntoe[x1+b(—nLog[xMog[cx“]))])] Sin[d (a+b (-nLog(x] +Log[cx"]))]

Problem 214: Result more than twice size of optimal antiderivative.

JCot[d (a+bLloglcx"])] 4
%

x2

Optimal (type 5, 70leaves, 4 steps):

Zijper‘geometr‘iCZFl[l, ijd , 1+ zbid , e2iad (CX“)Zjbd}
n n

1
- +
X X

Result (type 5, 217 leaves):

e?1d (arblog[ex]) Hypergeometric2F1[1, 1+ ——, 2+ ——, 21 d(arblog[cx"]] ]
Cot[d (a+bLog[cx"])] -Cot[d (a-bnlLog[x]+blog[cx"])]- - 2bdn 2bdn +
i+2 n

X

, 1+ ! , e?id(atoglex]) ] cscld (a+bLog[cx"])] Csc[d (a-bnLog[x] +blog[cx"])]|Sin[bdnLog[x]]
2bdn 2bdn

i Hypergeometric2F1 [1,
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Problem 215: Result more than twice size of optimal antiderivative.

JCot[d (a+bLloglcx"])] 4
X

x3

Optimal (type 5, 68 leaves, 4 steps):

. i j i ; ibd
;  1Hypergeometric2Fi[1, Sl o, et (c xn)210d]
- +

2 x? x2

Result (type 5, 211 leaves):

2id (a+bL n s i i 2id (a+bL n
e2id(a OE[CXHHypergeometmczFl[l,1+bdn,2+bdn,e 1d (asbLoglex"]] ]

; Cot[d (a+bLog[cx"])] -Cot[d (a-bnLog[x]+blog[cx"])]-
2x

+

1+bdn

i
1+

i Hypergeometric2F1|1, odn’ o e2id(awbloglex']] ], csc[d (a+blog[cx"])] Csc|d (a-bnLog[x] +blog[cx"|)] Sin[bdn Log[x]]
n n

Problem 228: Result more than twice size of optimal antiderivative.

J(ex)’“Cot[d (a+bLog[cx“”]3dlx

Optimal (type 5, 350 leaves, 6 steps):

i . iad ; n\2ibd
i ; 1 2iad 2ibd\2 j p-2iad 1em [ €*'29 (1+m-2ibdn)  e*'?? (14m+2ibdn) (cx")
(i (1+m)-bdn) (1+m+2ibdn) (ex)™" (€X) " (1+®la (cxm)?? ) 1e (eXx) ( +

n n
.
2b2d2e (1+m) n2

+
2bden (1_ezﬁad (an)Zjbd)Z 2b2d2en (17(e211ad (an>21‘1bd)

i (1+2m+m?-2b2d?n2) (ex)"Hypergeometric2F1[1, - jz(blg"r") ,1- jz(bll;”r']) , e?i2d (¢ x”)“bd}

b2d2e (1+m) n2

Result (type 5, 812leaves):
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x (ex)"Cot[d (a+b (-nLlog[x] +Log[cx"]))] x (ex)"Csc[bdnlog[x]+d (a+b (-nLog[x] +Log[cx”]))]2

- +
1+m 2bdn
! @ id(asb (-nLog(x]+Llog[cx"])] (ex)™Cscd (a+b (-nlLog[x] + Log|c x”]))]
1+m
i (1+m 1 (1+m . n )
14+ (71+e2jd (a+b (—nLog[x]+L0g[cx"”>) Hyper‘geometricZFl[l, - 1 ( + ) 1o 1 ( + ) , e2id (a+b (-nLog[x]+Log[cx"])) XZ]lbdl’l} _
2bdn 2bdn

1
2b2d? (1+m) n2

e-id(asb (-nLogx]+Log[cx"]}) y (ex)"‘Csc[d (a+b (—n Log[X] +Log[cx“])”

i (1+m i (1+m . ,
[1+ (_1+ezﬂd (a+b (-nLog[x]+Log[cx"])) Hyper‘geometr‘icZFl[l, _ 1 ( + ) L 1- 1 ( + ) e2id (a+b (-nLog[x]+Log[cx"])) Xandn}J B

)

2bdn 2bdn
1

ﬁe’id (a+b (-nLog(x]+Log[ex"]) ) py x (ex)"Csc[d (a+b (-nLog[x] +Log[cx"]))]
bd* (1+m) n

1(1+m 1(1+m . n )
1+ (_1+ e2id (asb (-nLog[x]+Log[cx"])) Hyper‘geometr‘icZFl[l, _ ( + ) ,1- ( + ) , e2id (a+b (-nLog[x]+Log[cx"])) X21bdn} _
2bdn 2bdn

1
2 b2 d2 (1+m) n2

@ id(a+b (-nLogix]+Log[cx"])] p2 (ex)"Csc[d (a+b (-nLog[x] +Log[cx"]))]

) \ 1 (1l+m 1(1+m . N ) 1
14 (71+ e2id (a+b (-nLog[x]+Log[c ]))) Hyper‘geometr‘iCZFl[l, _ ( + ) 1- ( ) e2id (a+b (-nLog[x]+Log[cx"])) X21bdn}) N

2b2d?n?

2bdn 2bdn
(1+m) x (ex)"Csc[d (a+b (-nLog[x] +Log[cx"]))] Csc[bdnlog[x] +d (a+b (-nLog[x] +Log[cx"]))]Sin[bdn Log[x]]

Problem 229: Result more than twice size of optimal antiderivative.

JCot[d (a+blog[cx"])]"dx

Optimal (type 6, 190 leaves, 5 steps):
i (1+cez“‘jl (cx“)“bd) P

X (1—@213‘1 (an>21‘1bd)P (1+(ezjad (an)Zjbd>-P B
1_g2iad (an)Zbed

AppellF1|- s P, -p, 1- e?t2d (¢ x”)“bd, —e?t?d (c x”)“bd}

2bdn 2bdn’

Result (type 6, 458 leaves):
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i (1+<e“lad <cx")“bd> P - -
1 1 . . . .
- AppellF1[- P, -p, 1- , e2iad (cxn)2ibd _g2iad (¢ yn)2ibd] /
2iad (cx”)“bd 2bdn

[(—J’l+2bdn)x[

-l+e

(Zbde“adnp (cx”)”bdAppellFl[l—L, p,1-p,2- s
2bdn 2bdn

2bde?*29np (cx")?'°¢ AppellF1[1 -

> 1+p, -p, 2~ >
dn 2bdn

(-i+2bdn) AppellF1|-

JpJ _p)l_

Todn Zbdn)eziad(cxn>21de _GZjad(cxn)Zﬂbd]

Problem 230: Result more than twice size of optimal antiderivative.

J(ex)"‘Cot[d (a+bLog[cx”}delx

Optimal (type 6, 210leaves, 5steps):

_ (11+m) (e x)tm (liezjad (cxn)Zibd)p (1+e2jad (an>21'1bd)*P
i[14+e2iad (cxn)2ibd)n\P (1 i (1 . .
( — ( Zjbd) AppellFl[—M, D, 7p,17M, erad (an)lebd’ 7@21‘1ad (CXn>21bd}
1-e?*29 (cx") 2bdn 2bdn
Result (type 6, 496 leaves):
i(1+e2iad (cxn)2iPd))P (1 (1
(1+m+2ibdn) x (ex)" ( (ex) - ) AppellFl}M, p,—p,lf—]l( +rn))(ez““'(cx")”bd,—eMad(c:x”)zjlbd]
—1+cez“d(cx”)“bd 2bdn 2bdn
i (1 i (1 2ibd , ,
((1+m) (1+m+21‘1bdn)Appe11F1[—7l< er),p,—p,—]l< el n),e”ad(cx”)“bd,—e“ad(cx“)“bd}+
2bdn 2bdn
. i (1 2ibd i (1 4i1bd , ,
Zlibde“adnp(cx”)“bd AppellF1{71< +r2n;d: n),p,lfp,fl< +r2n;d:: n),enad(cxn)“bd, 7ezjad(cxn)21bd}+
i (1 2ibd i (1 4ibd , ,
AppellFl[—l( +m+21 n>,1+p, —p,—Il( +m+41 n),ezjad(cxn)and, _GZjad(CXn)Zlbd}J]J
2bdn 2bdn

Problem 240: Result more than twice size of optimal antiderivative.

jSec[a+b Log[cx"]]
X

dx

Optimal (type 3, 19leaves, 2 steps):
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ArcTanh[Sin[a +bLog[cx"]]]
bn

Result (type 3, 94 leaves):

Log[Cos[2+1bLog[cx"]]-Sin[2+ L bLog[cx"] Log[Cos[2+1bLog[cx"]] +Sin[2+ L bLog[cx"]
_ 2 2 2 2 4 2 2 2 2

bn bn

Problem 254: Result more than twice size of optimal antiderivative.
JxSec[aerLog[cx”HAdlx

Optimal (type 5, 79leaves, 3 steps):

8e*iax? (c x”)“bHyper‘geometr‘icZFl[4, 2- biT‘, 3- ﬁ, -e?ta (c x”)“b]

1+21ibn

Result (type 5, 668 leaves):
1

3b3n3

2 (1+b?n?) x*Sec[a+b (-nlLog[x] +Log[cx"|)] Sec[a+bnLog(x] +b (-nLog(x] +Log|[cx"])]Sin[bnLog[x]] +

x*Sec|a+b (-nlog[x] +Log[cx"])| Sec[a+bnlog[x] +b (-nLog[x] +Log[cx”])]3sin[bnLog[x}]
3bn

1
3b3n3 (72721'1bn)

4x>Secla+b (-nLog[x] +Log[cx"])]

(J‘L e?’ (arbtog[x]) cos[a+ b (-nLog[x] + Log[cx"]) | Hypergeometric2F1[1, 1 - 22—, et (arbLog[ex]) ]
bn bn
Cos[a+b (-nlLog[x] +Log[cx"]|)] Hypergeometric2F1[1, - 1o, _g2i(arbniogixieb (’”L"g[x]*“’g[cx"m]
bn bn

<—Ji+bn)

+
1

isin[a+b (-nlog[x] +Log[cx"])] )3bn( 2-2ibn)
-2-21

4x*Sec[a+b (-nlog[x] +Log[cx"])]

(J‘L 21 (a+bloglex’]) Cos[a+b (-nlLog[x] +Log[cx"]) ]| Hypergeometric2F1|1, 1- L P (a*bmg[‘x"”] +
bn bn
(-i+bn) |[Cos[a+b (-nLog[x] +Log[cx"]) ] Hypergeometric2F1[1, - 21- D, i (arbniogix)eb (-nLogix] tog[cx]]) ]
bn bn

iSinfa+b (-nLog[x] +Log[cx"])]

)+

x*Sec|a+b (-nLlog[x] +Log[cx"]) ]| Sec[a+bnlog[x] +b (-nLog[x] + Log|c x”])]z

3b%n?
(-Cos[a+b (-nLog[x] +Log[cx"])] +bnSin[a+b (-nLog[x] +Log[cx"])])
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Problem 255: Result more than twice size of optimal antiderivative.

JSec[a +b Log[c x"] }4d1x

Optimal (type 5, 85leaves, 3 steps):

16 e4iax (an>4“’Hypergeometric2F1[4, % (4— ﬂ—), % (6— j—), _e2ia (c Xn>ub]

1+41ibn

Result (type 5, 517 leaves):

A (1+4b%n?) xSec[a+b (-nlLog[x] +Log[cx"|)] Sec[a+bnLog[x] +b (-nLog[x] +Log[cx"|)] Sin[bnLog[x]] +
6b°n

xSec[a+b (-nlLog[x] +Log[cx"])] Sec[a+bnLog[x] +b (-nLog[x] +Log[cx“])]3Sin[anog[x]]

3bn
! R 1 b2 n2) sec[atb (<nLog(x] « Log[cx"] )]
n + + - +
6b3n3 (—Ji+2bn)

21'1+ﬁ) (a+bLog[cx"]) i

_an

a  -nlog[x]+Log[cx"]

_e( s _(Ez]i(aerLog[cx"})} +ebn” n

Cos[a+b (-nlLog[x] +Log[cx"]|)] Hypergeometric2F1[1, 1 - 2

B
2bn

i

El
2bn

(1+2ibn) x|Cos[a+b (-nLog[x] +Log[cx"]) | Hypergeometric2F1[1, - 1 , —@2i(arbnlog(x]+b (*“L°€[X]+L°g[cx"]))]

+

_2bn

iSinfa+b (-nLog[x] +Log|[cx"])]

) + 6b2n2x$ec[a+b (-nLog[x] + Log[cx"]) ]

Sec[a+bnLog[x] +b (-nLog[x] +Log[cx”}”2 (-Cos[a+b (-nLog[x] +Log[cx"|)] +2bnSin[a+b (-nLog[x] +Log[cx"])])

Problem 257: Result more than twice size of optimal antiderivative.

dx

JSec[a+b Log[cx"]14
2

X

Optimal (type 5, 87 leaves, 3 steps):

bn 2 ;
(1—41‘1bn) X

16@4ja (cx“)“bHyper‘geome‘tr‘ic2F1[4, i (4+L), 1 (6+ i ), 7(321‘13 (CX”)ZJib]

Result (type 5, 660 leaves):
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(1+4b°n?) Sec[a+b (-nLog[x] +Log|c x"]” Sec[a+bnLog[x] +b (-nLog[x] +Log|c x“])] Sin[bnLog[x]] +

6 b3 n3x
Sec[a+b(7nLog[x}+Log[cx“])]Sec[a+anog[x}+b(7nLog[x}+Log[cx“})]3sin[anog[x]} . 1 Sec[a +b (-n Log(x] + Log[< x"] |
3bnx 6b3n3x
[— 1 2 (awbroglex]) Cos[a+b (-nlLog[x] +Log[cx"]) ]| Hypergeometric2F1|[1, 1+ , 24—, et (a-bLog[cx]] ] _
i+2bn 2bn 2bn
iCos[a+b (-nLog[x] +Log[cx"]) ]| Hypergeometric2F1[1, . 1+ i , -2l (arbnlogix)«b (-nlog(x]Log[cx'))]
2bn 2bn

Sin[a+b (-nlog[x] +Log|c x”])]] + 2Sec[a+b (-nlog[x] +Log[cx"]) ]

3bnx
1 . . i | i
(— 2t (2:bLog[cx"]) cos[a+b (-nLogx] + Log[cx"] )| Hypergeometric2F1[1, 1 + L, 24—, 2 (abLog[ex N -
i+2bn 2bn 2bn
iCos[a+b (-nLog[x] +Log[cx"]|)] Hypergeometric2Fi|1, 14—, _g?i(asbntogx]eb (-ntogix] tog[cx"]]) ]
2bn 2bn

Sin[a+b (-nLog[x] +Log|c x”])]) + Sec[a+b (-nlLog[x] +Log[cx"])]

6 b2 n? x
Sec[a+bnLog[x] +b (-nLog[x] +Log[cx””}2 (Cos[a+b (-nLog[x] +Log[cx"|)] +2bnSin[a+b (-nLog[x] +Log[cx"])])

Problem 258: Result more than twice size of optimal antiderivative.

dx

3

JSec[a+b Log[cx"]]4
e

Optimal (type 5, 79leaves, 3 steps):

8eti? (cx")*' " Hypergeometric2F1[4, 2+ -, 3+ -, —e!? (cx")?'7]

(1-2ibn)x?

Result (type 5, 640leaves):
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2 (1+b2n?) Secla+b (-nLog[x] +Log|c x””] Sec[a+bnLog[x] +b (-nlLog[x] +Log|c x"]” Sin[bnLog[x]] +

3b3n3 x?
Sec[a+b (-nlLog[x] +Log[cx"])]| Sec[a+bnLog[x] +b (-nLog[x] +Log[cx“})]3Sin[anog[x]}
.
3bnx?
mZSec[a+b (-nLog[x] + Log[cx"]) |

1 . n i i . n
(— e2i (arbLog[ex"]) Cos[a+b (-nlLog[x] +Log[cx"]) ]| Hypergeometric2F1|1, 1+ 24—, g2 (avbroglex ”] -
i+bn bn bn

iCos[a+b (-nLog[x] +Log|[cx"|)]| Hypergeometric2Fi|1, S 1e et (a+bnLog(x)+b (-nLog[x] +Log[cx"]]] ]
bn bn

Sin[a+b (-nLog[x] +Log[cx”])]] + 2Sec[a+b (-nlLog[x] +Log[cx"])]

3bnx2
1 ; " i i
[— 2t (a:bLog[cx’]) cos[a+ b (-nLog[x] + Log[cx"]) | Hypergeometric2F1[1, 1+ S, 24—, —e

21 (a+bLog[cx"])] _
i+bn bn bn

i i ) n
iCos[a+b (-nLog[x] +Log[cx"]|)] Hypergeometric2F1[1, —, 1+ —, -e2* [a:bnloglx:b (-niogix)+Log[ex'])) ]

bn bn
Sin[a+b (-nLog[x] +Log[cx”])]] +;Sec[a+b (-nLog[x] + Log[cx"]) |
3 b2 n? x?
Sec[a+bnLog[x] +b (-nLog[x] +Log[cx”}”2 (Cos[a+b (-nLog[x] +Log[cx"|)] +bnSin[a+b (-nLog[x] +Log[cx"])])

Problem 261: Result more than twice size of optimal antiderivative.

JXSec[a+2Log[cxi]]3dlx

Optimal (type 3, 45leaves, 3 steps):

el? (c xfl)“x2

(1+<e2fla (c x]'l)“)2

Result (type 3, 127 leaves):

—LASec[aJrZLog[cxjH2 ((1+2x*) Cos[a+2Log[cx'| -2iLog[x]|+1i (1-2x*)Sin[a+2Log[cx]-21iLog[x]])
4 x
(Cos[2 (a+2Log[cx!] -21iLog[x])]|+iSin[2 (a+2Log[cx']-21Loglx])])

Problem 262: Result more than twice size of optimal antiderivative.

JSec[a +2Llog|c x?] ]3 dx
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Optimal (type 3, 58 leaves, 3 steps):

leec[a+2Log[cx3H —lijec[a+2Log[cxi’H Tan[a+2Log[cxﬂ]
2 2

Result (type 3, 137 leaves):

—%Sec[a+2Log[cx§H2 ((1+2x2) Cos[a+2Log[cx]ﬂ -iLlog[x]]+i (1-2x?) Sin[a+2Log[cx§] —jLog[x]})
2 X

(Cos[z (a+2Log{cx%] —iLog[x})} +1iSin[2 (a+2Log[cxﬂ —iLog[x])])

Problem 263: Result more than twice size of optimal antiderivative.
JSec [a+2Log|c x'i_} ]3 dx

Optimal (type 3, 48 leaves, 3 steps):

i

61
2312 [c XT) X

iy 41y 2

(1+ e?ta (c x’?]

Result (type 3, 139leaves):
LZSec[a+2Log[cx’§H2 ((1+2x2) Cos[a+2Log[cx’%] +iLlog[x]]+1i (-1+2x?) Sin[a+2Log[cx’§] +J'1Log[x]})
4 x

(—2Cos[2 (a+2Log[cx’§} +J'1Log[x])] +2]iSin[2 (a+2Log[cx’ﬂ +]‘lL0g[X])})

Problem 268: Result more than twice size of optimal antiderivative.

JSec[a +b Log[cx"] }3/2 dx

Optimal (type 5, 109 leaves, 3 steps):

2x (1+«e21‘La (c x“)”b)z'/2 Hyper‘geometr‘icZFl[i, & (3— E], & [7— Q], ~e?1? (cx")?'?] sec[a+bLogc x"] %2
27 a 4

2+3ibn bn bn

Result (type 5, 843 leaves):
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~/ i (a+b (-nL S n ib
—114+/2 e*Zi(a+b(—nL0g[x]+Log[cxn]>) xl-ibn et (a+b (-nLog[x] oglcx ])) xibn
14 @2t (a+b (-nLog(x]+Log[cx"])) y2ibn
((21’1+bn) (1+e21'1 2o0 [rntoa ) toslexl]] ann) * (‘231 —bn+e?t(ab(-nlogix]+Loglcx"]]) (-21i +bn>)
\/1+e“(a*b(’“L°g[X]*L°g[CX"U) x2ibn Hyper'geometriCZFl[l, 7211+an 3.1 , _e?i (a+b (-nloglx]+Log[ex"])) x”bn]) /
2 4bn 4 2bn

(bn (4+b%n?) (-2Cos|a+b (-nLog[x] +Log[cx"|)] +bnSin[a+b (-nLog[x] +Log[cx”])]))] -

i (a+b (-nLog[x]+Log|c x" ibn
[2 befzj(a+b(fnL0g[x]+Log[cx"})) nxi-ibn el ( glx] Log[cx"]])
14 2t (a+b (-n Log[x]+Log[cx"”> x2ibn

(<2j+bn) (1+e2j (a+b (-nLog[x]+Log[cx"])) ijbn) N (7217bn+621 (a+b (-nLog[x]+Log[cx"])) (72]1+bn))
\/1+<r32]'l (a+b (-nLog[x]+Log[cx"]]) y2ibn Hyper‘geometr‘icZFl[l, - 21'1+an 3.t , —@2i (a+b (-nLoglx]+Log[cx"])) x“b”]) /
2 4bn 4 2bn

((4+b>n?) (-2Cos[a+b (-nlLog[x] +Log[cx"])] +bnSin[a+b (-nlLog[x] +Log[cx"|)])) +

\/Sec[a+anog[x] +b (-nLog[x] + Log[cx"]) ]
2xCos[bnlog[x]] B

~2Cos[a+b (-nLog[x] +Log[cx"])| +bnSin[a+b (-nLog[x] +Log[cXx"]) |
4xSin[bnLog[x]]
bn (-2Cos[a+b (-nlLog[x] +Log[cx"])] +bnSinfa+b (-nLog[x] +Loglcx"])])

Problem 272: Result more than twice size of optimal antiderivative.

J ! dx
\/Sec[a+bLlog[cx"]]
Optimal (type 5, 110 leaves, 3 steps):
71’7_21'1_”3" l(37ﬁ),7ezia<cxn>21b}

2xHyper‘geometr‘ic2F1[ N 2on 4
n

(2-ibn) \/1+<e2“‘ (cx”)“lb \/Sec[a+bLog[cx"]]
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Result (type 5, 364 leaves):

ia n\ib
Zjﬁbe’ianx(cx”)'jb ‘ (CX>

2i+bn) [1+e2t2 (cx")2tP) .
1+<e2]ia<cx")2jlb (< )( () )

\/1+<e“a(cx")“b (—21’1—bn+e“a(—2i1+bn) x’“b”(cx“)“b) Hyper‘geometriCZFl[l,_zj;bn,i_ i ,_QZﬂa(cxn)“b])/
2 4bn 4 2bn

((4+62n7) [-2i-bn+e?i® (-2i+bn)x 20" (cx")210)] -
2xCos[a-bnlog[x] +blog[cx"]]

v/Sec[a+bLog[cx"]] (—ZCos[a—anog[x} +blog[cx"]] +bnSin[a-bnLog[x] +bLog[cx”]])

Problem 276: Result more than twice size of optimal antiderivative.

1
J dx
Sec[a+blog[cx"]]>?

Optimal (type 5, 110leaves, 3 steps):

2xHyper‘geometr‘ic2F1[—§, i (—5— i—l), —%, ~e?i? (cx)?P]
n n

/

(2-5ibn) (1+e2“‘ (cx")z“’)5 *Secla+bLlog[cx"] 152

Result (type 5, 861 leaves):
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i b (-nL L n ib
3901 +/2 b3et (a+b (-nLog[x]+Log[cx"])) n3 xi-ibn el (a+b (-nLoglx]+ og[cx"])) xton
14 @2t (a+b (-n Log[x]+Log[cx"])) y2ibn

[(21’1+bn) (1+(821'1 (a+b (-nLog[x]+Log[cx"])) Xzibn) + (_2]-]_ —bn+elt (a+b (-nLog[x]+Log[cx"])) (_2]-]_ +bn))

\/1 42l (a+b (-nLog[x]+Log[cx"])) x2ibn Hyper‘geometricZFl[l, _ 2i+bn s i ot s _ 2t (a+b (-nLog[x]+Log[cx"])) XZibn]J /
2 4bn 4 2bn

((-2i+5bn) (2i+5bn) (4+b2n?) (-2i-bnse?? (a0 (nteeiiog[ex])) (254 pn)))

JSec[aernLog[x]+b(—nLog[x]+Log[cx“])]
(- ((xCos[bnLog(x]] (12+55b®n*+12Cos[2 (a+b (-nLog[x] +Log[cx"]))] +65b2n*Cos[2 (a+b (-nLog[x] +Log[cx"]))] +
4bnsin[2 (a+b (-nlLog[x] +Log[cx"|})])) /
(4(-21+5bn) (2i+5bn) (-2Cos[a+b (-nLog[x] +Log[cx"|)] +bnsSin[a+b (-nLog[x] +Log[cx"])]))) +
(xsin[bn Log[x]] (—16bn—4anos[2 (a+b (-nLog[x] +Log[cx"]))] +125sin[2 (a+b (-nLog[x] +Log[cx”])” +
65b?n?sin[2 (a+b (-nLlog(x] +Log[cx"]))])) /
(4(-21+5bn) (2i+5bn) (-2Cos[a+b (-nLog[x] +Log[cx"])] +bnsSin[a+b (-nLog[x] +Log[cx"])])) +
(xSin[3bnLog[x]] (5bnCos[3 (a+b (-nlLog[x] +Log[cx"|))]-2Sin[3 (a+b (-nLog[x] +Log[cx"]|))]))/
(2(-2i+5bn) (2i+5bn)) +
(xCos[3bnLlog[x]] (2Cos[3 (a+b (-nLog[x] +Log[cx"]))]+5bnSin[3 (a+b (-nLog[x] +Log[cx"]|))]))/
(2(-2i+5bn) (2i+5bn)))

Problem 282: Result more than twice size of optimal antiderivative.

Jx’" Sec|a+bLog|cx"] ]3/2 dx

Optimal (type 5, 130leaves, 3 steps):
1

2i+2im-3bn 2i+2im-7bn . . 32
2+2m+3ibn

2 Xt (1+<e”a (c x")“b)z’/2 Hyper‘geometr‘iCZFl[i, - s - , —e?i? (cx")?*?] sec[a+bLog[cx"]]
2 4bn 4bn

Result (type 5, 470 leaves):
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el? (cx“)iLb

: \/1+(erla (cx")zjlb

V2 xtmibn (4. 8m+4m?+b?n?) leb”\l

1+ e2ta (cx”)zjl

HypergeometricZFl[l,72]l+2jlm73bn,72].H2jlm77bn,7e“a(cx”)“b]+(2+2m+31’1bn)
2 4bn 4bn
ia n\ib , . , .
(2+2m+ibn)J ° <C(X>)2_b \/1+<e“a(cx”)2“’ Hypergeometr‘icZFl[l,—21+2im+bn,_21+21bm’3bn)_ezjia(cxn)nb]_
1+e2t2 (exn)°* 2 4bn 4bn

Ji\/?ij”\/Sec[aerLog[cx”H (bncCos[bnLog[x]] -2 (1+m)Sin[bnLog[x]]) /
(bn(-2i-2im+3bn) (-2 (1+m) Cos[a-bnLog[x]+blog[cx"|]+bnSin[a-bnlLog[x]+bLlog[cx"|]))

Problem 284: Result more than twice size of optimal antiderivative.

J X dx
\/Sec[a+bLlog[cx"]]

Optimal (type 5, 129 leaves, 3 steps):

1+m . 1 2i+2imsbn 2i+2im-3bn  2ja n\2ib
2x Hyper‘geometr‘1c2F1[—2, (cx) }

e
4bn ’ 4bn ’

(2+2m-1ibn) \/1+<erla (cx“)“b \/Sec[a+bLog[cx"]]

Result (type 5, 630leaves):
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[2 b 21 (a+b (-nlog(x]+Log[cx"])] p y1sm

i ) 2ib . 1 2i+2im-3bn 2i+2im-7bn
((21+21m+bn) x? 1" Hypergeometric2F1| =, - , -
2 4bn 4bn

_e2t (a+b (-nLog[x]+Log[cx"]))

X +

Zjbn}
J

1 2i+2im+bn 2i+2im-3bn . n .
(-2i-2im+3bn) Hypergeometric2F1[ =, - , - , —e2i(ab(-nlog(x]:Logcx]]) lebn]]]/
2 4bn 4bn

[(2+2mibn) (2+2m+3ibn) (2+2mfjbn+e“(a+b(*"L°g[Xl+L°g[°X"D> (2+2m+jbn)>

] :

JSec[a+anog[x] +b (-nLog[x] + Log[cx"]) | ((2x1*’“Cos[anog[x]} Cos[a+b (-nlLog[x] +Log|c x”])]z)/

(2Cos[a+b (-nLog[x] +Log[cx"|)] +2mCos|[a+b (-nLog[x] +Log[cx"|)] -bnsSin[a+b (-nLog[x] +Log[cx"])]) -
(x*™sin[bnLog[x]] Sin[2 (a+b (-nlLog[x] +Log[cx"]))]) /
(2Cos[a+b (-nLog[x] +Log[cx"|)] +2mCos|[a+b (-nLog[x] +Log[cx"])] -bnSin[a+b (-nLog[x] +Log[cx“”]))

i b (-nL L n ib
\/1 + 2t (a+b (-nLog[x]+Log[cx"])) x2ibn el (arb (-nLoglx]+ og[cx"])) xibn
24221 (atb (-n Log[x]+Log[cXx"])) y2ibn

Problem 292: Result more than twice size of optimal antiderivative.

JCsc[a+b Log[c x"]] dx

X

Optimal (type 3, 20leaves, 2 steps):
B ArcTanh[Cos[a+bLog[cx"]]]
bn

Result (type 3, 54 leaves):

Log[Cos[i+ibLog[cx”}H Log[Sin[§+§bLog[cx”}]]
- +

bn bn

Problem 297: Result more than twice size of optimal antiderivative.

JCsc[a +b Log[cx"] }3 dx

Optimal (type 5, 84 leaves, 3 steps):
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g e3iay (an>3ibHyper-geometr‘ic2F1[3, % (3— ﬁ), % (5— ﬁ): e?t? (an)“b}

1-3bn

Result (type 5, 549 leaves):

xCscla+b (-nLog(x] +Loglcx"])] szc[ianog[x] +§ (a+b (-nLog[x] +L08[CX”]))]2

2 b2 n? 8bn

el (a+(-i+bn) Log[x]+b (-n Log[x]+Log[cx"])) (1 + b2 nz) Hypergeometric2F1 [1, % _ ﬁ) % _ Zi , et (a+b Log[c x"]) ]
n n

+

b2 n2 (—Ji+bn)

xSec[ianog[x] +§ (a+b (-nLog[x] +Log[cx”]))]2

8bn

1 1 o1
xSec[ ~bnlLog[x] + — (a+b (-nLog[x] +Log[cx“]))] Sin[=bnLog[x] |
2 2 2

/ [4 b2 n?

(-a-b (-nLog[x] +Log[cx”])” Jrljsin[1 (a+b (-nLog[x] +Log[cx”]))])) +

2 2
/ [4 b2 n?

(-a-b (-nLog[x] +L0g[cxn])” *

Zcos[~ (~a-b (-ntogix) +Log[cx]))] +
2 2

1Cos[1 (a+b (-nlLog[x] +Log[cx"])) | +ljSin[
2 2 2

N |

1 1 1
xCsc[—bnlog(x] +— (a+b (-nLog[x] +Log[cx"|))] Sin[=bn Log[x]]
2 2 2

(,a,b <7n Log [x] +L0g[cxn])>] -

0n

leos[l (a+b (-nlLog[x] +Log[cx"])) ] 7lsin[
2 2 2

N =

in[% (a+b (-nLog[x] +L°g[cxn])>]])

Problem 299: Result more than twice size of optimal antiderivative.

JCsc[a +b Log[cx"] }4dlx

Optimal (type 5, 84 leaves, 3 steps):

16e**?x (c x”)“bHyper‘geometr‘icZFl[4, i (4— bﬂ—n), i (6— ﬁ), e?i? (c x”)“b}

1+41ibn

Result (type 5, 782leaves):
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- (1+4b°n) xCscla+b (-nLog[x] +Log[cx”]” Cscla+bnLog[x] +b (-nLog[x] +Log[cx“])] Sin[bnLog[x]] +
6b>n

xCscla+b (-nlLog[x] +Log[cx"])] Csc[a+bnLog[x] +b (-nLog[x] +Log[cx"])]3Sin[anog[x]]
3bn

1
6 b2 n2
(2bncCos[a+b (-nlLog[x] +Log[cx"]) ]| +Sin[a+b (-nLog[x] +Log[cx"])]) -

1 a+b (-nLog[x] +Log|c x"”

bn Csc[a+b (-nlLog[x] +Log[cx"])]

xCscla+b (-nLog[x] +Log[cx"|)] Csc[a+bnLog[x] +b (-nLog[X] +Log[cx”])]2

e
6b3n3 (—1‘1+2bn)
1

(21‘1+b1—n) (a+b Log[cx"]) B
2bn

e

2

Hypergeometric2F1|1, 1 - , e2ifab L°g[cx"”} Sin[a+b (-nlog[x] +Log[cx"])] +

]
2bn
2, n Log[x] +Log[cx"|

ebn n (-i+2bn) x |Cos[a+b (-nLog[x] +Log[cx"])] +
1

1
Bl 17 B
2bn 2bn

3bn(-i+2bn)

i Hypergeometric2F1 [1, -

e2i (a+anog[x]+b<7nLog[x]+Log[cx”}>)} Sin[a+b (*ﬂ Log [X] +Log[cx”}”))

a+b (-nLog[x] +Log[cx"| )
il W bitt in.d Slele U

2e bn Csc[a+b (-nlLog[x] +Log[cx"])] e (21457 (avbLog[ex]) Hypergeometric2F1|1, 1 - ,2- : , et (a*bmg[cx"”]
2bn 2bn
Sinfa+b (-nLog[x] + Log[cx"]}] verr a (~i+2bn)x [Cos[a+b (-nlog(x] +Log[cx"])] +

i

i Hypergeometric2F1[1, - 1-

s , e2i (a+anog[x]+b(—nLog[x]JrLog[cx"}))} Sin[a+b (_n Log[X] + LOg{CXﬂ)})J
2bn 2bn

Problem 303: Result more than twice size of optimal antiderivative.

Jszc[aJrZLog[cxj‘}rdlx

Optimal (type 3, 49leaves, 3 steps):
ie*? (c le)ZfL x2

(1743“3 (c xl")“)2

Result (type 3, 127 leaves):

%Csc[a+2Log[cxiH2 (i (-1+2x*) Cos[a+2Log[cx'] -2iLog[x]]+ (1+2x*)Sin[a+2Log[cx'|-21iLog[x]])
4 x

(Cos[2 (a+2Log|cx'] -2iLog[x])]|+iSin[2 (a+2Log[cx'|-21iLoglx])])
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Problem 304: Result more than twice size of optimal antiderivative.
JCsc [a+2Log|c x?] ]3 dx

Optimal (type 3, 58 leaves, 3 steps):

1szc[a+2Log[cxifH +lijot[a+2Log[cx§]] Csc[a+2Log[cx]?H
2 2

Result (type 3, 137 leaves):
iCsc[a+2Log[cx§H2 (i (-1+2x%) Cos[a+2Log[cx§] —iLog[x] ]+ (1+2x?) Sin[a+2Log[cx§] - i Log[x]})

2 x2

(Cos[z (a+2Log[cxﬂ —jLog[x])] +JiSin[2 [a+2Log[cx§] —jLog[x])])

Problem 305: Result more than twice size of optimal antiderivative.

JCsc[a +2Log|c x’iﬂ ]3d1x

Optimal (type 3, 51leaves, 3 steps):

i\ 61
21ie3ta (cx’?] X

i\ 4
(1—@2“‘ (fo?] '

2

Result (type 3, 137 leaves):

—LZCsc[aJrZLog[cx’z’H2 ((—1+2x2) Cos[a+2Log[cx’%] +1iLog[x] ] +i (1+2x?) Sin[a+2Log[cx’%] +1‘1Log[x}])
2X

(JiCOS[Z (a+2Log[cx’ﬂ?} +J'1Log[x])] +Sin|2 (a+2Log[cx’§] +J‘1Log[x])])

Problem 310: Result more than twice size of optimal antiderivative.

JCsc[a +b Log[cx"] }3/2 dx

Optimal (type 5, 109 leaves, 3 steps):

2 X (1—@21La (c x“)“b)B/z Csc|a+blog[cx"] ]3/2 Hypergeometric2Fi | , €2 (c x”)“b]

N W

1 21 1 21
o R
2+31bn 4 bn 4 bn

Result (type 5, 846 leaves):
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i el (a+b (-n Log[x]+Log[cx"])) xibn

14 @2t (a+b (-nLog[x]+Log[cx"])) x2ibn

4ﬁe—21 (a+b (-nLog[x]+Log[cx"])) lebn\/

[(21’1+bn) (_1+<EZJ‘L(a+b(—nL0g[x]+Log[cx”})) Xzibn) + (2]-l+bn+e21(a+b (-nLog[x]+Log[cx"])) (—21’1+bn))

\/1 _e2i (a+b (-nLog[x]+Log[cx"])) x2ibn Hyper‘geometricZFl[l, _ 2i+bn s i ot s o2t (a+b (-nLog[x]+Log[cx"])) XZJ’lbn]] /
2 4bn 4 2bn

(bn (4+b*n?) (anos[a+b (-nLog[x] +Log[cx”])] +2Sinfa+b (-nLog[x] +Log[cx”])])> +

i el (a+b (-n Log[x]+Log[cx"])) xibn

142t (a+b (-nLog[x]+Log[cx"])) x2ibn

[\/7 be2i (a+b (-nLog[x]+Log[cx"])) nxi-ibn \/

((21‘1+bn) (-1 et (w0 (nogixi-toglext))) x2ion) o (354 g2t (b (niogtxi-toslex)]] (254 pn))

\/1*@21 (a+b (-nLog[x]+Log[cx"])) x2ibn Hyper‘geometricZFl[l, _ 21 +bn, i ot s o2t (a+b (-nLog[x]+Log[cx"])) ijibn]] /
2 4bn 4 2bn

((4+b*n?) (bnCos|[a+b (-nLog[x] +Log[cx"|)]|+2Sin[a+b (-nLog[x] +Log[cx"])])) +

\/Csc[a+anog[x] +b (-nLog[x] + Log[cx"]) |
2xCos[bnlLog[x]]

+

bnCos[a+b (-nLog[x] +Log[cx"]) | +2Sin[a+b (-nLog[x] +Log[cx"]) |
4xSin[bnLog[x]]

bn (bnCos[a+b (-nLog[x] +Log[cx"])| +2Sin[a+b (-nLog[x] +Log[cx"])])

Problem 314: Result more than twice size of optimal antiderivative.

J ! dx
v/Csc[a+bLog[cx"]]
Optimal (type 5, 110leaves, 3 steps):

2xHyper‘geometr‘ic2F1[—%, —%, i (3— E—i), e?ia (c x”)“b]

(2-1ibn) Jl—e“a (cx")zjlb ~/Csc[a+bLog[cx"]]

Result (type 5, 367 leaves):
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iete (cx")jlb

2x |- |[iV2 be??n (cx") P -
~1+e2i? (cx)?P

((21’1+bn) (_1+eua (cx”)“b) +\/1—<e“la (cx”)zjb (21’1+bn+<e“la (-2i+bn) x2tbn (cx”)zjb)

Hyper‘geometr‘iCZFl[%,—Zi;bn, Zfzi ,e“a(cx”)“b}) /((4+b2n2> (—2+J‘1bn+e2“(2+]‘Lbn>x‘“b”(cx”)2ib)) +
n n

Sin[a-bnlog[x] +blLog[cx"]]

v/Cscla+blog[cx"]] (anos[a—anog[x] +blog[cx"]] +2Sin[a-bnLog[x] +bLog[cx”]])

Problem 318: Result more than twice size of optimal antiderivative.

1
J dx
Cscl[a+bLlog[cx"]]°/?

Optimal (type 5, 110leaves, 3 steps):

2xHyper‘geome‘cr‘icZFl[—%J i (75— ﬁ), 7%, e2ia <cxn>21b}

(2-5ibn) (1—@“La <cx”)2f‘b)5/2Csc[a+bLog[cx”}]5/2

Result (type 5, 862 leaves):
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i ~1 (a+b (-nLog[x]+Log|cx" ibn
3012 b3et (a+b (-nLog[x]+Log[cx"])) n3 xi-ibn 1 el( b g +Log[cx"])) xt
14 g2t (a+b (-nLog[x]+Log[cx"])) x2ibn

((21’1+bn) (_1+QZJ‘L(a+b(—nLog[x]+Log[cx”})) XZJibn) + (2j+bn+621(a+b (-nLog[x]+Log[cx"])) (—21’1+bn))

. N . 1 21+b 3 i
\/17@21 (a+b (-nLog[x]+Log[cx"])) x2ibn Hyper‘geometr'iczFl[—, ~ i+bn 3 1

, _ s erL(a+b(—nLog[x]+Log[cx"])) XZJibn]] /
2 4bn 4 2bn

((—2+51‘1bn) (-2i+5bn) (4+b2n?) (21’1+bn+<e“(a*b<*“L°g[X]*L°g[cx"})) (—21’1+bn))) +

\Jesc[a+bnlog(x] +b (-nLog(x] +Log[cx"])] (- ((xCos[bnlog(x]] (~12-55b2n?+12Cos[2 (a+b (-nlog(x] +Log[cx"])]] +
65621 Cos [2 (a-+b [-n Log(x] + Log cx']| )] ~abnsin[2 (3 b (-nLog(x) + Log[ex'])]]]) /

(4(-2i+5bn) (2i+5bn) (bnCos[a+b (-nLog[x] +Log[cx"|)]+2Sin[a+b (-nLog[x] +Log[cx"])]))) +

(xSin[bnlog[x]] (16bn-4bnCos[2 (a+b (-nLog[x] +Log[cx"|))] +12Sin[2 (a+b (-nLog[x] +Log[cx"]))] +
65b2n2sin[2 (a+b (-nLog[x] + Log[cx"]})])) /

(4(-21+5bn) (2i+5bn) (bnCos[a+b (-nLog[x] +Log[cx"|)] +2Sin[a+b (-nLog[x] +Log[cx"|)])) +
(xCos[3bnLog(x]] (5bnCos[3 (a+b (-nLog[x] +Log[cx"])]]-2Sin[3 (a+b (-nLog(x] +Log[cx"]]]]])/
(2(-2i+5bn) (2i+5bn)) -
(xSin(3bnLog(x]] (2Cos[3 (a+b (-nLog(x] + Log[cx"]}]] +5bnsin[3 (a+b (-nLoglx « Log[cx]))])) /
(2(-2i+5bn) (2i+5bn)))

Problem 320: Result more than twice size of optimal antiderivative.

J(ex)’“Csc[d (a+bLog[cx”}H3dlx

Optimal (type 5, 122 leaves, 3 steps):

3iad 1+m n\3ibd . i (a+m)-3bdn i (1+m)-5bdn 2iad n\2ibd
8e (ex)m (cx) Hypergeometric2Fi|3, e e e (cxm) ]

e(i(1+m)-3bdn)

Result (type 5, 367 leaves):
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SbZ:LTX (ex)™ —bdnCsc[%d (a+bLog[cx”]H2—4 (1+m) Csc[d (a-bnLog(x] +bLlog[cx"])]+
n
bdnSec[ld (a+bLog[cx“})]2+2 (1+m) Csc[ld (a+bLog[cx"])] Csc[ld (a-bnlog[x] +blog[cx"])] Sin[lbdnLog[x}] -
2 2 2 2

d (a+blog[cx"])] Sec[ld (a-bnlog(x] +blog[cx"]) ] Sin[lbdnLog[x]} +8 (1+m-ibdn) x*°4"Hypergeometric2F1[1,

2 (1 S
(1+m) ec| A A

N |

~1 -1 i (1 3ibd
= 1m+bdn,_1( et n>,x“bd“(Cos[zd(a—anog[x]+bLog[cx“”]+JiSin[2d(a—anog[x]+bLog[cx”]H”
2bdn 2bdn

(-iCos[d (a-bnlLog[x] +bLlog[cx"])] +Sin[d (a-bnLog[x]+blog[cx"])])

Problem 324: Result more than twice size of optimal antiderivative.

Jx’" Csc|a+bLog[cx"] ]3/2 dx

Optimal (type 5, 130leaves, 3 steps):

;le*m(l—e“a(cx”)zjb)3/2Csc[a+bLog[cx“}]3/2Hyper'geometr'ic2F1[i,—2]1+2jlm_3bn,—2]1+2jlm_7bn,<e“a(cx”)”b]
2+2m+3ibn 2 4bn 4bn
Result (type 5, 466 leaves):
x1rm-ibn (4+8m+4m2+b2n2)x“b”\/Z—Ze“a(cx”)“b
iet? (cxn)*P ) 1 2i+2im-3bn 2i+2im-7bn . 2ib
— Hypergeometric2F1[—, - , - , et (ex") 2P .
,1+(e21‘la (cxn)ZIb 2 4bn 4bn
o o : o iel? (cxn)tP ) 1 2i+2im+bn
(-2i-2im+3bn) (—21—21m+bn>\/2—2e2“‘(cx“) — Hypergeometric2fl[ =, - ————,
—1+<eua<cxn>21b 2 4bn

21+21im-3bn
4bn

, e2ta (cx”)“b} 72ij”\/Csc[a+bLog[cx”H (bncCos[bnLog[x]] -2 (1+m)Sin[bnLog(x]]) /

(bn(-2i-2im+3bn) (bnCos[a-bnLog(x] +bLlog[cx"||+2 (1+m)Sin[a-bnLog[x] +blog[cx"]]))
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Problem 326: Result more than twice size of optimal antiderivative.

J X dx
v/Cscla+bLlog[cx"]]

Optimal (type 5, 129 leaves, 3 steps):

. 2i+2im+bn 2i+2im-3bn 2ia n\2ib
2 x¥*" Hypergeometric2F1[- 1, - - e?ia (cx
yperg [ 2’ 4bn_ ° 4bn ’ ( ) ]

(2+2m-ibn) \/17e“a (cx“)“lb \/Cscla+blog[cx"]]

Result (type 5, 637 leaves):

i 1 (a+b (-nL +L n ib
22 bel (a+b (-nLog[x]+Log[cx"])) n xim-ibn x/liehi(a+b(—nLog[x]+Log[cx"})) x2ibn i et (arb (-nLogix] og[cx"])) xibn
14 @21 (atb(-n Log(x]+Log[cx"])) y2ibn
. 1 2i+2im-3bn 2i+2im-7bn . n .
((2+2mfjbn) x2 1" Hypergeometric2F1| =, - , - , @21 (asb [-nLog(x]:Log[cx"]]) x2ibn]
2 4bn 4bn
1 2i+2im+bn 2i+2im-3bn . n .
(2+2m+31ibn) Hypergeometric2Fl| —, - , - , @21 (asb [-nlog(x]:Log[cx"]]) x“b"]] /
2 4bn 4bn

((2+2m—j1bn) (2+2m+31‘1bn) (—2—2m+11bn+e2fl("‘*b(‘”LOg[X“mg[”"m (2+2m+1‘1bn)

)+

JCsc[aernLog[x] +b (-nLog[x] + Log[cx"]) ] ((le*’"Cos[anog[x]} Sin[a+b (-nlog([x] +Log[cx”])]2)/
(bncCos[a+b (-nLog[x] +Log[cx"|)] +2Sin[a+b (-nLog[x] +Log[cx"|)] +2mSin[a+b (-nLog[x] +Log[cx"])]) +
(x*™"sin[bnLog[x]] Sin[2 (a+b (-nlLog[x] +Log[cx"]))])/
(bncCos[a+b (-nLog[x] +Log[cx"|)]+2Sin[a+b (-nLog[x] +Log[cx"])]+2mSin[a+b (-nLog[x] +Log[cx“”]))

Test results for the 142 problems in "4.7.6 fA(a+b x+c x*2) trig(d+e x+f x*2) n.m"

Problem 1: Unable to integrate problem.

JFC (@bX) gin(d + e x]" dx

Optimal (type 5, 107 leaves, 2 steps):

1 . en+1ibclog[F 1 ibclog[F .
- (1-e?* (d+ex)) " pe (36X Hypergeometric2Fl|-n, - glF] , = |2-n- ibcloglf] , @2t dedlsinidsex]"
ien-bcLog[F] 2e 2 e

Result (type 8, 20leaves):
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JFC (a+bx) ginrd + e x]" dx

Problem 7: Result more than twice size of optimal antiderivative.

JFC (3+bx) cscd + e x]3 dx

Optimal (type 5, 137 leaves, 2 steps):
Fc(@abx) Cot[d+ex] Csc[d+ex] bcF(@®bx Csc[d+ex] Log[F]

2e 2e?
et (dveX) fc (a:b%) Hypergeometric2F1[1, &HOCLtoBIEL L (3 1OCLBIFL) & e2i (dex) ] (e b cLog[F])
2e 2 e
e2

Result (type 5, 450 leaves):

Fac+bcx cge[d , ex 2 b ¢ (atbx) > 2 2 > Factbcxgac[d , X 2
. 25 bererercscia) LoglF T Cscld] (e?+b?c?LoglFIF) | Shiriin [J‘l Fe (2020 (24 b2 2 Log [F)2)
8e 2e? 2bce?Log[F] 8e
. ibclog[F] ibclog[F] L L.
[1+Hyper‘geometr‘1c2F1[1, - ,1- , Cos[d+ex] +isSin[d+ex]| (-1+Cos[d] +1$1n[d])])/
e e

(2bce?Log[F] (-1+Cos[d] +iSin[d])) - [iF®@®X (e?+b?c?Log[F]?)

] ibclLog[F] ibclog[F] s i Si
[1—Hypergeometr‘1c2F1[1, - , 1- , —Cos[d+ex] —151n[d+ex}] <1+Cos[d} +151n[d])])/
e e

ch“*b”Csc[g] Csc[%+ %] Log[F] Sin[%} bcFacbex | og[F] Sec[%} Sec[%+ ez—x] Sin[%}

2bce?Log[F] (1+Cos[d] +1iSin[d -
( g[F] (1+Cos[d] +iSin[d])) + e e

Problem 10: Unable to integrate problem.

JFC (3+bx) cos[d + e x]" dx

Optimal (type 5, 107 leaves, 2 steps):

1 .
- (1+e?* (@rex)) "M Fe (30X Cos[d + e x]" Hypergeometric2Fl|-n,

ien-bclog[F] 2e

en+1bcLog[F]

Result (type 8, 20 leaves):

JFC (3+bx) cos[d + e x]" dx
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Problem 14: Unable to integrate problem.

JFC (a+bX) sacd + e x] dx

Optimal (type 5, 84 leaves, 1step):
2 @' (d+eX) Fc (a:bX) Hypergeometric2Fl|1, e-ibclog[F| ~ 1 (3 ibclog[Fl) = 24 (drex) |
2

2e e

ie+bclLog[F]
Result (type 8, 18leaves):

JFC (@a+bX) sacd + e x] dx

Problem 16: Unable to integrate problem.

JFC (@a+bX) gsacd + e x]3 dx

Optimal (type 5, 141 leaves, 2 steps):
et (drex) pc (arbx) Hypergeometric2F1[1, e+PCLoBlfl % 3- —gJ—HbCL: Fl), —e?t @ex ] (je-bclog[F])

2e ’

eZ
bcFc(@bX) | og[F] Sec[d+ex] FC<(@bX) sec[d+ex] Tan[d+ e x]
+
2e? 2e

Result (type 8, 20 leaves):

JFC (@abX) gsacd + e x]3 dx

Problem 21: Result more than twice size of optimal antiderivative.

Je“ (@bX) Tan[d + e x] dx

Optimal (type 5, 78 leaves, 4 steps):

e (asbx) 21 e (30X Hypergeometric2F1[1, - 12¢
- +

bc bc

Result (type 5, 166 leaves):
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1 ) 1b 1 b .
——e® (@PX) [2p ce?* (9% Hypergeometric2F1[1, 1 - = c, 2o 228 2 (drex) |
bc(ibc-2e) (1+e?'9) 2e 2e
. . i b i b .
(bc+2ie) [1-e?*?+2e?!9Hypergeometric2F1[1, - = c, 1- > C, —e““’*“)]])
2e 2e
Problem 22: Result more than twice size of optimal antiderivative.
Jec (3+0X) Cot [d + e x] dx
Optimal (type 5, 76 leaves, 4 steps):
i e (arbx) i 21 e (atbx) Hyper‘geometr‘ic2F1[1, - jzbec ,1- izbec , et (d*exw
bc bc

Result (type 5, 163 leaves):

. 1 b 1b .
e¢ (arbx) [21‘1 bce?t (drex) Hyper‘geometr‘icZFl[l, 1.2 c, s =t C, Q2 (d+eX)} .

2e 2e
: - 2id 2id : ibc ibeC 55 (diex : 2id
i(bc+2ie) |1+e??-2e*!9Hypergeometric2F1[1, - ,1- , et (dex] /(bc(bc+21e) (-1+e?%))
2e 2e
Problem 26: Unable to integrate problem.
jFC (@abX) gsacd + e x]" dx
Optimal (type 5, 100 leaves, 2 steps):
1 . ~ibclog[F] 1 i bcLog[F .
(142! (e )1 Eacbex pypargeometric2Fl [n, en-ibclog(F) 1 (,  ibclog(F]) et (4ex) ] Sec[d+ex)"

ien+bclog[F] 2e 2 e

Result (type 8, 20leaves):

JFC (a+bx) sacd + e x]" dx

Problem 27: Unable to integrate problem.

JFC (3+bx) csc[d + e x]" dx

Optimal (type 5, 102 leaves, 2 steps):



B 1 (17 21 (diex) en+1bcLog[F]

e )" FacbexXCscd + e x]" Hypergeometric2Fi|n,
ien-bcLog[F]

Result (type 8, 20 leaves):

JFC (a+bx) cserd + e x]" dx

Problem 63: Result more than twice size of optimal antiderivative.

Jex Csc[e*] sec|e*] dx

Optimal (type 3, 5leaves, 3 steps):
Log|Tan[e*]]

Result (type 3, 21 leaves):

2 [_i Log[Cos[e*]] + % Log[Sin[e*] |

Problem 70: Result more than twice size of optimal antiderivative.

Jex Sec[e*]| dx

Optimal (type 3, 5leaves, 2 steps):
ArcTanh|Sin|e*| |

Result (type 3, 41 leaves):
e e e e
-L C — | -Sin| — L C — Sin| —
og[os[z] 1n[2H+ og[os[2}+ 1n[2H

Problem 93: Result more than twice size of optimal antiderivative.

Jfaﬂxz Sinf[d+ex+fx?]” dx

Optimal (type 4, 377 leaves, 14 steps):

2e

1
, —|2+n+
2

ibcLog[F]

e

)

e
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-21i (d+ex) ]
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9e?

e -3id-

3]'1e_id Tt aciogd] £ /7EP_F[11e+2X(JL'F cLog[ﬂ)} ie af3ifcloglf]) Fa /7 EP.F[3Jie+2x<3H—cLog[ﬂ>]
if-clog[f] 2+/31f-clog[f]
6+Vif-clog[f] 1631 f-clog[f]
o2 Cde 9e?
3j@1d+mfa /_EP_Fl[Jle+ZX(Jl'F+CLOg[ﬂ) } i e”d “[3itciogl?]) fa /_EPFl[Bne+2x(31‘F+cLog{ﬂ)
i f+c Log[f] 2+/31f+clog[f]
+
6Vif+clog[f] 1631 f+cLog[f]

Result (type 4, 3003 leaves):

i e?

PR ~1)Y* (e+2fx-2icxLog[f
-27 (1) Trrea] £ Cos [d) Erpi[ L1 (e*2fx-2icxlog(f])

2+/f-1clog[f]
L (-1)** (e+2fx-21icxLog[f])

27 (—1)1/4ce #(rreroslf) £2 Cos [d] Erfi|
2+/f-1clog[f]

ie (-1)** (e+2fx-2icxLog[f])

3(-1)%*c?e *l-ietwlil) £Cos[d] Erfi]
2+/f-1clog[f]

ie? (,1)1/4 (e+2fx721'1chog[ﬂ)

3(—1)1/4c3 #lerewel]) Cos[d] Erfi|
2+/f-1clog[f]

,1)1/4 (3e+6'FX7211chog[ﬂ)

fn

| VF-iclog(f] +

] Log[f] Vf-1iclLog[f] -

| Log (]2 F~1cLlog[¥] +

} Log[f]3~/f-1iclog[f] +

9ie?

3 (—1)3/4 4 f3ricioglr]) £3 Cos[3d] Er‘-Fi[ (

]\/B'F—jchog[-F] -

2+/3f-1iclog[f]

7 ~1)Y* (3e+6Fx-2 Log[f
<_1>1/4C(e4(3lecL0g £ Cos[3d] Er‘-Fi[< 1)V* (3e+6fx-21icxLog[f])

| Log[f] V3f-iclog[f] +

2+/3f-1clog[f]
)1/4 (3e+6fx-2icxLlog[f])

91ie?

3(—1)3/4c2e a(3ricioglf]] £ Cos[3 ]Er‘-Fi[(

| Log[f]12~/3f-iclog[f] -

2+V3f-1iclog[f]

9ie? 1/4
<_1>1/4c3 e7WCos[3d] Er"Fi[ ( ) (3e+6'FX—21chog[-F]>

| Log[f13+/3f-iclog[f] +

2+/3f-1iclog[f]

L _1)3/4 2f 2 Log f
27 (_1>1/4 s(ricieelsl] £3 Cos [d] Erfi[( ) (e+ X+21icxlog| ])

| VFriclog[f] -

2+/f+1clog[f]
ie -1)3/* 2fx+2icxlog[f
27 (-1)** ceslriereldl] £2 Cos [d] Er‘fi[< )77 (er2fx-2icxlog ])}Log[ﬂ \f+iclog[f] +
2+/f+1clog[f]
Le? (-1)%* (e+2fx+2icxLog[f])

3 ( 1)1/4 2 emfcos[d} Er“Fi[

| Log[)2/F+icloglf] -
2+/f+1clog[f]



4.7 Miscellaneous.nb | 287

i (-1)%* (e+2Ffx+21icxLog[f])

3 (-1)¥* 3 eslriewld] Cos[d] Erfi|
2+/f+iclog[f]

9ie? 3/4
3(-1)Ye e £ Cos [3 d] Erfi (-1)** (3e+6fx+2icxLog[f])

| Log[f1®V/f+iclLog[f] -

}\/3F+icLog[f] +

2+/3f+1iclog[f]

T “1)3* (3e+6Fx+2 Log[f
(-1)%* ceslricteldl) £2 Cos 3 d) Er‘fi[( 17" (3er6fxr2icxtlogifl)

| Log[f] /3Ff+iclog[f] -

2+/3f+1iclog[f]

L ~1)3/4 (3 6 f 2 L £
3 (—1)1/4C2 (3” clog[f 'FCOS[3d] Er‘fi[< ) < €+ X+ 1CX Og[ 1)

| Log[f12+/3f+icLog[f] +

2+/3f+1iclog[f]
1)** (3e+6fx+21icxLog[f])

9ie?

(-1)3% 3 e*lrictwle] Cos[3d] Erfi] -

| Log[f1®V/3f+iclog[f] +

2+/3f+1iclog[f]

ie? 1/4
27 (1) M4 e #[ricimls -F3Er‘f1[<_1> ex2fx-2icxloglf HWSln +
2+ f-1clog[f]
e -1)Y* (e+2fx-21icxLog[f
27 (—1)3/4ce‘“flﬂ°€ J-FZEr‘-Fl[( )" (ex2fx-2icxlog] ”]Log[f] \Jf-iclog[f] Sin[d] +
2+/f-1clog[f]
e ~1)Y* (e+2fx-2icxLog[f
3(-1)M*c2e sl fEmcl[( ) (er2fx-2icx Og[”}Log[ﬂZ\/F—chog[ﬂ sin[d] +
2+/f-1clog[f]
A pnr -1)Y* (e+2fx-2icxLog[f
3(-1)%% e slrrewls Erh[( )" (er2fx-2icx og[])]Log[-FP\/-F—chog[ﬂ Sin[d] -
2+/f-1clog[f]
ST —1)%4 2fx+2icxlog[f
27 (—1)3/4 a(f+icLog[f f3Er~1°1[( ) <e+ Xr2icxtogl ])}\/fﬂicLog[ﬂ Sin[d] -
2+/f+1clog[f]
S —1)3%4 2fx+2icxlog[f
27 (-1) V% cerlficelf]) fZErf1[< )" [er2fx+2icxlog] H}Log[ﬂ \f+iclog[f] Sin[d] -
2+/f+1clog[f]
e —1)3/4 2fx+2icxlog[f
3(—1)3/4c2e“(f*“ﬂ°g,fﬂfEr*fi[( J"" (er2fx-2icxlog] J>]Log 2\/f+iclog[f] Sin[d] -
2+/f+1clLog[f]
S - —1)34 2fx+2icxlog[f
3 (-1)Y* 3 eslricld) Er-fi[< J"" (er2fx-2icxlog] J>]Log 3\/f+1iclog[f] Sin[d] -
2+/f+1clog[f]
2ret (-1)* (3e+6Ffx-21icxLog[f])

]\/3F—chog[f] Sin[3d] -

3 (-1)Y%e slricslil] £ Erfi
2+/3f-1iclog[f]

e? 1/4
<71>3/4Ce4\”17“’€f25r+'1[< ) (3e+6fx 2icxlog[f })

] Log[f] \/B'Ffchog[f] Sin[3d] -

2+/3f-1iclog[f]
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91ie?

1/4
3<_1>1/4c2e4(3f“mg )'FEr"F1[< >/ (3e+6fx 21chog[-F})

| Log[f12V/3f-iclog[f] Sin[3d] -

2+/3f-1iclog[f]

ie? 1/4
<_1>3/4C3@(3‘69"ﬁEr‘f1{( )/ <3E+6'FX 21chog[ﬂ)

| Log[f1*~+/3f-1iclog[f] Sin[3d] +

2+/3f-1iclog[f]

3 (1) errse] gy [ L2 (Be v 6Fx 2 cx Log(F])

| V3f+icLlog[f] Sin[3d] +
2+/3f+1iclog[f]

<_1>1/4c #ﬁ,g)fz Erfi| (‘1)3/4 (3e+6fx+2icxLog[f])

| Log[f] V/3f+1icLog[f] Sin[3d] +

2+/3f+1iclog[f]
1)¥* (3e+6fx+21icxLog[f])

9ie?

3(-1)¥4¢ et (rictonlrl] £EPFL | -

| Log[f12+/3f+iclog[f] Sin[3d] +

2+/3f+1clog[f]

((1)¥4 ¢ @“(”9“17;)&{1[ (-1)%* (3e+6Ffx+21icxLog[f])

| Log[f1®V/3F+1cLoglf] Sin[3d]]]/
2+/3f+1iclog[f]

(16 (i f-clog[f]) (f-iclog[f]) (3f-iclog[f]) (3f+icLlog[f]))
Problem 99: Result more than twice size of optimal antiderivative.
Jfa*bx*”z Sin[d+fx2]3dlx

Optimal (type 4, 386 leaves, 14 steps):

b Log[f]? b Log [f]?

31 @7ﬁd+4nf actogf] £a /77 Emc[bLog [fl-2x (i f-clog[f]) } ie ’31‘1*71“”(Logf I faAr Er,_F[bLog [f1-2x (31 f-clog[f]) ]
if-cLlog[f] 2+/31if-clog[f]
- + -
6+1if-clog[f] 16+/31if-clog[f]
i g btog[f]? , 34d-—teelfl® ‘
3ie 4ifacloglf] 2 / Erfi { blog[f]+2x (1 f+clog[f]) ] ie 4(31ficLoglf]) fFa /]_( Er,_Fi[bLog['FMZX (31 f+clog[f]) }
if+cLog[f] 2+/31f+clog[f]
+
6+V1if+clog[f] 1631 f+clog[f]

Result (type 4, 3291 leaves):
_ivtLog[f) ~1)Y* (2fx-iblog[f] -21icxLlog[f
_27 (_1)3/4 @4 [FicLoglf]] ‘F3COS[d] EP'Fi[( ) ( X -1 og[f] 1cxLlog| ])
2+/f-1clog[f]
% (-1)"* (2fx-ibLlog[f] -2icxLog[f])

27 (-1)M* ceslr il £2 Cos[d] Erfi|
2+/f-1clog[f]

fn

| VF-icloglf] +

| Log [£] VF-iclog[f] -
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ivtioglf]? ~1)Y* (2fx-iblog[f] -2icxLog[f

3 (-1)%* c2erliewlnl) £ Cos[d] Erfi[( | st 8L71)
2+ f-1clog[f]

_ivtLoglf]? -1)Y* (2fx-iblog[f] -2icxLog[f

3< 1)1/4C3 @4 [FicLog[f]) COS[d] Er‘-F1[< ) ( glf] gl ])
2+/f-1clog[f]

Lﬂ“ 1Y% (6fx_ibl 121 ] P
3 (_1>3/4 a(3f-icLog[f 'F3C05[3d] Ef"Fl[( ) < X-1 og[f] 1cxLog| 1)

| Log[f12V/f-1iclog[f] +

| Log[f1®Vf-1iclLog[f] +

]\/BF—icLog[f] -

2+/3f-1iclog[f]

bzwigH 1Y% (6fx_ibLlog fl -2 i ) .
<71>1/4ce4(3f1cmg 2 Cos[3d] Erfi[( ) < X-1 og[f] icxlogl })

| Log[f] /3f-1iclog[f] +

2+/3f-1iclog[f]
~ )1/4 (6fx-iblog[f] -2icxLog[f])

i b2 Log[f]?

3 (-1)%"%c e4rewelf]] £ Cos[3d] Erfi| (

| Log[f12+/3f-1iclog[f] -

2+/3f-1clog[f]

_ivtLog[f]? _q1\1/4 o 5
<71>1/4C3 4(3:ncg|_og COS[3dJ EI'"FI[( 1) (6'FX :IlbLOg['F] 2]1CXLOg[f}>

| Log[f12/3f-icLog[f] +

2+/3f-1iclog[f]

__ip?Log[f]? _q)3/4 . .
27 (~1) 4 ¢ 4le r T £ os [d] Epfi[( 1)°* (2fx+iblog[f] +21icxLlog[f])

| VF+icLog[f] -

2+/f+1clog[f]
L L ~1)¥* (2fx+iblog[f] +2icxLog[f
27 (-1)¥*ce #lrewelfl] £2 Cos [d] Er'-Fi[( 7 gt 8(f) | Log[f] V/f+iclog[f] +
2+/f+1clog[f]
7“’2“*” (—1)3/4 (2fx+iblog[f] +2icxLog[f])

3 (-1)Y*c?e #lficlfl) £Cos[d] Erfi]

| Log[f1?~/f+iclog[f] -
2+\/f+1clLog[f]

o ibtiog[f]® ~1)%% (2fx+iblog[f] +21icxLlog[f]
3 (-1)%* e #lfieslfl) Cos[d] Erfi] b & BL71)
2+ f+1clog[f]

,% 1)34 (g f oL . e
3(—1)1/4(9 f”ncmg 'FBCOS[3d] Er‘-F1[< ) ( X+ 1 Og[ }Jr 1CX Og[ ])

| Log[f1®V/f+iclog(f] -

| V3f+icLog[f] +

2+/3f+1iclog[f]

w )34 ) .
(—1)3/4ce srricieeld]] £2 Cos[3d] Er‘-Fi[ ( 1) (6'FX+1bLog['F} +21chog[f])

] Log[f] V3f+iclog[f] -

2+/3f+1iclog[f]

47 Log[+]® 3/4 ,
3 (- 1)1/4C2<E“*3“"L#'FC05[ ]Er‘-Fi[< 1)** (6 fx+iblog[f] +21icxLog[f])

| Log[f]12~/3f+iclog[f] +

2~/3f+1iclog(f]

__iblLlog[f]? _q1)3/4 . .
a0 T on 2 era] 121 (6Fx+iblog[f] +2icxLog[f])

| Log[f13+/3f+iclog[f] +

2+/3f+1clog[f]
Lot os[]”_ (-1)** (2fx-iblog[f] -21icxLog[f]

27 (_1)1/4 a(f-icLog[f]) £3 Er"Fl{
2+\/f-1clog[f]

) | Vf-iclog[f] Sin[d] +
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(16

% ~1)Y* (2fx-iblog[f] -21icxLlog[f
27 (-1)¥* ceslrictals -FzEr‘Fl[< ) glt) el J>]Log['F] f-iclog[f] Sin[d] +
2+ f-1clog[f]
_ivtLog[f]? ~1)Y* (2fx-iblog[f] -21icxLog[f
3 (- 1>1/4C2e4“‘*“L°€*H-FEr"Fi[( ) gn 2 ])]Log[ﬂz f-iclogl[f] Sin[d] +
2+/f-1clog[f]
v og[f)? ~1)Y* (2fx-iblog[f] -2icxLog[f
3 (-1)¥% 3 etlriewl]] Er"Fi[< )| e 2 ])]Log *Vf-iclog[f] sin(d] -
2+/f-1clog[f]
__ibtiog[f]? -1)** (2fx+iblog[f] +21icxLog[f
27 (-1)¥* e #lfcrslt )fSEr‘fl[< ) gLt el ])] friclog(f] Sinld] -
2+/f+1clog[f]
__ibtiog[] ~1)¥* (2fx+iblog[f] +2icxLog[f
27 (-1) YA ce ¢lricils JfZErf1[< )| s 5 ])]mg )V riclog[f] sinid] -
2+/f+1clog[f]
_iouoglf]? -1)** (2fx+iblog[f] +21icxLog[f
3(-1)¥* e #lrictale) fErh[( ) il 5 H}Log[f]z f+iclog[f] Sin[d] -
2+/f+1clog[f]
bisu ~1)¥* (2fx+1iblog[f] +21icxLlog[f
3 (—1)1/4c3e a(+iclog[f EI"'Fl[( ) ( g[ ] g[ ]> } Log WSIH -
2+ f+1clLog[f]
ib? Log[f]? (_1)1/4 <6.f:x_jlbLog['F]—ZJ'lCXLOg['F]>

3 (-1) Y% et ctonlel] £3 Erfi ] V3F-iclog[f] Sin[3d] -

2\/3F—JicLog[f]
)1/4 (6fx-iblog[f] -2icxLog[f])

i b2 Log[f]?

(-1)3% cetlrrictnlel] £2 Erfi] -

| Log[f] V/3f-icLog[f] Sin[3d] -

2+/3f-1iclog[f]

i b2 Lo 1/4 . .
3 ( 1)1/4c2 eﬁfwﬁ[ (—1) (6FX—1bLog['F] —21chog[ﬂ>

| Log(f12V/3f-iclog[f] Sin[3d] -
2+/3f-1iclog[f]

ib2 Lo 1/4 ,
(- 1)3/4C364[3f:c7i;&ﬁ[(7 )¥* (6 fx-1ibLlog[f] -2icxLog[f])

| Log[f1®+/3f-1iclog[f] Sin[3d] +

2+/3f-1iclog[f]

ib Lo 3/4 . )
3 (1)¥4 & Fhrscmi] o gy [AZ1 7" (6F X+ 1bLogLF) + 21 cxLog(f))

]\/3f+]‘1cLog[-F] Sin[3d] +

2+/3f+1clog[f]

<—1>1/4Ce_%fza\fl[< 1)** (6fx+1iblog[f] +2icxLog[f])

| Log[f] V/3f+1iclog[f] Sin[3d] +

2+/3f+1iclog[f]

ib? Log[f]? 3/4 . .
3 (L1)¥4 2 e rprami] g gnpy[ AL (0Fx+ibLogIf] +2icxlog[f])

| Log[f12/3f+iclog[f] Sin[3d] +

/

2+/3f+1iclog[f]

<—1>1/4C3€7%Er‘h{< )3/4 (6'FX+11bLog[ ]+2]’chLog[ﬂ>

| Log[f1®+/3f+1iclog[f] Sin[3d]

2+/3f+1clog[f]
(i f-clog[f]) (f-iclog[f]) (3f-iclog[f]) (3f+iclog[f]))
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Problem 101: Result more than twice size of optimal antiderivative.

J-Fa*b"*”z Sin[d +ex+~Fx2]2 dx

Optimal (type 4, 268 leaves, 10 steps):

(2e+ibLog[f])* (2e-ibLog[])®

2 2id- B . . 2id . ‘
-Fa’:T\/?Er‘Fi[(bJCX) Log [] ] e L eifaclogf| F2 /_7T EP_F{ZJle—bLOgH:'\+2X(Zlf—CLOgH:'\)] e T sifaciog|f| 2 /_7T Er\_Fi[Zle»beog['FMQx(21'F+cLog[‘F1)}

2+/¢c 2+/21f-clog[f] 2+/21if+clog[f]
4~/c \/Log[f] 8+/21f-clog[f] 8+/21if+clog[f]

Result (type 4, 1120leaves):
1

8clog[f] (2f-iclog[f]) (2f+iclog[f])
(b+2cx) Log[f]

(b+2cx) VLog[f]

b2 b2
2 |8V £ ac Erfi| | VLog[f] +2c52f ac Erfi|

| Log[f1°/2 +

2+/c 2+/c

et tbeLopl )+ vog| ) ~1)%¥* (2e+4fx-iblog[f] -21icxLlog[f

2 (_1)1/4ce 4 (261 cLog[f]) fCos[2d] Erf| Gt ik 8(f]) | Log[f] V2 f-iclog[f] +
2+V2f-1clog[f]

i [4etra i veLog[] 47 Log[F]?) ~1)¥* (2e+4fx-iblog[f] -21icxLlog[f

(—1)3/4 e 4 (2f-icLoglf]) Cos[2d] Erf| (-2)"" | et 8lfl) | Log[f12/2f-icLog[f] +
2+v2f-1clog[f]

_i[aetaibelog[f]-02 Log[f]’) ~1)Y* (2e+4fx+iblog[f] +21icxLog[f

2 (-1)**ce 4 (2F1cog[f]) fCos[2d] Erf| (1) glv] 8(f]) | Log[f] V2 f+iclLog[f] +

2vV2f+1clog[f]

i(-4e-4ibelog[f]-b?Log[f]’)

(-1)** (2e+4fx+iblog[f] +21icxLog[f])

(-1)* e ¢lricwld]  Cos[2d] Erf] | Log[f12~/2F+iclog[f] «
2\/2-F+JicLog[f]
i (44 ibeog[f] o Log[F]?) ~1)%* (2e+4fx-iblog[f] -2icxLlog[f
2 (-1)**ce a(26-icroglf]) fEPf| ot glv] 8lfl) | Log[f] V2f-1iclog[f] Sin[2d] -

2+2Ff-1iclog[f)

i (—4ez+41i belog[f]+b? Logﬁjz}

(-1)>* (2e+4fx-iblog[f] -21icxLog[f])

(—1)1/4 e 4 [2f-icLog[f]) Er'-F[ ] Log[f]2V/2f-1iclog[f] Sin[2d] +
2+/2f-1iclog[f]
_i[aeaibetog[F) 17 Log[f]’) ~1)Y* (2e+4fx+iblog[f] +21icxLlog[f
2 (-1)"*ce 4 (26 crogle]] fEr‘f[( S glv] Bl ])]Log[f]\/2f+chog[f] sin[2d] -

2+V2f+1clog[f]
i(-4e2-4ibelog[f] b2 Log[f]?)

(_1)3/4 CZ (57 4 (241 cLog[f] | EP'F[

(-1)** (2e+4fx+iblog[f] +21icxLog[f])

| Log(f12+/2f+iclog[f] Sin[2d]

2+V2Ff+1clog[f]
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Problem 102: Result more than twice size of optimal antiderivative.

J-Fa*b"*”z Sin[d +ex+~Fx2]3 dx

Optimal (type 4, 430leaves, 14 steps):

V2

(3 eri 12
(e+ibLog[f] (3e+ibLog[f]]

. ) 3id-
33 efl Cuiracis ] £2 \/; Er‘-F[ ie-blog[f]+2x (if-clog[f]) ] ie B s [secuogle]] fa \/; Er‘-F[ 3ie-blog[f]+2x (3if-clog[f]) ]
2+/1f-clog[f] 2+/31f-clog[f]
16 Vi f-clog[f] 1631 f-clog[f]
. (e :hLogHH2 3id- ‘:’3ie*bL°§[fHZ
3i eld*m fa \/; Er._Fi[ie+bLog[ﬂ+2x (if+clog[f]) } ie a(3ifcLoglf]] fa \/; Er,,Fi[3je+bLog['F]+2x (3i f+cLlog[f]) ]
2+/1f+clog[f] 2+/31f+clog[f]
+
16 Vi f+clog[f] 1631 f+clog[f]

Result (type 4, 3835 leaves):

i [-€2ibe Log[F] " Log[]') ~1)Y* (e+2fx-iblog[f] -21icxLlog[f
o |-27 (-1)%"e 4t cLoglf]) 3 Cos[d] Erfi| e gLT] glfl) | Vf-iclog[f] +
2+/f-1iclog[f]
i [retv2ibeton|f]o* Log[F]?) “1)Y% (e+2fx-iblog[f] -21icxLog[f
27 (—1)1/4ce 4 [F-tcroglf]] f2 Cos [d] Erfi| (1) ™ gt 8(f) | Log[f] Vf-1iclog[f] -
2+/f-1clog[f]
i [tz ve Loglf] o Log[F]7) ~1)Y* (e+2fx-iblog[f] -21icxLlog[f
3(-1)°%ce 4 (-1 cLogf]) fCos[d] Erfi| (-2) gl¥] 8lfl) | Log[f]12V/f-1iclog[f] +
2+/f-1clog[f]
i[-e12ibeLog[f] 07 Log[]?) ~1)Y* (e+2fx-1iblog[f] -21icxLog[f
3 (—1)1/4c3e 4 [f-icLogle]] Cos[d] Erfi| (1) gt glfl) | Log[f1?V/f-1iclog[f] +
2+/f-1clog[f]
1[oeteibe Log[f] o Log[f)’) ~1)Y* (3e+6fx-iblog[f] -21icxLog[f
3(-1)°"%e 4 [35iciogle]] £3 Cos[3d] Erfi[( 7 8v] Bl ])]\/Bf—chog[f] -
2+/3f-1iclog[f]
i [-9e?+6ibeLog[f]+b” Log[f]*) ~1)Y* (3e+6fx-iblog[f] -21icxLog[f
(-1)"*ce 4(3f-1croglr]] f2Cos[3d] Erfi| (1) gLt 8(f]) | Log[f] V3f-iclog[f] +
2+/3f-1iclog[f]
[-9e2+6 1 be Log[f] b2 Log ] -1)¥* (3e+6Ffx-iblog[f] -21cxLog[f
3(-1)°*ce a(3%-icrog[f]] fCos[3d] Erfi| (1) BIY] 8(f]) | Log[f12+/3f-iclog[f] -
2+V3f-1iclog[f]
i [9et6ibetog|f] b2 Log[]?] ~1)Y* (3e+6fx-iblog[f] -21icxLog[f
<—1>1/4c3e 4 (361 cLog|#]) Cos[3d] Er‘-Fi[( 7 g7l 8(f]) | Log[f1®+/3f-iclog[f] +

2+/3f-1clog[f]



4.7 Miscellaneous.nb | 293

i(-e2-2ibelog[f]+b? Log[f]?)

- (-1)%* (e+2fx+iblog[f] +21icxLog[f])

27 (—1)1/4e 4 (ficLoglf]] 2 Cos [d] Erfi| | Vf+iclog[f] -
2+/f+1clog[f]
_i[et2iveon[f] o LoglF]?) “1)¥* (e+2fx+iblog[f] +2icxLog[f
27 (-1)**ce 4 [feicoglf]) 2 Cos [d] Erfi| 1) 8lv] glfl) | Log[f] Vf+1icLog[f] +
2+/f+1clog[f]
_t[cet2abelog[f].0? Log[f]') “1)¥* (e+2fx+iblog[f] +2icxLog[f
3 (—1)1/4c2e 4 (f+i cLog[f])] f Cos[d] Er'-Fi[( 7 gLt 8lf]) | Log[f12+/f+iclog[f] -
2+/f+1clog[f]
_i[e*2ibelog[f]-b? Log[f]?) ~1)*% (e+2fx+iblog[f] +21icxLlog[f
3(-1)°*Ce 4 [F+i croglf]) Cos[d] Er‘-Fi[< 7 glv] 8lfl) | Log[f]®V/f+iclog[f] -
2+ f+1clLog[f]

i (79 e?-6ibelog|f|+b? Log | 2\‘

3(-1)Y%e  ebricwmld] £ Cos[3d] Erfi

(-1)** (3e+6Ffx+iblog[f] +21icxLog[f])

| V3f+icloglf] +

2+/3f+1clog[f]

_i[-9e*-sibeLog[f]-b Log[f]’) ~1)%* (3e+6Ffx+iblog[f] +2icxLlog[f]
<—1>3/4C(E AL:B'F-ﬁCLog['F:] .FZ COS[3 d] Er‘fi[ ( ) < g 8 )

| Log[f] \/3f+iclog[f] -
2vV3f+1clog[f]
i (—Qez—sj belLog[f]+b? Log[ﬂzx

3(-1)Y4c2e  tlricle] £ Cos[3d] Erfi|

<—1)3/4 (3e+6fx+iblog[f]+2icxLog[f])

| Log[f1?2/3f+iclog[f] +

2+/3f+1iclog[f]
i [-9e-61ibelog[f]+b? Log[f]?)

(-1)**ce  bricwld]  Cos[3d] Erfi]

(-1)** (3e+6Ffx+iblog[f] +21icxLog[f])

| Log[f12+/3f+iclog[f] +

2+V3f+1iclog[f]
i e%zﬁbeLog[F]yszog[f]z‘\

1/4 . .
27 (—1)1/4<e a(ficlogle]] £3 Er‘-Fi[ (*1) / (e+2-Fx—1bLog[-F] —chxLog[ﬂ)

2+/f-1clog[f]
(-1)** (e+2fx-iblog[f] -21icxLog[f])

| Vf-iclog[f] Sin[d] +

i (-e?:21belog[f]+b? Log[f]?]

27 (—1)3/4ce 4 (f-iclog|f]) f2Erfi| | Log[f] V/f-1icLog[f] Sin[d] +
2+/f-1clog[f]
£ [eteziberog[] o? uog[ 7)) ~1)Y* (e+2fx-iblog[f] -2icxLog[f
3(-1)Y*c?e 4 (F-1 cLog[f]) fEPFi| 1) 8lv] glfl) | Log[f12/f-1iclLog(f] Sin[d] +

2f-iclog[f]
(-1)** (e+2fx-iblog[f] -21icxLog[f])
2+f-iclog[f]
(—1)3/4 (e+2fx+iblog[f] +2icxLlog[f])
2Ff+iclog[f]
(-1)¥* (e+2fx+iblog[f] +21icxLog[f])

2+/f+1clog[f]

i [7ez+2n belog[f]+b? Log[f]ZJ

3 (71> 3/4 3 ¢ 4 (f-icLog[f]) Er‘-Fi[

| Log[f1%+/f - icLog[f] Sin[d] -

i(-e?-2ibeLog[f]+b?Log[f]?)

27 (_1>3/4 @7 4 (f+iclogf]) 'F3 EI’"Fl{

| Vf+iclog[f] Sin[d] -

i (—el—zibe Log[f]+b2 Log[£]?)

27 (-1)"*ce #[#et crogle]) F2Erfi|

| Log[f] /f+1icLog[f] Sin[d] -
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i(-e?-21ibeLog[f]+b? Log[f]?) 3/4 . .
- -1 e+2fx+1blog[f] +21cxLog[f
3(-1)*ce a [+ cLoglf]) fEPfi| (1) Elv] 8lfl) | Log[f]12V/f+1icLog(f] Sin[d] -
2+/f+1clog[f]
_ i [e*-21beLog[f]-b? Log[f]?) ~1)3* (e+2fx+1iblog[f] +21icxLog[f
3(-1)Y* e 4 (£ cLog[f]) Erfi| (-1)" Blv] 8lfl) | Log[f13+/f+1iclLog[f] Sin[d] -

2+/f+1clog[f]

(-1)** (3e+6Ffx-1iblog[f] -2icxLog[f])

i (—9ez+61 belog[f]+b? Log[f]2J

3(-1)Y%e 435 croglf]] 2 Erfi| | V3f-icLog[f] Sin[3d] -
2\/3-F—chLog[ﬂ
i(-9e61belog[f]«b? Log[f]’) 1 1/4 3e+6Ffx-iblo 5
g[f] -21cxLog[f]
(-1)¥*ce  abricwsl) F2Erfi| ok ) | Log[f] V/3f-1iclog[f] Sin[3d] -

2+/3f-1clog[f]

i[-9e2+6ibelogf]b?Log[f]’)

(-1)** (3e+6Ffx-1iblog[f] -2icxLog[f])

3(-1)Y*ce 4 (351 croglf]] FErfi| | Log[f12+/3f-iclog[f] Sin[3d] -
2+/3f-1iclog[f]
i (-9e2+61ibeLog[f]+b? Log[f]? 1/4 . .
-1 3e+6fx-iblog[f] -2icxLog[f
(-1)¥* e sbricwl) Erfi| -1 glt] gLfl) | Log(f]1®V/3f-1iclog[f] Sin[3d] +

2+/3f-1iclog[f]

i (79 e?-6ibelog[f]+b? Log[f] 2)

(—1)3/4 (3e+6fx+iblog[f]+2icxLog[f])

3 (-1)%* e 4 (35icroglr]] 2 Erfi] | V3f+icLog(f] Sin[3d] +
2+/3f+iclog[f]
_iloeeibe Loglf] " Log[f]’) ~1)%* (3e+6fx+iblog[f] +21icxLlog[f
(-1)"*ce 4 (s crogle]) F2Erfi| ko BLt] BLf1) | Log[f] V/3Ff+1icLog[f] Sin[3d] +
2+V3f+1iclog[f]
_i[-9e?6ibelog[f]-b? Log[f]?) ~1)** (3e+6fx+iblog[f] +2icxLog[f
3 (-1)3/4c2e 4 (3% cLog[£]] fFErfi| (1) glT] glfl) | Log[f1?2+/3f+1iclog[f] Sin[3d] +
2v3f+1iclog[f]
_ifoe-6ibe Loglf] 7 Log[f]’) ~1)%* (3e+6fx+iblog[f] +21icxLlog[f
(-1)"* e (34 e vog]) Erfi[( ) gLt BLf1) | Log[f12+/3f+iclog[f] Sin[3d] /
2+/3f+1iclog[f]

(16 (i f-clog[f]) (f-iclog[f]) (3f-iclog[f]) (3f+iclog[f]))

Problem 124: Result more than twice size of optimal antiderivative.

Jfa*”z Cos|[d +ex+1°x2}3 dx

Optimal (type 4, 369 leaves, 14 steps):
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9e?

3 e_id_“”*“eTEﬂ fa \/; EI’"F{ ie+2x (if-clog[f]) } e73id—m fa \/; Er"F[3iLe+2x (3ifcloglf]) }
1f-clog[f] 2+/31f-clog[f]
+ +
6+ 1if-clog[f] 16 /31 f - c Log[f]
o2 i de 9e?
3eid+W .Fa\/_Erfl[ledx(nﬂcmg[ﬂ) ] egld a(3ificLog[+]) _Fa\/?EP_Fi[Bie»foBjﬂc Log[f])
i f+c Log[f] 2+/31f+clog[f]
+
6+vV1if+clog[f] 16\/31’1-F+cLog[-F]
Result (type 4, 2997 leaves):
S ~1)Y* (e+2fx-21icxLog[f]
o/ |-27 (-1)%* e #[rewslfl] £2 Cos[d] Erfi] 1) ) | Vf-iclog[f] +

2+/f-1clog[f]

L (-1)** (e+2fx-21icxLog[f])

27 (—1)1/4ce #(rreroslf) £2 Cos [d] Erfi|
2+/f-1clog[f]

ie (-1)** (e+2fx-2icxLog[f])

3(-1)%*c?e *l-ietwlil) £Cos[d] Erfi]
2+/f-1clog[f]

ie? (,1)1/4 (e+2fx721'1chog[ﬂ)

3(—1)1/4c3 #lerewel]) Cos[d] Erfi|
2+/f-1clog[f]

,1)1/4 (3e+6'FX7211chog[ﬂ)

] Log[f] Vf-1iclLog[f] -

| Log (]2 F~1cLlog[¥] +

| Log[f1?V/f-iclog[f] -

9ie?

3 (—1)3/4 4 f3ricioglr]) £3 Cos[3d] Er‘-Fi[ (

]\/B'F—jchog[-F] +

2+/3f-1iclog[f]

7 ~1)Y* (3e+6Fx-2 Log[f
<_1>1/4C(e4(3lecL0g £ Cos[3d] Er‘-Fi[< 1)V* (3e+6fx-21icxLog[f])

| Log[f] V3f-iclog[f] -

2+/3f-1clog[f]
)1/4 (3e+6fx-2icxLlog[f])

91ie?

3(—1)3/4c2e a(3ricioglf]] £ Cos[3 ]Er‘-Fi[(

| Log[f12~/3f-iclog[f] +

2+V3f-1iclog[f]

9ie? 1/4
<_1>1/4c3 e7WCos[3d] Er"Fi[ ( ) (3e+6'FX—21chog[-F]>

| Log[f13+/3f-iclog[f] -

2+/3f-1iclog[f]

L _1)3/4 2f 2 Log f
27 (_1>1/4 s(ricieelsl] £3 Cos [d] Erfi[( ) (e+ X+21icxlog| ])

| Vf+iclog[f] +

2+/f+1clog[f]
ie -1)3/* 2fx+2icxlog[f
27 (-1)** ceslriereldl] £2 Cos [d] Er‘fi[< J"" [er2fx 424 cxLogl ])}Log[ﬂ \f+iclog[f] -
2+/f+1clog[f]
Le? (-1)%* (e+2fx+2icxLog[f])

3 ( 1)1/4 2 emfcos[d} Er“Fi[

| Log[)2/F+iclog[f] +
2+/f+1clog[f]
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i (-1)%* (e+2Ffx+21icxLog[f])

3 (-1)¥* 3 eslriewld] Cos[d] Erfi|
2+/f+iclog[f]

9ie? 3/4
3(-1)Ye e £ Cos [3 d] Erfi (-1)** (3e+6fx+2icxLog[f])

| Log[f1®V/f+iclLog[f] -

}\/3F+icLog[f] +

2+/3f+1iclog[f]

T “1)3* (3e+6Fx+2 Log[f
(-1)%* ceslricteldl) £2 Cos 3 d) Er‘fi[( 17" (3er6fxr2icxtlogifl)

| Log[f] /3Ff+iclog[f] -

2+/3f+1iclog[f]

L ~1)3/4 (3 6 f 2 L £
3 (—1)1/4C2 (3” clog[f 'FCOS[3d] Er‘fi[< ) < €+ X+ 1CX Og[ 1)

| Log[f12+/3f+icLog[f] +

2+/3f+1iclog[f]
1)** (3e+6fx+21icxLog[f])

9ie?

(-1)3% 3 e*lrictwle] Cos[3d] Erfi] -

| Log[f1®V/3f+iclog[f] +

2+/3f+1iclog[f]

ie? 1/4
27 (1) e Ca(eictogls 'F3EP‘F1[<_1> lex2fx-2icxtog(f >]x/ f_iclog[f] Sin[d] +
2+ f-1clog[f]
e -1)Y* (e+2fx-21icxLog[f
27 (-1)¥*ce #lrrclr J-FZEr‘-Fl[( )" (ex2fx-2icxlog] ”]Log[f] \Jf-iclog[f] Sin[d] +
2+/f-1clog[f]
e ~1)Y* (e+2fx-2icxLog[f
3(-1)M*c2e sl fEmcl[( )" (er2fx-21icxlog] ])}Log[f}Z\/F—chog[ﬂ sin[d] +
2+/f-1clog[f]
A pnr -1)Y* (e+2fx-2icxLog[f
3(-1)%% e slrrewls Erh[( )" (er2fx-2icx og[])]Log[-FP\/-F—chog[ﬂ Sin[d] +
2+/f-1clog[f]
ST —1)%4 2fx+2icxlog[f
27 (—1)3/4 a(f+icLog[f -F3Er~1°1[( ) (e+ Xr2icxtogl ]>}\/-F+icLog[ﬂ Sin[d] +
2+/f+1clog[f]
S —1)3%4 2fx+2icxlog[f
27 (-1) V% cerlficelf]) fZErf1[< J"" (er2fx-2icxlog| H}Log[ﬂ \f+iclog[f] Sin[d] +
2+/f+1clog[f]
e —1)3/4 2fx+2icxlog[f
3 (—1)3/4c2e“(f*““°g,fﬂfErfi[( J"" (ex2fx-2icxloglf]) | Log[f12/f+1icLog[f] Sin[d] +
2+/f+1clLog[f]
S - —1)34 2fx+2icxlog[f
3 (-1)Y* 3 eslricld) Er-fi[< )" (er2Fx+21cxlog] J>]Log 3\/f+1iclog[f] Sin[d] +
2+/f+1clog[f]
2ret (-1)* (3e+6Ffx-21icxLog[f])

| V3f-icLog[f] Sin[3d] +

3 (-1)Y%e slricslil] £ Erfi
2+/3f-1iclog[f]

e? 1/4
<71>3/4Ce4\”17“’€f25r+'1[< ) (3e+6fx 2icxlog[f })

] Log[f] \/B'F—JicLog[f] Sin[3d] +

2+/3f-1iclog[f]



91ie?

1/4
3<_1>1/4c2e4(3f“mg )'FEr"F1[< >/ (3e+6fx 21chog[-F})

| Log[f]1?~/3f-1iclog[f] Sin[3d] +

2+/3f-1iclog[f]

ie? 1/4
<_1>3/4C3@(3‘69"ﬁEr‘f1{( )/ <3E+6'FX 21chog[ﬂ)

| Log[f1*~+/3f-1iclog[f] Sin[3d] +

2+/3f-1iclog[f]

3 (1) errse] gy [ L2 (Be v 6Fx 2 cx Log(F])

| V3f+icLlog[f] Sin[3d] +
2+/3f+1iclog[f]

<_1>1/4c #ﬁ,g)fz Erfi| (‘1)3/4 (3e+6fx+2icxLog[f])

| Log[f] V/3f+1icLog[f] Sin[3d] +

2+/3f+1iclog[f]
1)¥* (3e+6fx+21icxLog[f])

9ie?

3(-1)¥4¢ et (rictonlrl] £EPFL | -

| Log[f12+/3f+iclog[f] Sin[3d] +

2+/3f+1clog[f]

((1)¥4 ¢ @“(”9“17;)&{1[ (-1)%* (3e+6Ffx+21icxLog[f])

| Log[f1®V/3F+1cLoglf] Sin[3d]]]/
2+/3f+1iclog[f]

(16 (f-iclog[f]) (3f-iclog[f]) (f+iclog[f]) (3f+icLlog[f]))
Problem 130: Result more than twice size of optimal antiderivative.

Jfa*b x:ex? Cog [d+f x?] > ax

Optimal (type 4, 378 leaves, 14 steps):

b? Log[f]? b? Log )2

3¢ Tairacisd £/ Erf [ bLoRIfl-2x (i fcloglf) | e T airacig £2 /1 Erf[ BLOBIFI-2x (31 F-cLog(f1) |
if-clLog[f] 2+/31f-clog[f]
- - +
6V1if-clog[f] 16+/3 1 f-clog[f]
id- 7"ZL°EH 3id-% .
3e 4ifacloglf] / Er,_Fl[bLog['FHZx (i f+cLlog[f]) } e 4 (31 fecLog[f | fa / Er“Fl[bLog [fl1+2x (31 f+clog[f]) ]
if+cLog[f] 2+/31f+clog[f]
+
6+V1if+clog[f] 1631 f+cLlog[f]
Result (type 4, 3285leaves):
_ivtLog[f) ~1)Y* (2fx-iblog[f] -21icxLog[f]
o |-27 (-1)* eslrrewsldl] £3 Cos[d] Erfi -1) 7 ) | Vf-icloglf] +
2+/f-1clog[f]

% (-1 )1/4<2-Fx—1bLog[f]—Zichog[ﬂ>

27 (-1)M* ceslr il £2 Cos[d] Erfi|
2+/f-1clog[f]

| Log [£] VF-iclog[f] -
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ivtioglf]? ~1)Y* (2fx-iblog[f] -2icxLog[f

3 (-1)%* c2erliewlnl) £ Cos[d] Erfi[( | st 8L71)
2+ f-1clog[f]

_ivtLoglf]? -1)Y* (2fx-iblog[f] -2icxLog[f

3< 1)1/4C3 @4 [FicLog[f]) COS[d] Er‘-F1[< ) ( glf] gl ])
2+/f-1clog[f]

Lﬂ“ 1Y% (6fx_ibl 121 ] P
3 (_1>3/4 a(3f-icLog[f 'F3C05[3d] Ef"Fl[( ) < X-1 og[f] 1cxLog| 1)

| Log[f12V/f-1iclog[f] +

| Log[f1®Vf-1iclLlog[f] -

]\/BF—icLog[f] +

2+/3f-1iclog[f]

bzwigH 1Y% (6fx_ibLlog fl -2 i ) .
<71>1/4ce4(3f1cmg 2 Cos[3d] Erfi[( ) < X-1 og[f] icxlogl })

| Log[f] V3 f-1icLog[f] -

2+/3f-1iclog[f]
~ )1/4 (6fx-iblog[f] -2icxLog[f])

i b2 Log[f]?

3 (-1)%"%c e4rewelf]] £ Cos[3d] Erfi| (

| Log[f12+/3f-iclog[f] +

2+/3f-1clog[f]

_ivtLog[f]? _q1\1/4 o 5
<71>1/4C3 4(3:ncg|_og COS[3dJ EI'"FI[( 1) (6'FX :IlbLOg['F] 2]1CXLOg[f}>

| Log[f1®V/3f-iclog[f] -

2+/3f-1iclog[f]

__ip?Log[f]? _q)3/4 . .
27 (~1) 4 ¢ 4le r T £ os [d] Epfi[( 1)°* (2fx+iblog[f] +21icxLlog[f])

| VF+icloglf] +

2+/f+1clog[f]
L L ~1)¥* (2fx+iblog[f] +2icxLog[f
27 (—1)3/4ce a(ficLoelf]] £2 Cos[d] Er'-Fi[< 7 gt 8(f) | Log[f] Vf+icLog[f] -
2+/f+1clog[f]
7“’2“*” (-1)%* (2fx+iblog[f] +2icxLog[f])

3 (-1)Y*c?e #lficlfl) £Cos[d] Erfi]

| Log[f12+/f+iclog[f] +
2+\/f+1clLog[f]

o ibtiog[f]® ~1)%% (2fx+iblog[f] +21icxLlog[f]
3 (-1)%* e #lfieslfl) Cos[d] Erfi] b & BL71)
2+ f+1clog[f]

,% 1)34 (g f oL . e
3(—1)1/4(9 f”ncmg 'FBCOS[3d] Er‘-F1[< ) ( X+ 1 Og[ }Jr 1CX Og[ ])

| Log[f1®V/f+iclog(f] -

| V3f+icLog[f] +

2+/3f+1iclog[f]

w )34 ) .
(—1)3/4ce srricieeld]] £2 Cos[3d] Er‘-Fi[ ( 1) (6'FX+1bLog['F} +21chog[f])

] Log[f] V3f+iclog[f] -

2+/3f+1iclog[f]

47 Log[+]® 3/4 ,
3 (- 1)1/4C2<E“*3“"L#'FC05[ ]Er‘-Fi[< 1)** (6 fx+iblog[f] +21icxLog[f])

| Log[f]12~/3f+iclog[f] +

2~/3f+1iclog(f]

__iblLlog[f]? _q1)3/4 . .
a0 T on 2 era] 121 (6Fx+iblog[f] +2icxLog[f])

| Log[f13+/3f+iclog[f] +

2+/3f+1clog[f]
Lot os[]”_ (-1)** (2fx-iblog[f] -21icxLog[f]

27 (_1)1/4 a(f-icLog[f]) £3 Er"Fl{
2+\/f-1clog[f]

) | Vf-iclog[f] Sin[d] +



% ~1)Y* (2fx-iblog[f] -21icxLlog[f
27 (-1)** cerlrictasls szrF1[< )| - d H]'-Og[ﬂ f-iclog[f] Sin[d] +
2+ f-1clog[f]
_ibtLog[f]® ~1)Y* (2fx-1iblog[f] -21icxLog[f
3 (- 1)1/4c2e4‘f,ncmgm.FEM:i[( ) | glt) glf1) | Log[f12+/f-1iclog[f] Sin[d] +
2+/f-1clog[f]
v og[f)? ~1)Y* (2fx-iblog[f] -21icxLlog[f
3 (11)%% 3 orlssmmel pppa A2 el EL0L) Log 1> ¥ T ciog 7] sin(a) -
2+/f-1clog[f]
__ibtiog[f]? -1)** (2fx+iblog[f] +21icxLog[f
27 (-1)¥* e #lfcrslt )f3Erf1[< ) gLT el ])] f+iclog[f] Sin[d] +
2+/f+1clog[f]
__ibtiog[] ~1)¥* (2fx+iblog[f] +2icxLog[f
27 (—1)1/4c a[fricrogle )'FzEr"Fl[< ) glf] glf]) | Log[f f]/f+iclog[f] Sin[d] +
2+/f+1clog[f]
__ibtiopl] -1)** (2fx+ibLlog[f] +2icxLog[f
3< 1)3/4C2‘e 4 (f+iclogf 'FEP'FI[( ) ( glf] gl }>}L0g[f]2 'F+]'1CL0g['F] Slﬂ[d]+
2+/f+1clog[f]
bisu ~1)¥* (2fx+1iblog[f] +21icxLlog[f
3(-1) Y3 e tlrictals Erfl[( ) 817 2 ]>}L°g PN icLog[f] sinld) +
2+ f+1clLog[f]
62 Logl ]2 (-1)** (6fx-iblLog[f] -21icxLog[f])

3 (-1) Y% et ctonlel] £3 Erfi ] V3F-iclog[f] Sin[3d] +

2\/3F—JicLog[f]
)1/4 (6fx-iblog[f] -2icxLog[f])

i b2 Log[f]?

(-1)3% cetlrrictnlel] £2 Erfi] -

| Log[f]1 V3 f-iclog[f] Sin[3d] +

2+/3f-1iclog[f]

i b2 Lo 1/4 . .
3 ( 1)1/4c2 eﬁfwﬁ[ (—1) (6FX—1bLog['F] —21chog[ﬂ>

| Log(f12V/3f-iclog[f] Sin[3d] +
2+/3f-1iclog[f]

ib2 Lo 1/4 ,
(- 1)3/4C364[3f:c7i;&ﬁ[(7 )¥* (6 fx-1ibLlog[f] -2icxLog[f])

| Log[f1®+/3f-1iclog[f] Sin[3d] +

2+/3f-1iclog[f]

ib Lo 3/4 . )
3 (1)¥4 & Fhrscmi] o gy [AZ1 7" (6F X+ 1bLogLF) + 21 cxLog(f))

]\/3f+]‘1cLog[-F] Sin[3d] +

2+/3f+1clog[f]

<—1>1/4Ce_%fza\fl[< 1)** (6fx+1iblog[f] +2icxLog[f])

| Log[f] V/3f+1iclog[f] Sin[3d] +

2+/3f+1iclog[f]

ib? Log[f]? 3/4 . .
3 (L1)¥4 2 e rprami] g gnpy[ AL (0Fx+ibLogIf] +2icxlog[f])

2+/3f+1iclog[f]

<—1>1/4C3€7%Er‘h{< )3/4 (6'FX+11bLog[ ]+2]’chLog[ﬂ>

| Log[f1®+/3f+1iclog[f] Sin[3d]

/

2+/3f+1clog[f]
(16 (f-iclog[f]) (3f-iclog[f]) (f+iclog[f]) (3f+iclog[f]))

| Log[f12/3f+iclog[f] Sin[3d] +
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Problem 132: Result more than twice size of optimal antiderivative.

J-Fa*b"*”z Cos[d +ex+~Fx2]2 dx

Optimal (type 4, 268 leaves, 10 steps):

(2e+ibLog[f])* (2e-ibLog[])®

2 2id- B . . 2id . ‘
-Fa’:T\/?Er‘Fi[(bJCX) Log [] ] e L eifaclogf| F2 /_7T EP_F{ZJle—bLOgH:'\+2X(Zlf—CLOgH:'\)] e T sifaciog|f| 2 /_7T Er\_Fi[Zle»beog['FMQx(21'F+cLog[‘F1)}

2+/¢c 2+/21f-clog[f] 2+/21if+clog[f]
+ +
4~/c \/Log[f] 8+/21f-clog[f] 8+/21if+clog[f]

Result (type 4, 1118 leaves):
1

8clog[f] (2f-iclog[f]) (2f+iclog[f])
(b+2cx) Log[f]

(b+2cx) VLog[f]

b2 b2
2 |8V £ ac Erfi| | VLog[f] +2c52f ac Erfi|

] Log[f]°/? -

2+/c 2+/c

et tbeLopl )+ vog| ) ~1)Y* (2e+4fx-iblog[f] -21icxLlog[f

2 (_1)3/4ce 4 (261 cLog[f]) fCos[2d] Erfi| (1) gl glfl) | Log[f]1 V2Ff-iclLog[f] +
2+V2f-1iclog[f]

i [-aetaibeLop[f] o Log[4]?) ~1)Y% (2e+4fx-iblog[f] -21icxLog[f

(—1)1/4 e 4 21 c Log[f] Cos[2d] Erfi] (1) | gL glfl) | Log[f12/2f-iclog[f] -
2vV2f-1clog[f]

_i(-aer-aibetog[f].b? Log[f]’] ~1)¥* (2e+4fx+iblog[f] +21icxLlog[f

2 (-1)"*ce 4 (2F1cog[f]) fCos[2d] Erfi| ot glYl 8lf]) | Log[f] V2f+iclog[f] +

2+V2f+1clog[f]

i(-4e-4ibelog[f]-b?Log[f]’)

(-1)** (2e+4fx+iblog[f] +2icxLog[f])

(-1)¥*c?e  <lricwld]  Cos[2d] Erfi] ] Log[f12~/2F+1iclog[f] +
2\/2-F+chLog[-F]
i [4etr4 i veLogl] 7 Log[7]?) ~1)Y* (2e+4fx-iblog[f] -21icxLog[f]
2 (-1)"*ce 4 (25 croglf]) fEPfi] (1) ) | Log[f] V2f-1icLog[f] Sin[2d] +

2vV2f-1iclog[f)

i (—4ez+41i belog[f]+b? Logﬁjz}

(-1)** (2e+4fx-iblog[f] -21icxLog[f])

(—1)3/4 e 4 (2f-icrog[f]] Erfi| | Logf12V2f-iclLog[f] Sin[2d] +
2+/2f-1iclog[f]
_1[aeraibeLog[] 7 og[]7) ~1)** (2e+4fx+iblog[f] +21icxLlog[f
2 (-1)**ce 4 (261 cLogff]) fEr'fi[< ) gt Bl JH Log[f] V2f+icLog[f] Sin[2d] +

2v2f+1clog[f]
i(-4e2-4ibelog[f] b2 Log[f]?)

(_1)1/4 c2 e7 4 (2F+1 cLog[f]) Er'-Fi[

(-1)** (2e+4fx+iblog[f] +21icxLog[f])

| Log[f12+/2f+iclog[f] Sin[2d)]

22 f+1clog[f]



Problem 133: Result more than twice size of optimal antiderivative.

J-Fa*b"*”z Cos[d +ex+~Fx2]3 dx

Optimal (type 4, 422 leaves, 14 steps):

[ 12
[e-1b1o[f))" [3etorole]]*

4.7 Miscellaneous.nb

3 efidfm]—fa NES Er‘f[ ie-blog[fl+2x (if-cLloglfl]) } e’”d’a{gnf,mg[fj) fan Er\,F[SJie—bLog[ﬂQx (3i f-clog[fl) ]
2+/1if-clog[f] 2+/31f-clog[f]
+ +
16 Vi f-clog[f] 1631 f-clog[f]
4 {e iszog[fJ‘z 3ido {31‘5*1’“’%“”2
3 e]L P—‘_“chl.og'ﬂ £a /JT Er‘-Fi[ ie+blog[fl+2x (if+clog[f]) ] e 4 (31 fecLog[f]] Fa /77 Er,_Fi[3Jle+bLog[ﬂ+2x (3if+clog[f]) }
24/ 1f+clog[f] 2+/31f+clog[f]
+
16 Vi f+clog[f] 1631 f+clog[f)
Result (type 4, 3829 leaves):
i [-€2ibe Log[F] " Log[]') ~1)Y* (e+2fx-iblog[f] -21icxLog[f]
o |-27 (-1)%"e 4t cLoglf]) 3 Cos[d] Erfi| e ) | Vf-iclog[f] +
2+/f-1iclog[f]
i [retv2ibeton|f]o* Log[F]?) ~1)Y* (e+2fx-1iblog[f] -21icxLog[f]
27 (—1)1/4ce 4 [F-tcroglf]] f2 Cos [d] Erfi| (1) ™ g 8(f) | Log[f] Vf-1iclog[f] -
2+/f-1clog[f]
i [tz ve Loglf] o Log[F]7) ~1)Y% (e+2fx-iblog[f] -21icxLog[f]
3(-1)°%ce 4 F1coglf]) fCos[d] Erfi| (-2) g 8lfl) | Log[f]12V/f-1iclog[f] +
2+/f-1clog[f]
i (-et+21beLog[f] b7 Log )] -1)"* (e+2fx-iblog[f] -21icxLog[f]
3 (—1)1/4 e 4 [f-3 c Log[f] Cos[d] Erfi| (1) g glfl) | Log[f1?V/f-1iclog[f] -
2+/f-1clog[f]
Loetsiberogr] 2 og (] ~1)Y* (3e+6fx-iblog[f] -2icxLog[f]
3(-1)°"%e 4 [35iciogle]] 2 Cos[3d] Erfi| (1) g 8(f) | V3f-iclog[f] +
2+/3f-1iclog[f]
i (926 be Log[F] b2 Log[ )’ ~1)Y* (3e+6Ffx-iblog[f] -21icxLog[f]
(-1)"*ce 4 (351 cLog[f]] f2Cos[3d] Erfi| (1) ) | Log[f] V3f-iclog[f] -
2+V3f-1iclog[f]
£oetorbe oplf] b wog(r]) ~1)Y* (3e+6Ffx-iblog[f] -21icxLog[f]
3(-1)°*ce 4 (3f-icroglf]] fCos[3d] Erfi| (1) g 8(f]) | Log[f12V/3f-iclog[f] +
2+V3f-1iclog[f]
i [-oet 6 ibeLog|f] b2 Log[f]?) ~1)Y* (3e+6Ffx-iblog[f] -2icxLog[f]
<—1>1/4C3@ 4 (3f-1cLog[f]) COS[3d] Er‘-Fi[ ( ) ( ) ] LOg['F]3\/3'F—]'].CLOg['F1 _

2+/3f-1clog[f]
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i(-e?-2ibelog[f]+b? Log[f]?) 3/4 . .
- - ! -1 e+2fx+1blog[f] +21icxLog[f]
27 (—1)1/4e 4 [feiclog[f]) 2 Cos [d] Erfi| (1) | g 8lfl) | Vf+iclog[f] +
2+/f+1clog[f]
_i[et2iveon[f] o LoglF]?) ~1)** (e+2fx+iblog[f] +2icxLog[f]
27 (-1)**ce 4 [feicoglf]) 2 Cos [d] Erfi| 1) ) | Log[f] Vf+icLog[f] -
2+/f+1clog[f]
i(-e?-2ibelog|f]+b? Log[f]?] 3/4 . .
- - -1 e+2fx+1blog[f] +21cxLlog[f]
3(-1)Y*ce 4 (i crogle]) fCos[d] Erfi] (1) g 8lf]) | Log[f12+/f+1icLog[f] +
2+/f+1clog[f]
_if-e?2ibelog[f] b Log[f]?] ~1)¥* (e+2fx+iblog[f] +21icxLog[f]
3(-1)°*Ce 4 [F+i croglf]) Cos [d] Erfi| (-2)" ) | Log[f]®V/f+iclog[f] -
2+ f+1clLog[f]
i f799276nbeLog[f‘+bz Log{f‘z\‘ 3/4 . .
- - -1 3e+6fx+1iblog[f] +21cxLlog[f]
3(-1)"%e 4 (3#-1cLog[f])] 3 Cos[3d] Erfi| -1 & g(fl) | V3f+icloglf] +
2+/3f+1clog[f]
_i[-9e*-sibeLog[f]-b Log[f]’) ~1)%* (3e+6Ffx+iblog[f] +2icxLlog[f]
(-1)**ce 4[steiciolf]) f2Cos[3d] Erfi| 3™ g glfl) | Log[f] V/3f+iclog[f] -
2vV3f+1clog[f]
_3[-oe-6iberogf].0? Log[F)?) -1)** (3e+6Ffx+1iblog[f] +2icxLog[f]
3 (—1)1/4 e 4 (3ficuoglf]] fCos[3d] Erfi| 1) g glfl) | Log[f1?2/3f+iclog[f] +
2+/3f+1iclog[f]
i[-9e*-6ibelog|f]|+b2 Log[F]?) 3/4 . .
- ! -1 3e+6fx+iblog[f] +21icxLlog[f]
<71>3/4 C3e 4 (3f+iclog[f]) COS[3 d] Er‘Fi[ ( ) ( g g ) } LOg[f}3\/3f+fLC LOg[f] .
2+V3f+1iclog[f]
i [cete21be Log[f] 42 Log[]7) ~1)Y* (e+2Ffx-iblog[f] -21icxLog[f]
27 (-1)Y%e 4 (-1 cLog[f]) 2 Erfi| (1) ) | Vf-iclog[f] Sin[d] +
2+/f-1clLog[f]
i [retv2ibeLoglf] b Log[F]7) ~1)Y% (e+2fx-iblog[f] -21icxLog[f]
27 (—1)3/4ce 4 (f-iclog|f]) f2Erfi| (1) g 8lfl) | Log[f] V/f-1icLog[f] Sin[d] +
2+/f-1clog[f]
i [-e?:21belog[f]+b? Log[f]?] -1 1/4 e+2fx-1ibLo Y
: . g[f] -21cxLog[f]
3(-1)Y*c?e 4 (r-icuoglf]) fEPFi| 1) ) | Log[f12/f-1iclLog(f] Sin[d] +
2+/f-1clog[f]
[e2ibeLog[f] b Log[7]") ~1)Y* (e+2fx-1iblog[f] -21icxLog[f]
3 (—1)3/4 Ae 4 [f-icLog|f]) Erfi| 1) g g(f]) | Log[f12+/f-1iclog[f] Sin[d] +
2+/f-1clog[f]
i(-e?-2ibeLog[f]+b?Log[f]?) 3/4 . .
- -1 e+2fx+iblog[f] +21cxLog[f]
27 (-1)*%e 4 [+ croglf]) 2 Erfi| (1) ) | VF+icLog[f] Sin[d] +
2+/f+1clLog[f]
_i[cetzibeloglf] b Log[#]') “1)¥* (e+2fx+iblog[f] +21icxLog[f]
27 (-1)"*ce 4 (et coglf]) f2Erfi| 1) & glf]) | Log[f] /f+1icLog[f] Sin[d] +

2+/f+1clog[f]
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i(-e?-21ibeLog[f]+b? Log[f]?)

(-1)%* (e+2fx+iblog[f] +21icxLog[f])

3 (—1)3/4 e 4 (f+i cLog[f]] FErfi| | Log[f12+/f+1iclog[f] Sin[d] +
2+/f+1clog[f]
_ i [e*-21beLog[f]-b? Log[f]?) ~1)3* (e+2fx+1iblog[f] +21icxLog[f
3(-1)Y* e 4 (£ cLog[f]) Erfi| (-1)" gt 8lfl) | Log[f13+/f+iclLog[f] Sin[d] +
2+/f+1clog[f]

i (—9ez+61 belog[f]+b? Log[f]2J

1/4 . .
3 (71)1/4«3 a3 cLogl7]) £ Er‘fi[ (—1) / (3e+6fx—1bLog[ﬂ —21chog[ﬂ)

| V3f-icLog[f] Sin[3d] +

2\/3-F—chLog[ﬂ
i(-9e61belog[f]«b? Log[f]’)
(-1)¥*ce  abricwsl) F2Erfi|

(—1)1/4 (3e+6fx-iblog[f] -2icxLog[f])

| Log[f] V/3f-1iclog[f] Sin[3d] +

2+/3f-1clog[f]
i (79 e2+6ibeLog|f]+b? Log[f]?)

1/4 . .
3 (L1)V e re el FErti | (-1)"* (3e+6Ffx-iblog[f] -2icxLog[f])

| Log[f12V/3f-iclog(f] Sin[3d] +

2+/3f-1iclog[f]
i (-9e2+61ibeLog[f]+b? Log[f]?
(-1)* e 4[st-icrolf]) Erfi|

(-1)¥* (3e+6Ffx-iblog[f]-21icxLog[f])

| Log[f12+/3f-iclog[f] Sin[3d] +

2+/3f-1iclog[f]
i (79 e?-6ibelog|f]+b? Log{frz\

3/4 . .
5 (_1>3/4e—  prorcwle] . (-1) / (3e+6fx+iblog[f]+2icxLog[f])

| V3f+icLog[f] Sin[3d] +

2+/3f+iclog[f]
i(-9e2-6ibelog[f]+b2Log[f]?)

<71>1/4 c @7 4<3f~ﬂcLDg[f:) -F2 Er'fi[

(-1)** (3e+6Ffx+iblog[f]+21icxLog[f])

| Log[f] V/3Ff+1icLog[f] Sin[3d] +

2+V3f+1iclog[f]
i [-9¢?-6ibelog[f] b Log[f]?)

3/4 . ,
3 (—1)3/4c2 e 4 (3f-icLoglf]] FEPFi| (-1) / (3e+6fx+iblog[f]+2icxLog[f])

| Log[f12+V/3F+1icLog[f] Sin[3d] +

2v3f+1iclog[f]
i [-9e-61ibelog[f]+b? Log[f]?)

(-1)Y4 e bricwmid]  Erfi|

(-1)** (3e+6Ffx+iblog(f] +21icxLog[f])

| Log[f1®V/3f+iclog[f] Sin[3d] /
2+/3f+1iclog[f]

(16 (f-iclog[f]) (3f-iclog[f]) (f+iclog[f]) (3f+iclog[f]))
Problem 141: Result more than twice size of optimal antiderivative.
Fc (a+b x)
J dx
f+fCos[d+ex]
Optimal (type 5, 79 leaves, 2 steps):
2 et (4ex) Fe (20 Hypergeometric2F1[2, 1~ *PCLo8lEl o ibclonlfl

_ el (d+e x) ]

f(ie+bclog[F])

Result (type 5, 248 leaves):

| 303
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1
ef (l+Cos[d+ex]) (e-ibcLog[F])

bed (d+ex) (ie+bcLog[F]| 1

ibclLog[F] ibclog[F]

2F = Cos[l (d+ex)] [bce . F?¢Cos|— (d+ex) ] Hypergeometric2F1[1, 1- ,2- , —et @) ] og[F] -
2 2 e e
i F< (@ (5 Cos[l (d +ex) | Hypergeometric2F1|1, - 1bcloglF] ,1- ibcloglF] , —e' @] (e_ibcloglF]) +
2 e e

Fe (20 (1)) (e-ibclog[F]) Sin[% (d+ex)]

Problem 142: Result more than twice size of optimal antiderivative.

F¢ (a+b x)
J dx
(-F+-FCos[d+ex])2

Optimal (type 5, 169 leaves, 3 steps):

2 el (drex) Fe (a:0X) Hypergeometric2F1[2, 1 - ibc:"gm , 2 - FOCLBIEL - _gi(dex)] (je-bclog[F])

3e? 2
bcFe(@PX Log[F] Sec[?+eX]? Fe(@bx sec[d  ex]?1an[d  eX]
2 2 2 2 2 2

.
6 e f2 6 e 2

Result (type 5, 749 leaves):
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¢(-bdiae P
+— d ex ]2
2bcF - . cOs[z+?} Log [F] 1 .  (dbdsae] d ex.a
- + 8ibcF ¢ Cos[—+—| Log[F]
3e? (f+fCos[d+ex])? 3e* (f+fCos[d+ex])? 2 2
ac—ﬁ—c’bd*ae)ﬁbc[f*%) ibclog[F ibcloglF Zj(gJ'E)
e F?¢ . . e Hypergeometric2F1|1, - 1PCtoBIEL g LBCLoBIFL %% (375 |
(-ie+bclog[F]) (ie+bclog[F]) |- e e _
2bclog[F]
s bed clbeae] 2“5 7‘ Log[F] bed ¢ —b:oae\+2h(‘;7‘ Log F] S bed ¢ —b:oae\*lb( 57 Log[F]
(—+2) 2i+ 1- : Li2i+
? oy 2(5+%) Y
1 ( 21(4*))
1ee e
2 (e-ibclog[F])
e-1ibclog[F e-ibclog[F P[4, ex
Hypergeometric2F1[1, el ], 1+ gl 1, et z)} .
e e
c(-bd+ae +Zbc(§+e7x) c(-bd-ae +Zbc ;7)
2F e Cos[%+®X]sin[dseX] 4F . . Cos[9+e—x}3(e2+b2c2Log[F]2)Sin[i+e—x]
2 2 2 2 4 2 2 2 2
3e (f+fCos[d+ex])? 3¢’ (f+fCos[d+ex])?

Test results for the 950 problems in "4.7.7 Trig functions.m"

Problem 31: Result unnecessarily involves imaginary or complex numbers.

dx

Jsin[a +bx]

c+dx?

Optimal (type 4, 213 leaves, 8steps):
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CosIntegral| b—\r’i +bx] sinfa- ﬂ} CosIntegral| bJ;z -bx] sinf[a+ DE]

i a va 1 IS IS
2+/-c \d 2+/-c Jd
Cos[a+»gizgﬂ SinIntegral[EﬂEﬁ;—-bx] Cos[a—»gizgﬂ SinIntegral[QﬂEz;+»bx]
s IS i VT IS
2+/-c /d 2+/-c /d
Result (type 4, 172leaves):
____l__——j CosIntegral|b e +x|| sin[a- lb‘vQ?} - CosIntegral[b L—l Ve +x|]| sin[a+
2+/c Vd \d Vd Vd
Cos|a- lbﬂ/z_]SinIntegral[b Ve +x|]| +Cos|a+ lbﬂJz_]SinIntegral[ﬂ'bNG?-bx]]
Vd Vd Vd Vd

Problem 34: Result unnecessarily involves imaginary or complex numbers.

ij ’b"i% Sin[x]

Vva-bx?

dx

Optimal (type 4, 28 leaves, 3 steps):

lb-—f% x SinIntegral [x]

v a-bx?
Result (type 4, 46 leaves):

i lb-—f% x (ExpIntegralEi[-i x] - ExpIntegralEi[i x] )

2+vVa-bx?

Problem 35: Result more than twice size of optimal antiderivative.

J L dx
x (1+Sin[Log[x]])

Optimal (type 3, 12leaves, 2 steps):
Cos[Log[x]]

1+Sin[Log[x]]
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Result (type 3, 26 leaves):
2 Sin[—gJ—Lmzx ]

Cos[#gJ—MzX ] JrSin[JJ—MZX ]

Problem 36: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

. ;a+bx
JSln[ | ax

c+dx

Optimal (type 4, 100 leaves, 5steps):

bead | (c+dx) sin[22X] (bc_ad)sin[g]SinIntegral[

bc-ad ]
d (c+d x) c+d x

(bc-ad) Cos| 3] CosIntegral| d (cedx)

+ +
d? d d?

Result (type 4, 918 leaves):

7:/2bcwadwbdx\ 2ib 2ia 2ib B (2b dibd 2ib 2ia 2ib
ie d (c+dx) l+e d ,ec,dx+ed1Ctdx)] ie d (crdx) [,1+e d @cidx +@d(cd )]
(bc?-acd) -
4 (bc-ad) 4 (bc-ad)
2d
71“2bc‘ad‘bdx 2ib 2ia 2ibc 7nf2b:~ad~bdx) 2ib 2ia 2ib
ie d (cedx) 1+e d _@cidx 4@d (cdX) ] ie (cvdx) [_1+e d @cidx +@d (c+dx) ]
(-bc?+acd) -
4 (bc-ad) 4 (bc-ad)
2d
_i(2bcradbdx 2ib 2ia 2ibc _if2bcradbdy) 2ib 2ia 2ibe
e dledy) (,1+QT —e$+e‘”““‘] e dledx) 1+e d e$+ed(0dx’\]
i(bc?-acd) -
4 (bc-ad) 4 (bc-ad)
2d
_if2bcradibdx) 2ib 2ia 2ibc _i(2bcradbdx) 2ib 5 2ibe
e dledy [—1+eT ,e;%arc,“:‘] e dleay  [lie exwmm]
i(-bc*+acd) -
4 (bc-ad) 4 (bc-ad)
-bc+ad . b
exCos[ 2% 1 sin[ 2] .
2d d(c+dx)

d (c+d x) d (c+dx)

b bcsiad (-bc+ad) (Cos[%] CosIntegral [ —2c2d | —Sin[%] SinIntegr‘al[M])
x Cos[—] sin -
d d(c+dx) d?
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Problem 37: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

. ra+bx;2
JSln[ " ax
c+dx

Optimal (type 4, 107 leaves, 6 steps):

(bc-ad) CosIntegral[%} Sin[zdfb] ) (c+dx) Sin[%]z ) (bc-ad) Cos[%b} SinIntegral[%]

d? d d?

Result (type 4, 401 leaves):

2 (2bcradbdy) 4ib

2i (2bcradsbdx) 4ib

e d(crdx) (—1+«eT —e“Taxﬁ-e"‘\ni:(‘] e dledx) l+e e:¢7+edd(mx\ ]
(—bc2+acd> 8 (bc-ad) - 8 (bc-ad)
_ y _
2 (-b d 2 (-b d 2 (-b d
—xCos[z—]Cos[& +1xSin[£]Sin[& L d2x+2bcCosIntegral[&] Sin[g}—
2 d d(c+dx) 2 d d(c+dx) 2d? d(c+dx) d
(-bc+ad) 2b 2b 2 (-bc+ad) 2b 2 (-bc+ad)
2adCosIntegral| ———————] Sin[~—] +2bc Cos[~—| SinIntegral[——————] - 2adCos| —] SinIntegral | ——————]
d(c+dx) d d d(c+dx) d d(c+dx)

Problem 38: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

a+bx,3
Jsin[ " ax
c+dx
Optimal (type 4, 194 leaves, 9steps):
3(bc-ad) Cos[?] CosIntegral| 22| 3 (bc-ad) Cos[z—b} CosIntegral [ 2 0c2dl]

d(cedx) d (c+d x)
4 d2 4 d?
(c+dx) sin[ﬁf 3 (bc-ad) Sin[%] SinIntegr‘al[ﬁ] _ 3(bc-ad) Sin[:—b] SinIntegr‘al[%ﬁ)—]
d a4 ad

Result (type 4, 657 leaves):



e el (el i} T [_hﬁ —7}
3 (7bc2+acd> 4 (bc-ad) a 4 (bc-ad)
- +
4d
3i (2bcradsbdx) 6ib 6ibc 3i (2bcrad-bdx) 6ib 6ib
ie | dlcdx) lie ¢ —exﬂe"“"“?] ie  dledx (—1+eT e$+ed1““‘]
3 (—bc2+acd> 12 (bc-ad) B 12 (bc-ad)
+
4d
~bc+ad, . b, 1 3(-bc+ad), ~ 3b, 3 b, . . -bc+ad
fxCos[i Sln[*] - fxCos[i} Sln[f] + fxCos[f] Sin| ——
4 d(c+dx) d 4 d(c+dx) d 4 d d(c+dx)
3b, . 3(-bc+ad) 1 b ~bc+ad
=xCos[—|sin[——+]+ 3 (-bc+ad) |-Cos|[—] CosIntegral|[————
4 d d(c+dx) 4 d? d d(c+dx)
3b 3(—bc+ad) b, . _bc+ad . 3b, . 3(—bc+ad)
Cos |~ ] CosIntegral[—————| +Sin[—] SinIntegral| —————| - Sin[ ~—| SinIntegral | ————
d d<c+dx) d d<c+dx) d d<c+dx)

Problem 46: Result unnecessarily involves imaginary or complex numbers.

Cos[a+bx]
J—dlx
c+dx?

Optimal (type 4, 213 leaves, 8 steps):

Cos|a+ 55} CosIn‘cegr‘al[lLE -bx] Cos[a- ﬁ] CosIn‘cegr‘al[£ +b x|
Vd Vd B Vd Vd .
2V -c \H 2V -cC \H
Sin [a + b—\E] SinIntegr‘al[b—*E - bx] Sin [a - b—*E] SinIntegr‘al[b—*E + bx]
Vd Vd . d Vd
2/ -c +d 2+/-c /d
Result (type 4, 172leaves):

- ————i |Cos[a~+ lb\/?} CosIntegral|b {j\/? +x|]| -Cos[a- jb\/?} CosIntegral|b (j C ix |+
24/ Vd Vd Vd Vd va
Sin[a— ibye } SinIntegral[b ie + X ] +Sin[a+ ibve ] SinIntegr‘al[jb\/? bx})
Vd Vd Vd Vd
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Problem 51: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

a+bx
JCos[ | ax
c+dx

Optimal (type 4, 101 leaves, 5 steps):

(c+dx) Cos[%] (bc-ad) CosIntegral[%} sin[g] (bc-ad) Cos[g] SinIntegr'al[db(:Z; ]
- +

d d? d?

Result (type 4, 317 leaves):

S [_hﬁ 7} e e f]
(—bc2+acd) 4 (bc-ad) N 4 (bc-ad)
b -bc+ad
+xCos|~] Cos[————] -
d d d(c+dx)
b _bcsad (-bc+ad) (CosIntegr‘al[ﬁ] Sin[?] +Cos[§] SinIntegr‘al[ﬁ])
X Sln[—] Sln[ +
d (c +d x) d?

Problem 52: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

a+bx,2
JCOS[ " ax
c+dx

Optimal (type 4, 107 leaves, 6 steps):

(c+dx) Cos[ﬁ]z (bc-ad) CosIntegr‘al[%‘ﬁL] sin[22]  (bc-ad) Cos[2*] sinIntegral[?2<2d (bc:axi ]

- +

d d? d?

Result (type 4, 400 leaves):

2i (2bcrad+bdx) 4ib 4ia _4ibc 2i (2bcradsbdx) 4ib a _4ibc
e dledx (—1+eT —exﬂe"‘i““?] e dledx lee ¢ e$+ed(““1‘]
2
(-bc*+acd) 8 (bc-ad) N 8 (bc-ad)
+
d
2 (-b d 2 (-b d 2 (-b d

1XCOS[Q] Cos[& - 1xSin[Q] Sin[(;ha) L d2x72bcCosIntegr‘al[w] Sin[Q} +
2 d d(c+dx) 2 d d(c+dx) 242 d(c+dx) d

2 (-bc+ad 2 (-bc+ad 2 (-bc+ad
& Sin[g] —2bcCos[£} SinIntegr‘al[w} +2adCos[£] SinIntegr‘al[&

2 adCosIntegral|
d(c+dx) d d d(c+dx) d d(c+dx)



4.7 Miscellaneous.nb | 311

Problem 63: Result more than twice size of optimal antiderivative.

dx

J\/a+b5ec[c+dx}

1+Cos[c+dx]

Optimal (type 4, 92 leaves, 2 steps):

EllipticE[Ar‘cSin[M}, ﬂ} —31  Ja+bSec[c+dx]
1+Sec[c+d X] a+b 1+Sec[c+dx]

d a+b Sec[c+d x]
(a+b) (1+Sec[c+dx])

Result (type 4, 1979 leaves):

Cos[€+9%)*\arbsSec[c+dx] [-2Sin[c+dx]+2Tan[L (c+dx
[2 2] ( [2< )]) + Cos[£+d—x]25ec[£(c+dx”S
d(1+Cos[c+dx]) 2 2 2
[ b a+/Sec[c+dx] b~/Sec[c +dx] acCos|[2 (c+dx)]|~/sec[c+dx]
+ + +
vb+aCos[c+dx] VSec[c+dx] +b+aCos[c+dx] +b+aCos[c+dx] v/b+acCos[c+dx]

1+Sec[c+dx] Va+bSec[c+dx]

2Cos[1 (c+dx)] _Coslexdx] EllipticE[Ar‘cSin[Tan[1 (c+dx)]], a—b] +
2 1+ Cos[c+dx] 2 a+b

b+acos[c+dx] [7Sin[1(c+dx)]+51n[i(C*dXH
(a+b) (1+Cos[c+dx]) 2 2

1 b+acCos[c+dx]
/ ad Sec[c+dXx]
1+Cos[c+dx] (a+b) (1+Cos[c+dx])

2 2 1+Cos[c+dx] 2 a+b

aSec[l (c+dx”5\/1+5ec[c+dx] Sin[c +dx] {ZCos[l (C+dx)]\/Cos[c+dx] EllipticE[Ar‘cSin[Tan[1 (c+dx)]], a—b} +

b+acCos[c+dx] _sin[l(c+dxH+Sin{i(C+dX)]
(a+b) (1+COS[C+dX}> 2 2

/
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1
* o eam
1+ Cos[c+dx]

(c+dx)]5

3+vb+acCos[c+dx] Sec[

N |

a+b) (1+Cos[c+dx])

3/2 b C d
v/b+acCos[c+dx] \/( vacosfcrdx]

] *

2Cos[l (c+dx)] \/M EllipticE[Ar‘cSin[Tan[1 (c+dx)]], a—b] +
2

v1+Sec[c+dx] Sin[c+dx]

1+Cos[c+dx] 2 a+b
b+acCos[c+dx] (—Sin[l(c+dxH+Sin[i(c+dx)] / g 1 b+acCos[c+dx] B
(a+b) (1+Cos[c+dx]) 2 2 1+Cos[c+dx] (a+b) (1+Cos[c+dx])
aSin[c+dx] (b+aCos[c+dx]) Sin[c+dx]

[\/b+aCos[c+dx] Sec[1 (c+dx”5\/1+5ec[c+dx]
2

(a+b) (1+Cos[c+dx]) (a+b) (1+Cos[c+dx1)2

2 Cos 1 c+dx —COS{CerX] EllipticE |ArcSin|Tan 1 c+dx B a-b +
[
2 1+Cos[c+dx] 2 a+b

1
i Formrm
1+Cos[c+dx]

/

2Cos[1 (c+dx)] \/M EllipticE|

3/2
J :

3/2[ b+acCos[c+dx]
(a+b) (1+Cos[c+dx])

b+aCos[c+dx] o1 .3
(—Sln[* (c+dx” +51n[7 (c+dx)]
(a+b) (1+Cos[c+dx]) 2 2

5+vb+aCos[c+dx] Sec[1 (c+dx)]5\/1+5ec[c+dx}

2 2 1+Cos[c+dx]
. 1 a-b b+acCos[c+dx] o1 .3 1
ArcS T — +d R -S — +d +S — d T — +d
rc 1n[an[2(c X)H - +\/(a+b) (1+Cos[c+dx}> ( 1n[2(c x)} 1n[2<c+ x)] an[z(c XH /

1

s[— !
[ 1+Cos[c+dx]

4 ( 1 )3/2 b+a Cos[c+d x]
1+Cos[c+d x] (a+b) (1+Cos[c+dx])

+

3/2 b+acCos[c+dx]
(a+b) (1+Cos[c+dx])

(c+dx)] +§Cos[§ (c+dx)]|-

N |

vb+aCos[c+dx] Sec[l(c+dx)}5\/1+5ec[c+dx] braCosfc+dx] (—ECOS[
2 (a+b) (1+COS[C+dX]) 2
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\/M EllipticE[Arcsin[Tan[1 (c+dx)]], a_b] Sin{l (c+dx) ]+
1+Cos[c+dx] 2 a+b 2

Cos [i (c+dx) | E1lipticE[ArcSin|Tan [i (c+dx)]], ﬁ] (c°5<[1c:cdoz][:'j;)[(§+)f X1 _ :izs[c[:dxi] )

Cos[c+dx
1+Cos[c+d X]

B aSin[c+dx] + (b+aCos[c+dx1)Sin[c+dx1) (—Sin[l <c+dx>] +Sin[i (c+dx)”
(a+b) (1+Cos[c+dx]) (a+b) (1+Cos[c+dx])? 2 2

2 b+a Cos[c+d x]
(a+b) (1+Cos[c+dx])

+

(a-b) Tan“— (c+d x) r

Cos[c+dx SeC[;<C+dX)]\/1

1+Cos[c+d x] a+b

\/1—Tan[§ (c+dx)]®

[\/b+aCos[c+dx] Sec[l(c+dx)]55ec[c+dx] 2Cos[1(c+dx”\/cos[c+dx] EllipticE[ArcSin[Tan[l(c+dx)H, a—b]+
2 2 1+Cos[c+dx] 2 a+b
b+acCos[c+dx] e .3
[—Sln[—(c+dx”+51n[—(c+dx)] Tan[c+dx]/
(a+b) (1+Cos[c+dx]) 2 2
3/2
8[ 1 b+aCos[c+dx] Jiisecic dx]
1+Cos[c+dx] (a+b) (1+Cos[c+dx])

Problem 64: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

JSec[a+bx} Sec[2a+2bx] dx

Optimal (type 3, 35leaves, 4 steps):
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ArcTanh([Sin[a+bx]] 2 ArcTanh[+/2 Sin[a+bx] ]
- +
b b

Result (type 3, 331leaves):

. L Cos[%(mbx)}f(—lnﬁ) Sin[%(amx)}
<2+21) (< ! ]l) +\/?) Ar‘cTan[ (1+ﬁ) Cos{i—(a»rbx)}—Sin[;f(a+bx)} }

‘ Cos[i(a+bx)]7(1+\/?>Sin[i(a+bx”
—ZnﬁArcTan[
4b (—1+1‘1>+\/7 (—1+ﬁ)Cos[§(a+bx)]—SinE(a+bx)}

|+

4Log[Cos[§ (a+bx)] —Sin[% (a+bx)]] —4Log[Cos[§ (a+bx)] +Sin[§ (a+bx)]]+2+2 Log[V2 +2Sin[a+bx]] -

(1-1) ((—1—1‘1) +\/?) Log[2++/2 Cos[a+bx] -/2 Sin[a+bx]]
(—1+]'1) +\/7

V2 Log[2-+/2 Cos[a+bx] -2 Sinfa+bx]]| +

Problem 65: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
JSec[a+bx} Sec|2 (a+bx” dx

Optimal (type 3, 35leaves, 4 steps):

ArcTanh([Sin[a+bx]] V2 ArcTanh[+/2 Sin[a+bx] ]
- +
b b

Result (type 3, 331leaves):

. L Cos[%(mbx)}f(—lnﬁ) Sin[%(amx)}
<2+21) (< ! ]l) +\/?) Ar‘cTan[ (1+ﬁ) Cos{i—(aerx)}—Sin[;f(a+bx)} }

1

—Zi\EAr‘cTan[ Cos[i <a+bx)] ~ (1+\/?> Sin[i (aerXH ]

4b (-1+i) +V2 (—1+\/7)Cos[§(a+bx)]—sin[§(a+bx)}

4Log[Cos[§ (a+bx)] —Sin[% (a+bx)]] —4Log[Cos[§ (a+bx)] +Sin[§ (a+bx)]]+2+2 Log[V2 +2Sin[a+bx]] -

(1-1) ((7171'1) +\/?) Log[2++/2 Cos[a+bx] -+/2 Sin[a+bx]]
(—1+]'1) +\/7

V2 Log[2-+/2 Cos[a+bx] -2 Sinfa+bx]]| +
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Problem 74: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

Jsin [x] Tan[2 x] dx

Optimal (type 3, 20leaves, 4 steps):
ArcTanh[+/2 Sin[x] |

-Sin[x]
N2
Result (type 3, 179leaves):
1 Cos[i]—(—1+\/7) Sin[*] Cos[ﬂ—(1+\/7) Sin[X]
- ZjArcTan[ 2 2 ]+21‘1Ar‘cTan[ 2 2 ]—
a~2 (1472 cos[X] -sin[%] (-1++2 ) cos[*] - sin[X]

2Log[v/2 +2sin[x] | +Log[2-+2 Cos[x] -2 Sin[x]] +Log[2++2 Cos[x] -2 Sin[x]]| +4+/2 Sin[x]

Problem 76: Result is not expressed in closed-form.

Jsin [x] Tan[4 x] dx

Optimal (type 3, 71leaves, 5steps):
1

“Aj2-+/2 Ar‘cTanh[m]JrE\/ZJm/? Ar‘cTanh[m}—Sin[x]
4 -2 242

Result (type 7, 96 leaves):

1 s 1 Sin[x]
— RootSum[1 + 118 &, —— [2 ArcTan |
16 w1’

Sin[x]

| -ilog[1-2Cos[x] al+51?] +2ArcTan| Sin[x]

— | #1° - i Log[1-2Cos[x] 11 +u1?| n1°| &] -
Cos[x] -#1 Cos[x] -#1

Problem 77: Result is not expressed in closed-form.

Jsin [x] Tan[5 x] dx

Optimal (type 3, 112leaves, 10 steps):
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1Ar‘cTanh[Sin[x]} —i (1—\/?) Log[l—\/?—4sin[x]] - ! 1+\E> Log[1+\/?—4sin[x]] +
5 20 20

L(1—\/?) Log[l-ﬁ+451n[x]]+i(1+ﬁ) Log[1++/5 +4Sin[x]] -Sin[x]

20 20

Result (type 7, 248 leaves):

RootSum|1 - 112 + #1% - 11° + 118 &,

20
6ArcTan[Sin¢} -31ilog[1-2Cos[x]fl+Hl?] —ZAPcTan[&] 712 + i Log[1-2Cos [x] =1 +#1?| 112 -
Cos[x] -#1 Cos[x] -#1
2ArcTan[Sln¢} #1% + i Log[1 -2 Cos [x] #1 + 112 ] H14+6ArcTan[SIn¢] #1° -3 1 Log[1 -2 Cos[x] #1 + #1? | 1116]/
Cos[x] -#1 Cos[x] -#1
(-r1+281% 3015+ 4017) &] -4 (Log[cos[i] ~sin[2]] - Log[cos|~] +sin[~]] +5Sin(x]
2 2 2 2

Problem 78: Result is not expressed in closed-form.
JSin[x] Tan[6 x] dx

Optimal (type 3, 89leaves, 10 steps):

ArcTanh[+/2 Si i i
retan [\/_ 1n[x]} + E\/ﬁAr‘cTanh[i2 51n [x] } + 1\/ﬁAr‘cTanh[72 >1n [x] ] -Sin[x]
342 6 Javz o ° 2+4/3

Result (type 7, 366 leaves):

RootSum[1 - 1% + =18 &,
24

1 Sin[x] . ) Sin[x]
(4Ar‘cTan[ ] -21 Log[l—ZCos[x] a1+ #1 ] —ZArcTan[

Cos[x] -#1 Cos[x] -#1
Sin[x]

—_— | #1% + i Log[1-2Cos [x] #1 +n1?| 1% -
-n13 + 2117

Sin[x]

2 ArcTan #1%+ 1 Log|1-2Cos[x] #1 + 1#12] #1% + 4 ArcTan
[ ] [

Cos[x] -#1 Cos[x] -#1
Cos[f] - (—1+\/7) Sin[i] |+ 2 4 ArcTan| Cos[i] - (1+\/7) Sin[?]
(1+\/7) Cos[f]—sin{ﬂ (—1+\/7) Cos[f}—sin{ﬂ

| #1°- 21 Log[1-2Cos[x] #1 +#12] 51°| &| -

V2

2i ArcTan|

| -2Log[v2 +2Sin[x]] +

Log[2-+/2 Cos[x] -+/2 Sin[x]] +Log[2++/2 Cos[x] -+/2 Sin[x]]| +12+/2 Sin[x]
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Problem 80: Result more than twice size of optimal antiderivative.

JCot [2x] Sin[x] dx

Optimal (type 3, 10leaves, 3 steps):

1
- —ArcTanh[Sin[x]] +Sin[x]
2

Result (type 3, 41 leaves):
1 X X 1 X X
— Log|Cos|—| -Sin|—|| - —Log|Cos|—| +Sin| — Sin[x
> tog[cos ("] -sin[”]] - *Log[cos| *] +sin[ *]] - Sinix]
Problem 82: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
JCot[4x] Sin[x] dx

Optimal (type 3, 28 leaves, 6 steps):

1 ArcTanh[+/2 Sin[x] |
- —ArcTanh[Sin[x]] - +Sin[x]
4 22
Result (type 3, 223 leaves):
Cos|[*] - (-1++/2 ) sin[% Cos[*] - (1++/2 ] sin[%
[2] ( ) [2]]+21‘1Ar‘cTan[ [2] ( ) [2} ]+2\ELog[Cos[i]—Sin[iH,
(1+\5) Cos[3] -sin[X] <71+\/7) Cos[>] -sin[X] 2 2

1

82

21 Ar‘cTan[

Z\ELog[Cos[i} +Sin[§H ~2Log[v2 +2sin[x]] +Log[2-+/2 Cos[x] -2 Sin[x]] +Log[2++/2 Cos[x] -2 Sin[x]] +8+/2 Sin[x]
2 2

Problem 83: Result more than twice size of optimal antiderivative.

JCot [5x] Sin[x] dx

Optimal (type 3, 82leaves, 6 steps):

5 +/5 Ar‘cTanh Sin| ArcTanh 5 +/5 Sin| +Sin[x]
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Result (type 3, 201 leaves):

(—1+\/?) ArcTanh | -3+/S | Tan]3 ] (—1+\/?) ArcTanh | 35 | Tan ]

N 10-2+/5 \10-2+/5
50 -10/5 50 -10/5
-544/5 | Tan| X

(1+\/?) ArcTanh[ ] (1+€) ArcTanh[ 3+/5 | Tan| X }

l2(5+\/?) ) 2(5+\E)
10(5+ﬁ) /10(5+\/?)

Problem 84: Result more than twice size of optimal antiderivative.

+Sin[x]

JCot [6x] Sin[x] dx

Optimal (type 3, 38leaves, 7 steps):
ArcTanh [ 23101 ]

—lAr'cTanh[Sin[xH - 1Ar‘cTanh[Z Sin[x]] - > +Sin[x]
6 6 2+/3
Result (type 3, 99 leaves):
Tan[* N
— |-2+/3 ArcTanh| ———=] - 2+/3 ArcTanh[+/3 Tan[=]] +
12 NEY 2

% X X X ) ) .
2Log[Cos[;] —Sln[;“ —2Log[Cos[;] +Sln[;“ +Log[1-2Sin[x]] - Log[1+2Sin[x]] +12Sin[x]

Problem 85: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
JSec[Z x] Sin[x] dx
Optimal (type 3, 15leaves, 2 steps):
ArcTanh[~/2 Cos[x] |
V2
Result (type 3, 174 leaves):
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Cos[ﬂ - (—1+\/7) Sin[f] | -2 4 Arctan| Cos[f] - (1+\/7) Sin[ﬂ

(1+\/7) Cos[?]—sin[f] (—1+\/7) Cos[f]—sin[f]

2 ArcTan|

]+

42

4Ar‘cTanh[\/7+Tan[§H ~Log[2-+/2 Cos[x] -2 Sin[x]] +Log[2++/2 Cos[x] -/2 Sin[x]]
2

Problem 87: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
JSec[4 x] Sin[x] dx

Optimal (type 3, 71leaves, 4 steps):

Ar‘cTanh[ 2CosX] - ApcTanh [ 2Cosix |

Loz

ST=EENT

Result (type 3, 5090 leaves):

1/4 . 5/8 5/8 7COS[X]+(1+\/T) sin[x]
s 2 (-1) (-2- (1-1) (-1)%%+ (-1) \/?) Ar‘cTan[Z P —— ]
-2 (-1) (1+\/?)x_ -
(-1+i)+2(-1)¥%+2

2(1-4)%22Y4 ((-3-4) + 2 (-1)%%+ (2+4) V2 - (2+21) (-1)¥V2 +2 (-1)¥®V2))

(1+]'L) +iV2 + ((71+]'1) +2 (71)3/8+\E) Tan[i]

ArcTan [

} /((71+j)+2(—1)3/8+\5)+

mzam
2 (-1)%® Log[Sec[gﬁ N ((71)3/4 (-2-(1-) (-2)%%+ (-2)° \/?) Log[—Sec[g]‘l

(-2+(1-4) V2 +2 (-1)*° [-14V/2 ] Cos[x] +V/2 Cos[2x] -2 (-1)®sin(x] +V/2 Sin[2x] )])/((-1+i)+2(-1)3/8+ﬁ)

(_((1+£]/((<_1+j)+mm) (- (-2-£)%% (1-4)Y* (1+4)"*- (1+1) Cos[x] +iV1-1 VI+i Cos[x] +

2 2

(1—j>sin[x]+mmsin[x}))) -sin(x] /(Ve1-i (1-1) (1@)1/4((71@) mm)
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(7<717')3/2 (1—')1/4<1+j)1/4—(1+1)Cos J+iy1-1 VI+1i Cosix]+ (1-1)Sin{x]+v1-1 V1+1i Sin[x]))—
(i\/—l—]i (1 1)1/4 (1+J'L)1/4Sin[x])/(2((—1+JL)+\/1—JL \/1+1)

( (-1-2)%2 (1-4)Y* (1+4)Y* - (1+4) Cos(x] +iVI-1 VI+i Cos[x]+ (1-4)Sin[{x]+vVI-1 V1+i Sin[x]))]/

_2(—1)3/8 <1+\/?)_[ (—1)1/4(—2—(1—11) (_1)5/s+<_1>5/8\/7) (1+\/7) Cos[x] +Sin[x] ]

2 (-1)*® + Cos[x] - /2 Cos[x] +Sin[x]

2

(Cos[} Sin|[ \/_Sln )(—Cos[x]+(1+\/?) Sin[x]) ]/

(2(—1)3/8+Cos -+/2 Cos[x] +Sin[x ])

+2(-1)%® Tan[g} -

{((_1+j> +2 <_1>3/8+ﬁ) [1+ (*COS[X] + (1+\/?) Sin[x])2 J]

(2(71)3/8+Cos -~/2 Cos[x +Sin[x})2
(02" (2= (1) (-1)*% 0 (-2)*° 2 ) cos [
(-Sec[f}“(-z(-l)mms ] +2+2 Cos(2x] -2 (-1)%* (—1+ﬁ) ﬁn[x}—ZﬁSin[Zx])—

2

25ec[§}4(—2+(171)\E+2(—1)3/8( 1+\ﬁ> Cos[x] ++/2 Cos[2X] —2( )3/851n +\Esin[2x])Tan[§]))/
(((71”1) ) (71)3/8+ﬁ) (72+ (1-1) 2 +2 (-1)%® (71+ﬁ) Cos[x] +V2 Cos[2x] -2 (-1)*®sin[x] +\E51n[2x])) -

(1-1) ((7371) #2(-1)%F 4 (2+4) V2 - (2+21) (-1)%FV2 +2 (71)5/w7) Sec[*]?

(}%) ((1+i)+1 ﬁ+(<71+1>+2 (71)3/8“5) Tan[ﬂ)z
NFY (1 . -

+

|

(-2-21) ((1,]1) VT (-1)7BVT

x+ (2+21) (-1)%® (27 (1-4) (-1)%F+ (1-1) (71)7/87ﬁ)

ArcTan | 5in [x] |+

- (-1)*®V2 +Cos[x] - (-1)**Cos[x] + (-1)**sin[x]
(4-41) ((1+3]1) e (1-d) (-1)YE4(1+24) (-1)¥F- (2+214) (-1)%B4 (2+4) (-1)7F- (1+214) \/7)

Ar‘cTan[[EJr E] (—1)5/8 (Ji+ (—1)3/4+ (—1+ (—1)1/4— (—1)5/8 \/7) Tan{z])} +2 (—1)7/8\/? (—1+ (—1)1/4)

2 2
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(1 (1)« (-1)%2 V2 | Log[Sec[g]Z] C (1) ((~2-20) + 2 (<1)F 2 (<1) 4 (144) V2 Log[Sec[Er

(173 (-1)¥* 2 (-1)%8 2 (71+ (71)1/4) Cos[x] - (71'“ (71)1/4) Cos[2x] +2 (-1)*®+/2 Sin[x] +Sin[2x] + (—1)3/4Sin[2x})]

(i/ (m((—1+i)+\/l—j V1+i)2 (\/—1—]']. (1-4)%% (1+1)Y*+ /11 Cos[x] -vVI+1 Cos[x] +
imsin[x]+imsin[x]))+l/ (M((-1+i)+mm)z
(m (1-8)%% (1+1)Y*+ /11 Cos(x] -vVI+1 Cos[x]+iI-1i Sin[x] +jﬂ51n[x])
(ZSin[x])/(m (171)1/4(1@)3/4((71@)+ﬂﬂ)2

(\/_1-]1 (1-1)%* (1+4)Y*+V1-1 Cos[x] -+/1+1i Cos[x] +iVI1-i Sin[x]+i1+1 Sin[x])

)/

(-2-2i) ((1-1) V2 + (-2)7°V2 )+ | (2+24) (-1)%® (2 (1-4) (-2)%%+ (1-1) (-1)7°-V2)

(7 (-1)%# /2 +Cosx] - (-1)**Cos[x] + (—1)3/4Sin[x])2 - (-1)%%+V2 +Cos[x] - (-1)¥*Cos[x] + (-1)**sin[x] /
s 2
1. Sin[x] - +2<_1>7/8\/7<_1+(_1>1/4) (1_(_1)1/4+<_1>5/8ﬁ> Tan{§]+
(7 (-1)%# /2 +Cosx] - (-1)**Cos[x] + (—1)3/4Sin[x]) 2
((4)7/8 ((-2-2d)+2 (-1)® -2 (-1)""+ (1+1) V2 ) cos[ ="
2
(Sec[i]4 (2 (-1)%® /2 Cos[x] +2Cos[2x] +2 (-1)**Cos[2x] -2 (-1)*% /2 (71+ (71)1/4) sin[x] +2 (7]1+ (71)1/4) Sin[zx]) N
2

{ sin[x] ((-1)3/4 Cos [x] - Sin[x] + (-1)* Sin[x]) Cos [X] J

2Sec[§}4 (1-3 (-1)¥* 2 (-1)%8 2 (—1+ (-1)1/4) Cos [x] -

(711+ (71)1/4) Cos[2x] +2 (-1)*®+/2 Sin[x] +Sin[2x] (—1)3/451n[2x]) Tan[g]))/
(1—3 (-1)Y% 42 (-1)%8 V2 (-1+ (-1)1/4) Cos[x] - (—i+ (-1)1/4) Cos[2x] +2 (-1)*®+/2 Sin(x] +sin[2x] + (-1)**sin[2x]]
(2 (-2)%% ((1+38) « (1-4) (-1)¥®4 (1+23) (-2)%°- (2+24) (-2)%%+ (2+1) (-1)7°- (1+21) V2

(71+ (71)1/47 <71>5/8 \/?) Sec[i]z)/ (17§ (71)3/4 [].l+ <71>3/4+ (71+ (71>1/47 (71>5/8 \E) Tan[x])zj] X

2 2
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2 (_1)1/8 (1+ (_1)1/4) (1_ (_1>1/4+ (_1)5/8 \/7) X—2 (_1>3/8 (2_\/7_ (_1)3/8\/7_'_ (_1>5/8 \/7)

Sin[x
ArcTan | [x] -

(-1+ (-1)1/4) Cos[x] + (-1)°® (\/7+ (-1)1/851n[x])
a((3-1)-2(-1)Y% 2 (-2)** - (2-3) V2 + (-2)*V2 - (2+4) (-1)*°V2 + (-1)* V2

Ar-cTan[[l+ _] (~1)%® (1’1+ (-1)% (17 (-1)14 4 (-1)578 \E) Tan[g])] _

2 2

2 (-1)7% (14 (<1)4) (1~ (-2)¥4+ (-1)7° V2 Log[Sec[%]z] (1) (27 - (F1)RNT 4 (1) Log[—Sec[z]A

(-1+3 (-1)M* -2 (-1)*8V2 (-1+ (-1)1/4) Cos[x] + (—]i.+ (-1)1/4) Cos[2x] +2 (-1)*®+/2 Sin[x] +Sin[2x] + (-1)3/4Sin[2x])]

(1/ (m ((-1-1) +\/ﬁm)2 (-V=T+d (1-4)Y* (1+4)>*+VI- 1 Cos[x]-vI+1 Cosx]-
jmsin[x]—jmsin[x]) 7]1/ \/H((flfj>+m\/H)z
(_m (1-1)"* (1+1)¥*++/1-1 Cos[x] -v/1+i Cos[x] -iV1-1i Sin[x] _j\/HSinm)
(2sinix)) / (VEIE (1-8)7% (10 3)Y* ((-1-4) + VI-E Ve E )]

+

(_\/-1“1 (1-1)"* (1+4)¥*+/1-1 Cos[x] -V1+i Cos[x] -iV1-1i Sin[x]-i+v1+i Sin[x})

1%

) (_1)1/8 (1+ (_1>1/4) (1_ (_1)1/4+ (_1>5/8 \/7) _ [2 <_1>3/8 (2_\/7_ (_1)3/8\/?+ <_1>5/8 \/7)

Cos [X]

+

((-1+ (-1)”4) Cos[x] + (-1)°/® (\/?+ (—1)1/ssin[X}>)2 (-1+ (-1)1/4) Cos(x] + (-1)%® (\/?+ (_1)1/851n[x1)

/

_2 (71)7/8 (1+ (71>3/4) (17 (71>1/4+ (71)5/8 \/7) Tan[z} _

{ Sin([x] ((—1)3/4Cos[x] - (-1+ (-1)1/4) Sin[x])

14 Sin[x]?
[ ((_1+ <_1>1/4) Cos[x] + <—1>5/8 (\/?+ (—1)1/SSin[x]))2
(-2 (232 - (-2 V2 - [-)** V2 ) o[ 1]

(-Sec[f}4 (z (-1)%®/2 Cos[x] +2Cos[2x] +2 (-1)**Cos[2x] +2 (-1)*®+/2 (-1+ (-1)1/4) Sin[x] -2 (-J'H (-1)”“) Sin[ZX]) -
2

25ec[§}4 (71+3 (-2)Y* -2 (-1)*8V2 (-14 (-1)*"*) Cosx] +
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(7]1+ (71)1/4) Cos[2x] +2 (-1)*#+/2 Sin[x] +Sin[2x] (—1)3/4Sin[2x]) Tan[i]))/

2
“1a3 (—)Yh o2 (m1)%BA2 (—1+ (m1)Y*) cos[x] + [-1i+ (-1)Y*) Cos[2x] +2 (-1)%8~/2 sin[x] +Sin[2x] + (-1)3*4sin[2x]] -
( (-1)

((1“1) (-1)%/® (1_ (-1)¥* (—1)5/W?) ((3_11) S2(-1) MR (-1)PE o (2-0) V2 4 (-1)VEVZ - (244) (-1)¥BV2 - (—1)5/W?)

Sec|~]

2

2 /(171 <71>3/4 (].L+ (71)3/4+ (17 <71>1/4+ (71)5/8\/?) Tan[;})z)] .

CaVTETT (14T Ar‘cTanh[_j ((2+d) +V2 )+ ((2+1) +2(-1)** -2 ) Tan[*] .
V-1-i 234

Cos[x] + (1+\/?) Sin[x]

(-1)®2Y4 |2ArcTan]|

= (z (1+VZ] x+zLog[5ec[§]2] -

2 (-1)%%, (71“5) Cos[x] +Sin[x]

Log[Sec[z]4 (2- (1+1) V2 +2(-1)°" (-1+\/7) Cos[x] - V2 Cos[2x] +2 (-1)*®sin[x] +\/751n[2x])]JJ]

3/

ivVi-i V/1+1 Sin[x]

2 (1) (1)t
V-o1+i
(-1+4)%2 (1-1)Y% (1+4)%4 ((_1-]1) J1-i \/1+]i)

((717]1) 1-1 \/1+J'1) ( - (1+i) Cos[x] +V1-1 V1+1i Cos[x]+ (1-1)Sin[x] -

- (2sin[x] )/

- (1+1i)Cos[x] +vV1-i V1+i Cos[x]+ (1-1i)Sin[x]-i+v1-i V1+i Sin[x]

2 (1-1)"* (1+1)"*
(i (1_].1)1/4 (1+j)1/4sin[x])/ ((—1“1)3/2 (<_1—J'1) +\/ﬁ\/ﬂ)

+

{_2 (1-1)¥* (1+1)Y*

- (1+1) Cos[x] +vV1-i v1+i Cos[x]+ (1-1i)Sin[x]-i+V1-i v1+i Sin[x]

)/

V-1+1
5 (1+ﬁ) Cos [x]-Sin[x] (Cos[x]—(—lmﬁ) sin[x]) (Cos[x]+(1+ﬁ) sin[x])
21/4 ((1+J’1) +2 (—1)5/8—\/7) (—1+\/7) Sec[ﬂz ( 1)1/8 Ji/a 2 (-1)%/% (1432 ) Cos[x] +Sin[x] (2 (-2)%/% (-1Z ) Cos x)sin(x1 )’
_ . (- _
1. (1-5) (-1 (e V2 )+ [(ari) 22 (-1)32-V2 ) Tan“—Hz 1. [cosx]+ (1442 Sin[x])z
V2 (2 <71)5/8+(71+ﬁ) cQs[x]+Sin[x])2

i (2 (1+\5) +2Tan[5} - (cOs[f}4 (Sec[f}4 (2 (-1)%®cCos[x] +2+/2 Cos[2x] -2 (-1)°"® (71+ﬁ) Sin[x] +2ﬁ51n[2x]) +2
2 2 2
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Sec[i]“(2-(1+i)ﬁ+2(-1)5/3( 1++/2] Cos[x] - V2 Cos[2x] +2 (-1)**sin(x] + V2 Sin[2x] )Tan[g]))/

2

(27(1+1)\F+ (- )5/8( +W)Cos -2 cos[2x] +2 (-1)*®sin[x ]+ﬁ$in[2x])

Problem 89: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
JSec[G Xx] Sin[x] dx

Optimal (type 3, 85leaves, 7 steps):

ArcTanh [ 2CoslXL] Ar‘cTanh[—U—ZCOS L]

ArcTanh[+/2 Cos[x]] NP ey
- +
3V2 62 3 623

Result (type 3, 678 leaves):




4.7 Miscellaneous.nb | 325

[§+§) (—1)1/4APcTan[(§+§] (—1)1/4Sec[§] Cos[g} +Sin[§] ] - (éJri) (—1)3/4ArcTanh[(§+§] (—1)3/4Sec[§] Cos[g] —Sin[g] |+
1 2+(2+\/7)Tan[5} X2
7(1+\/7) x +2+/3 ArcTanh| 2 | - Log[sec|=]"] + Log|[-Sec|~ } (\/— 2Cos | +ZSin[x])] -
12 (242 NG 2
xfzx/?Ar'cTanh[ﬁ%_hg) Ten |3 H 7Log[Sec[ 1%] +Log[Sec[ﬂ2 (1+\/7Cos[x] 7\/?Sin[x]>}
12+/2 '

2+ (2+\/?) Tan[i]

2 (\/7+\/?> ArcTanh | s
2

|

]+(3+\/?)

x—Log[Sec[§}2]+Log[ Sec|— } (\/— 2Cos| +251n[x})])]

(1+V?Sin[x]) (3+ﬁ7 (2+V?) Cos[x] + (2+V?) Sin[x}) /

(12((12+5\/—)Cos 2 x] + 2 Cos [x (+2\/_+5\/—51n )—2(12+5\/—+4(5+2\/_)51n -651n[2x1)))+
(( 2( 24 )Ar‘cTanh[ﬁ+(\/7—\/?) Tan[;“+(3\/7—2\/?) (x—Log[Sec[;] | +Log|- Sec[ ] (\/— ++/2 Cos[x
V2 -2+/3 sin[x )(-3+ﬁ-(-2+ﬁ)Cos[x}+(-2+v€)51n[x])/

—\Esin[x})})J
(
(24(( 12+5V_) Cos[2x] +2Cos[x] (—5+2ﬁ+5ﬁ51n[x}) _2 (-12+5W+4(-5+2ﬁ) Sin|

x] +6Sin[2x])))

Problem 90: Result more than twice size of optimal antiderivative.

JCsc [2x] Sin[x] dx

Optimal (type 3, 7 leaves, 2 steps):

1
— ArcTanh[Sin[x]]
2

Result (type 3, 37 leaves):

% (—Log[Cos[g} —Sin[z]] +Log[Cos[§} +Sin[§H]

Problem 92: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative
JCsc[4 x] Sin[x] dx

Optimal (type 3, 26 leaves, 4 steps):
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1 ArcTanh[+/2 Sin[x] |
- —ArcTanh[Sin[x]] +
4 22
Result (type 3, 218leaves):
X

Cos[f] - (—1+\5) Sin[ﬂ | -2 ArcTan| ] +2\/7Log[COS[§] sin[X]] -
(1+\/7) Cos[ﬂ—sin[ﬁ (—1+\/?) Cos[ﬁ—sin[i] 2 2

Cos[ﬂ - (1+\/?) Sin[X]

2

-2 1 ArcTan [

82

ZﬁLog[Cos[i} +Sin[iH +2Log[V2 +2Sin[x]] - Log[2-+/2 Cos[x] -2 Sin[x] ]| -Log[2+/2 Cos[x] -~/2 Sin[x]]
2 2

Problem 94: Result more than twice size of optimal antiderivative.
JCsc[G x] Sin[x] dx
Optimal (type 3, 36leaves, 7 steps):

1 1 ArcTanh [ 25100xL |
— ArcTanh[Sin[x]] + —ArcTanh[2Sin[x]] -

6 6 2+/3
Result (type 3, 95leaves):

Tan| % X
— —Z\EAr‘cTanh[ 2 } —Z\EArcTanh[\/?Tan[fH -
12 V3 2

X X X X
2Log[Cos[;] —Sin[;“ +2Log[Cos[;] +Sin[;“ - Log[1-2Sin[x]] +Log[1+2Sin[x]]
Problem 105: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

jCos[x] Tan[2 x] dx

Optimal (type 3, 20leaves, 4 steps):

ArcTanh[+/2 Cos[x] |

V2
Result (type 3, 183 leaves):

- Cos [x]
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Cos[%] - (—1+\/7) sin[2] | -2 4 ArcTan| Cos[2] - (1+\/7) Sin[X]
(1+\/7) Cos[?]—sin[f] (—1+\/?) Cos[f]—sin[f]

2i ArcTan|

|+

a2

4Ar‘cTanh[\/7+Tan[§H ~4+/2 Cos[x] - Log[2-+/2 Cos[x] -2 Sin[x] ]| +Log[2++/2 Cos[x] -2 Sin[x]]
2

Problem 106: Result more than twice size of optimal antiderivative.

JCos [x] Tan[3 x] dx

Optimal (type 3, 21 leaves, 3 steps):
ArcTanh [ 2€22XL ]

- Cos [X]

V3
Result (type 3, 48 leaves):

_2+Tan| X 2+Tan| X
ArcTanh | | ArcTanh| ]
_ . V3" cos[x]
V3 V3

Problem 107: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

JCOS [x] Tan[4 x] dx

Optimal (type 3, 71leaves, 6 steps):

lvzfﬁ Ar‘cTanh[ﬂ] +£\/2+\/7 Ar‘cTanh[M} - Cos [x]
4 o2 242

Result (type 3, 5854 leaves):

~Cos(x] + | |(2-21) (-1)*®x+

Cos[x] + (1+\/7) Sin[x]

2v2 ((2+24) - (1+34) (-1)>* - (1+4) V2 + (1+21) (-1)¥® 2 | ArcTan| ]

/

2 (—1)5/8+ (—1+\/7) Cos[x] +Sin[x]
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4 234 ((C1+4) +V2Z ¢ (1-1) (-1)%82 Ar‘c_l_anh[fj(<1+i)+ﬁ)+(<1+j1>.+23<;1)5/87ﬁ) TanM]
((717]1)72(71)5/8+ﬁ)+ (< ) S ) VoI 2 )
Voo ((1ed) +2(-1)¥8-V2))

(1-1) (-1)>®v2 (-2+v2| Log[Sec[g]z] . (jm/? ((2+24) - (1+34) (-1)*° - (1+4) V2 + (1+21) (-1)*°V2) Log[Sec[z]4

(2- (1+1) V2 +2(-1)%® (-1+\/7) Cos[x] -2 Cos[2x] +2 (-1)*®sin[x] +\/7$in[2x})]]/ ((-1-1) -2 (-1)5/8+v7)

53/

1vV1-1 vV1+1 Sin[x]

2 (1)t (1)t
(-1+3)>2 (2-)>% (144)* ((-2-3) + VI3 VIvi )

((717]1) 1-d \/1+J'1) ( ~(1+1) Cosix] +VI-1 /1+i Cos[x]+ (1-1)Sin[x] -

+ (2sin[x] )/

2 (1-1)Y* (241)Y"

+

- (1+i) Cos[x] +V1-1 V1+i Cos[x]+ (1-i)Sin[x]-i+v1-i V1+i Sin[x}J

(-2+)%2 (1-4)%* (1 )Y ((-1-1) +VI1-1 V141 )

{2 (1-1)"* (1+1)"*

- (1+1) Cos(x] +V1-1i V/1+1i Cos[x]+ (1-1)Sin[x]-iV1-1i V1+i Sin[x]
Vv-1+1

|7

(2-214) (-1)°%+

2V2 ((2+24) - (1+31) (-1)>°- (1+4) V2 + (1+21) (-1)>°V2)

(1+\/7) Cos[x] -Sin[x] (Cos[x] - (—1+\/7) Sin[x]) (Cos[x} + (1+\/7) Sin[x})
2 (-1)°"%+ (—1+\/7) Cos[x] +Sin[x] (2 (-1)%/8+ (_1+\/7) Cos [X] +sin[x1)2

/

- (1-1) (-1)¥EV2 (-2+\/7) Tan[g] .

(Cos[x} + (1+\/7) Sin[x])2

{((_1_1)_2(_1)5/8+ﬁ) [1+

(2(71)5/8+(71+ﬁ) Cos[x}+Sin[x])2
(J'l\/?(<2+2jl> - (1+34) (-1)%% - (1+4) V2 4 (1+21) (-1)¥°V2) cos[~]*

2

(Sec[i]A (2 (-1)*®Cos[x] +2~/2 Cos[2x] -2 (-1)%® (-1+ﬁ) Sin[x] +2ﬁ51n[2x1) +
2
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25ec[§}4(27(1+1’1)ﬁ+2<71)5/8( 1+~/2 | Cos(x] - V2 Cos[2x] +2 (-1)**sin(x] +V/2 Sin| 2x)Tan[§]))/
(((7171)72(71)5/3+ﬁ) (27(1+11)\/7+2(71)5/8 (—1+\/?)Cos -2 cos(2x] +2 (- 1)5/851n /2 sin| 2x))7

(1-1) ((71“1) V2 4 (1-1) (71)5/8ﬁ) Sec[;]zJ )

1. (2-1) (-1 (@) +v2 )+ (@si) 42 () %82 ) Tan“—”z
N2

(-2+21) (-1)*°x- [2V2 [((-2-21) - (3+i) (-1)*°+ (1+1) V2 + (2+4) (-1)*°2)

~Cos[x] + (1+W) Sin[x]

2 (-1)%8 4+ cos[x] -2 Cos[x] +Sin[x]
(-1)

ArcTan |

] /((—1+j>+2(—1)3/8+\/?)+

+1V2 4 ((-141) 42 (-1)¥/84/2 ) Tan | %] ]

5 (1_].1)3/2 23/4 ((1“'1) -2+ (1+1) (_1)3/8 2 ) Ar-cTan[ (1+1) e
T

(-1+d) +2 (-1)¥

(1-1) (-1)5/8ﬁ(-2+\/7) Log[Sec[z] 1+ (lﬁ(( 2-2i) - (3+4) (-1)°F4 (1+4) V2 + (2+1) (_1>5/W?) Log[_s,ec[g}“
( 2+(1 1)\F+ ( )3/8( 1+\/7) Cos | \FCOS 2X] —2( 1)3/851n +\/?Sin[2x])]j/((1+i>+2(1)3/8+ﬁ)]

[_((5+EJ/(((_1+1)+HM) (-(-1_1)3/2(1 i)Y (14 1) - (1+4) Cos[x] +iV1-1 V1+i Cos[x] +

2 2

1-i)Sin{x] +vV1-1 Vi+i Sin[x})))+(\/—1—i Sin[x] )/((1 1)3/4<1 )3/“(( 1+1) +v/1-1 x/1+1)

(—<—1— ) (1 1)1/4<1+1)1/4 (1+1)Cos ]+1vV1-1 v1+1i Cos]| ( )Sln ]+vV1-1 v/1+1 Sin[ ))—
(V=173 (1-3)**sin(x)) /(2 (1+3)"* ((-1+d) +V1-1 V1+i |

(—<—1—1)3/2 (1—i>1/4<1+i)1/4—(1+1)COS ]+1vV1-1 v1+1i Cos]| (1—1)Sln ]+vV1-1 v1+1 Sin[ ))]

/

(-2+214) (-1)%%-

2\/7((-2-2]1)-(3“1) (-1)%%+ (1+1) V2 + (2+1) (_1)5/8\/7)
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/

]_ (1-4) (-1)°2 (_2+\/7) Tan[g] -

[ (1+\/7) Cos[x] +Sin[x] (Cos[x] -Sin[x] +\Esin X] ) (fCos[x} + (1+\/?) Sin[x})

2 (-1)%"® + Cos[x] -2 Cos[x] +Sin[x] (2 (-1)*® + Cos[x] -\/2 Cos[x] +Sin[x })2

(—Cos[x] . (1+ﬁ) Sin[x])2

(2(—1)3/8+Cos -~/2 Cos[x] +Sin[x 1)2

[((-1+j)+2(-1)3/8+\/7) 1

(jﬁ((fzfzj) S (34d) (~1)%%4 (144) V2 + (2+14) (-1)%V2 ) cos[Z]"

2

(—Sec{ir(—z( 1)*® Cos(x] +2/2 Cos[2x] -2 (-1)°® (—1+\/7) Sin[x}—Z\/?Sin[zx])—
2

25ec[§}4(-2+(1-]1)\/?+2(-1)3/8( 1+/2 | Cos(x] +V2 Cos[2x] -2 (-1)**sin(x] + V2 Sin[2x] )Tan[z])]/
(((-1+j) 12 (-1)3/8+v7) (-2+ (1-i)+2 +2(-1)%" (-1+\/7) Cos[x] ++/2 Cos[2x] -2 (-1)3/3Sin[x] +\/751n[2x])) N

1—+Z—) ((1+JL)+]'L \/7+((—1+]'L)+2 (71)3/8+\/T) Tan{gl)z
V2

(1-d) ((1+3) -V2 + (1+14) (-1)*°V2) Sec[;}z] +

[[—2 (-1)%® (1+ (—1)1/“) (—2+ﬁ) (1— (-1)Y% (—1)5/8\/7) X -
2(71)3/8((4+4j)72( 1)°% 2 (-1)78 - (3+31) V2 +2 (1)5/8\572(71)7/8\/7)

ArcTan | - [1/ a ] -
_< ) \/—+Cos - < 1) Cos| + (— ) Sin[x]
(2+

(4+ai) [(-1+4) + (1+) (* )R- (2 )( )3/8 (1+24) (-1 )”8+r (1-4) (-1)¥*V2)

Ar‘cTan{[EJrj—] (-1)>® (1+(—1)3/4+(—1+(—1)1/4 (-1 5/8\/— Tan| )

Sin[x]

2 2

2 (<1)7F ((-3-4) + (2+4) V2] (1~ (-2)¥4 4 (-1)% V2 | Log[Sec[z}z}
(-1)7/® ((4+41) S22 (-1)%F 2 (-1)7F - (3431) V2 +2(-1)%82 -2 (-1)7/8ﬁ) Log[Sec[g}

4

1-3(-1)Y4+2 (-1)%8/2 (-1+ (-1)Y%) Cos[x] - [-i+ (-1)¥*) Cos[2x] +2 (-1)*8~/2 sin[x] +Sin[2x] + (-1)34Sin[2X]
(1-3(-1)

(7(]1/ (\/1—1’1 ((71@)“/17]1 \/1+j)2(7\/7171 (1-1)>* (1+4)Y*-1-1 Cos[x] +V/1+1i Cos[x] -
ivV1-1 sin[x] -iv1+1i Sin[x]) )71/ (x/lﬂi ((71“1) J1-d \/1“1)
(7\/7171 (1-1)>* (1+4)Y*-1-1 Cos[x] +V/1+1i Cos[x] -iV1-i Sin[x]-i+/1+1 Sin[x})
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(2sinix)) / (VEIE (1) (108)%* ((-21+4) « VIZT VIR )7 (-VET-T (1-8)74 (10 1)M4- VT cosix)
V1+1 Cos[x] -i+vV1-1i Sin[x] -i+1+1 Sin[x]) - (21 (1+1)3/451n[x}>/(x/—1—j (1- 1)3/4((71@1) Vi-i Vi+d )2

|/

(7\/71711 (1-8)%* (1+1)* /11 Cos(x] +vVI1+1 Cos(x]-iVI-1i Sin[x]-i+/1+1i Sin[x})

[_2 (_1>3/8 (1+ <_1>1/4> (—2+\/7) (1_ (—1)1/4+ (_1>5/8 \/?) B

2(71)3/8((4+4]1)72(71)5/8+2( 1)7% - (3+31) V2 +2 (71)5/8\/772(71)7/8\5)

Sin[x] ((- }¥#Cos [x] - Sin[x] + (-1)1/“Sin[x]) Cos ] /
- +
(—(—1)5/8 2 +Cos[x}—(—1)1/4Cos[x]+(— )3/451n[ 1)2 *(*1>5/8\/?+C05[X]*< )1/4C05[ }+( )3/451n[ X]
1 Sin[x]?
(7(71)5/SW+C05 x] - (- )1/4Cos[ ]+( 1)>*sin[x ])2
2 (-1)7% ((-3-1) + (2+4) V2| (1~ (-2)¥*+ (-1)72 V2 Tan[ 2] +
2

((-1)7/8 ((4+ai)-2(-1)"%+2 (- 1)7/8 (3+31) V2 +2 (-1)** V2 -2 (-1)7% V2 Cos[§]4
(Sec[§]4 (2 (-1)>® /2 cos(x] +2Cos[2x] +2 (-1)**Cos[2x] -2 (-1)** /2 (-1+ (-1)Y*) sin[x] +2 (=i + (-1)*] sin(2x] ) +
2Sec[§}4 (1-3(-1)**+2(-1)"® V2 -1+ (-1)**) cos[x] -
(—]i+ (-1)1/4) Cos[2x] +2 (-1)*®+/2 Sin[x] +Sin[2x] + (—1)3/4Sin[2x]) Tan[z]))/
(1-3 (-1)* 2 (-1)°8 V2 (-1+ (_1)1/4) Cos [x] - (_J'H (_1)1/4) Cos[2x] +2 (-1)*#+/2 sin[x] +Sin[2x] + (-1)**sin[2 x]) N
(2 (-1)® (-1+ (-1)¥*- (-1)5/8ﬁ) ((-1+i) e(1ed) (-1)MEo(244) (-1)¥B4 (1424) (-1)7F V2 4 (1-1) (-1)5/8ﬁ) Sec[i}zj/

2

2

(1- 1 (-1)3* [Ji+ (-1)%* 4 (-1+ (-1)¥4- (-1)5/8ﬁ) Tan[g})z)] N

[[-2 (-1)%® (1+ (-1)1/4) (-2+ﬁ) (1- (-1)Y% (-1)5/8\/7) x+2 (-1)%® ((4+41) S2(-1)%F a2 (-1)7E
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Sin[x]
(-1+ (-1)1/4) Cos[x] + (-1)°/® (\/7+ (-1)1/851n[x])
(4+41) ((-1+j) e (1ed) (-1)MEo (244) (-1)¥B4 (1e21) (-1)7F 42+ (1-1) (-1)5/8\/7)
Ar‘cTan[[§+i—] (1) (i (1) ( (-1)V* s (-2)7 V2 ) Tan[Z]] ]+

(-
2 (-1)7% ((3+4) - (2+4) V2] [1- (-1)¥*+ (-1)** V2 ) Log[sec| ] -
+2 (- 1)7/8 (3+3i) V2 +2(-1)**V2 -2 (-1)7° V2| Log[—Sec[gr

(3+31) V2 +2(-1)**v2 -2(-1)7* V2 | ArcTan|

|+

(71)7/8((4+4]‘1)72< 1)°/®

(-1+3 (-1)¥* -2 (-1)*8V2 (-1+ (-1)1/4) Cos[x] + (-m (-1)1/4) Cos[2x] +2 (-1)*#+/2 Sin[x] +Sin[2x] (-1)3/“Sin[2x])]

(-(1/ (m((-1-1)+\/1-1 \/1+i)2(\/—1+j1 (1-2)Y% (1+1)¥* /11 Cos[x] +VI+1 Cos[x] +
i1 sin(x] +i1+1 sin(x]) )Hi/ (VT ((-1-1) +Vi-E VIE )]
(m (1-8)Y% (1+1)>*-/1-1 Cos(x] +VI+1 Cos[x]+iVI-1 Sin[x]+i~/1+i Sin[x] )) -
(24 (1-5)*sinix) / (VIR (108)% ((-1-2) +VI-E VI+E )7 (VEIAE (1) (143)4- VI Cosix] +
VITE Cosix] +iVI-T Sin(x] +iVI+E sinx] )|+ (25inix]) /(VEIRT (1-5)7% (10 8) Y4 (-2 ) +VI-E VIoE )]

( [T1:1 (1 1)1/4 (1+1>3/4 v1-1 Cos[x] ++1+1 Cos[x]+1+1-1 Sin[x]+1+1+1 Sin[x])))]/

[_2 (_1>3/8 (1+ (_1>1/4) (_2+\/7) (1_ (_1>1/4+ (_1)5/8 \/7) N

2 (-1)%® ((4+4]1) ~2(-1)%8 2 (-1)78 - (34310) V2 +2 (-1)¥BV2 -2 (71)7/8\5)

/

+

((~1+ (-1)%) cosix1 + (-1)%% (V2 + (-1)®sinix]])* -1+ (-1)Y*) Cosix) + (1) (V2 ¢ (-1)V®sin(x] |

{ Sin[x] ((—1)3/4Cos[x] - (—1+ (—1)1/4) Sin[x]) Cos [X]

Sin[x]?
{1 ((71+ (-1)4) cosix) + (-1)%® (V2 + (—1)1/SSin[x])>2
2 (1) ((3+4) - (2+4) V2 ) (1~ (-1)V*+ (-1)2 V2 | Tan[g] N

+
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((-1)7/8 ((4+4j1) ~2(-1)%B a2 (-1)78 - (3434) V2 +2 (-1)¥BV2 -2 (_1)7/8\/7) cos[>]°
2
(-Sec[f}4 2 (-1)*®/2 cos[x] +2Cos[2x] +2 (-1)**Cos[2x] +2 (-1)*~2 (-1+ (-1)1/“) Sin[x] -2 (-i . (-1)1/“) Sin[2x1) -
2

2sec|>]* (-1+3 (-2)Y* -2 (-1)**V2 (-1+ (-1)*) Cos[x] +
2
(-]'H (-1)1/4) Cos[2x] +2 (-1)>®~/2 sin[x] +Sin[2x] + (-1)%* Sin[2x]> Tan[i]))/
2
(71+3 (-1)¥4 -2 (-1)¥8 V2 (71+ (71)1/4) Cos[x] + (7]1+ (71)1/4) Cos[2x] +2 (-1)>®~/2 Sin[x] +Sin[2x] + (71)3/4Sin[2x]) -

(z (F1) M8 (1= (-1 (<1)%BV2 ) ((~1ed) o (Lad) (<2)VF- (204) (-1)7F4 (1421) (-2)7F V2 4 (1-4) (-1)¥° V2| Sec[g]z)/

e L e e e e M C) Ta”[ﬁ])z)]

Problem 108: Result more than twice size of optimal antiderivative.

jCos [x] Tan[5x] dx

Optimal (type 3, 84 leaves, 6 steps):

1

5

N |

(5 + \/?) Ar‘cTanh[Z

%(5—\/?) Ar‘cTanh[ %(5+\E) Cos[x]}—Cos[x]

v

Result (type 3, 215leaves):

<1+ \/?) Ar'cTanh[AJ—)—uf VS | Tan] ] (1+\/?) Ar‘cTanh[—(—)—LLM S | Tan ]

2 (545 | [2(s+V5)

+

10 (5+\/?) 1o (5+ﬁ)
~1++/5 | ArcTanh 5] Tenf3] -1++/5 | ArcTanh 4+ [10/5 ] Tan| 3]
[ e -2+ ===
" - Cos [x]
50 - 10 /5 50 -10/5

Problem 109: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
JCos[x] Tan[6 x] dx
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Optimal (type 3, 89leaves, 10 steps):

ArcTanh[+/2 C

re’en [\ﬁ OS[XH +l\/ﬁAr‘cTanh[izcos[xJ }+lmArcTanh[7zcos[x] ]—Cos[x}
6

32 m 6 2+4/3
Result (type 3, 776 leaves):
1 1 1/4 l+jl_ 4\ 1/4 X X LS X . l+i_ 4\ 3/4 l+jl_ 4\ 3/4 X Xy i X B
[—g—g) (-1) Ar‘cTan[(2 2)( 1) Sec[z](Cos[z] Sn[z})} {6 6)( 1) Ar‘cTanh[[2 2)( 1) Sec[z}(Cos[z] Sn[z]]]
x+2\/?Ar‘cTanh{\/?+(fl+g) ren 3] ] —Log[Sec[?]z] +Log[Sec[§]2 (1+\/7Cos[x] —ﬁSin[x})]
Cos[x] + +

12+/2
2+ (2+V2 ) Tan[*]
V6

X -2 \/?Ar‘cTanh [

)

} —Log[Sec[g]z] +Log[—Sec[§}Z (\E—ZCOS[X] +ZSin[x})]J

/

(12(-12-9\/7+4(3+2ﬁ) cOs[x]+(4+3\/?) cOs[zx]-1851n[x}-12ﬁ51n[x]+451n[2x]+3x/?51n[2x}))-
((2(—2+\/€)Ar‘cTanh[\/7+(\/_—\/?)Tan[g]]+(3\/?—2\/?) x—Log[Sec[g]z]+Log[—Sec[§}2(\/?Jr\/?Cos[x}—\/?Sin[x])]))
(\/?—\/?Sin[x])(—3+\/€—(—2+\/€)Cos[x]+(—2+\/€)Sin[x])/
(12(—36+15\/€+(20—8\5) COS[X]+(12—5\/€) Cos[ZX}—SOSin[x]+20\/€Sin[x]+1ZSin[2x]—5\ESin[2x}>)+
2+(2+£)Tan[§]
N2

(2+\/?Sin[x]) (1+\E— (2+\/?) Cos[Xx] + (2+\/?) Sin[x})

{[2 (\/7+\E) Ar‘cTanh[ ]+ (3+\/€) (x—Log[Sec[g]z} +Log[—Sec[§]2 (\/?—ZCOS[X} +25in[x])])]

(2+x/?51n[x]) (3+\/?7 (2+\/?) Cos[x] + (2+\/?) Sin[x}) /
(12 (-36-15v€+4 (5+2ﬁ) Cos[x] + (12+5x/?) Cos[2x] -505in[x] -20+/6 Sin[x] +12Sin[2x] +5ﬁ51n[2x]))
Problem 110: Result more than twice size of optimal antiderivative.
JcOs[x] Cot[2x] dx

Optimal (type 3, 10leaves, 4 steps):
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1
- —ArcTanh[Cos[x]] + Cos[X]
2

Result (type 3, 25leaves):

1 X 1 X
C -—1L C — —L Sin| —
0s [X] A og[os[zH+2 og| 1n[2]]

Problem 112: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

JCOS [x] Cot[4x] dx

Optimal (type 3, 28 leaves, 6 steps):

1 Ar‘cTanh[\/? COS[X]]
- = ArcTanh[Cos[x]] -

+ Cos [X]
4 22
Result (type 3, 73 leaves):
~1+Tan[%] 1+Tan|%] X X
= |(-1-1) (-1)**ArcTanh[ ——*—] - (1-i) (-1)**ArcTanh[ ———=—] +4 Cos[x] - Log[Cos [ =] ] + Log[sin[~]]
s v vz 2 2

Problem 114: Result more than twice size of optimal antiderivative.

JCos [x] Cot[6x] dx

Optimal (type 3, 38leaves, 7 steps):

1 1 Ar‘cTanh[—LLZCOS X }
V3

- —ArcTanh[Cos[x]] - —ArcTanh[2 Cos[x]] - + Cos [X]

6 6 2 \E
Result (type 3, 87 leaves):
1
12

-2+ Tan|}] 2+Tan| %]

2+/3 ArcTanh[ ———2—] - 2+/3 ArcTanh| ——2—] + 12 Cos[x] —2Log[Cos[i]] +Log[1l-2Cos[x]] -Log[1+2Cos[x]] +2Log[Sin[£H
/5 /s 2 2
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Problem 116: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

JCOS [x] Sec[2x] dx

Optimal (type 3, 15leaves, 2 steps):
ArcTanh[+/2 Sin[x] |
V2
Result (type 3, 174 leaves):
Cos[X] - (-1+~/2 ] sin[% Cos|[*] - (1++/2 ) sin[X
[2] ( ) [2}]—21'1Ar'cTan[ [2} ( ) [2] |+

(1+\/7) Cos[ﬂ—sin[f] (71+\/7) Cos[ﬂ—sin[i]

1

4~/2

-2 1 ArcTan [

2Log[V2 +2Sin[x]| - Log[2 -2 Cos[x] -2 Sin[x]]| - Log[2++/2 Cos[x] - /2 Sin[x]]

Problem 118: Result is not expressed in closed-form.

JCOS [x] Sec[4x] dx

Optimal (type 3, 71leaves, 4 steps):
Ar‘cTanh[Q—LZSin ] Ar‘cTanh[—[—LZSin -

2 [2(2-+/2] 7 2 [2 (242

Result (type 7, 91 leaves):

1 s 1 Sin[x]
— RootSum[1 + 1118 &, —— [2 ArcTan|
16

) ) Sin[x]
: | -iLog[1-2Cos[x] #l+H1?] +2ArcTan|
pu

— ———————] #1? - i Log[1 - 2 Cos [x] #l + #1?| #1?| &]
Cos[x] -#1 Cos[x] -#1

Problem 120: Result is not expressed in closed-form.

JCOS [x] Sec[6x] dx

Optimal (type 3, 85leaves, 7 steps):
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) ArcTanh[ 251X | ApcTanh [ 2310l |
7Ar‘cTanh[\/7 Sin[x] | X favs | J23

3V2 612 3 6v2:3
Result (type 7, 356 leaves):
Cos[i] - (71+\/7) Sin[i] |+ 2 ArcTan| Cos[i] - (1+\5) Sin[i] |-

(1+ﬁ)€os[§]fsin[§} (71+ﬁ)Cos[§]75in[ ]

X
2

1

24

V2

2 1 ArcTan [

2Log[V2 +2Sin[x]| +Log[2 -2 Cos[x] -2 Sin[x]| +Log[2++/2 Cos[x] -+/2 Sin[x] || + RootSum[1 - #1% + 111 &,

Sin[x] . ) Sin[x] > ) )
7(2ArcTan[7] -1 Log[1-2Cos[x] f1+#1%] + 2ArcTan| | #1% - i Log[1-2Cos[x] #1 +u1?| 1% +
-113 + 2117 Cos[x] -l Cos[x] -1

Sin[x Sin[x
2 ArcTan| [x] | #1% - i Log[1 - 2 Cos [x] #1 + 1112 H14+2Ar‘cTan[¢] 716 - i Log[1 - 2 Cos [x] #1 + 111?] 1116] &]
Cos[x] -#1 Cos[x] -#1

Problem 121: Result more than twice size of optimal antiderivative.
JCOS[Z x] Sec[x] dx
Optimal (type 3, 10leaves, 3 steps):
—ArcTanh[Sin[x]] +2Sin[X]

Result (type 3, 37 leaves):

X X X X
L C —| -Sin| — -L C - Sin| — 2 Si
og[os{z} 1n[2H og[os[2]+ 1n[2H+ in[x]

Problem 123: Result more than twice size of optimal antiderivative.

JCOS [x] Csc[2x] dx

Optimal (type 3, 7 leaves, 2 steps):

1
- —ArcTanh[Cos [X] ]
2

Result (type 3, 21 leaves):
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X

% |- tog[cos[ )] - Log[sn[ 7]

Problem 125: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

JCos [x] Csc[4x] dx

Optimal (type 3, 26 leaves, 4 steps):
1 ArcTanh[\E Cos [X] ]
- —ArcTanh[Cos[x]] +

4 22
Result (type 3, 66 leaves):

-1+ Tan[*] 1+Tan[*] x x
(1+1) (—1)3/4ArcTanh[72} +\/7Ar‘cTanh[72] —Log[Cos[;H + Log[Sin[gH

V2 V2

4

Problem 127: Result more than twice size of optimal antiderivative.

JCos [x] Csc[6x] dx

Optimal (type 3, 36leaves, 7 steps):
1 1 ArcTanh [ 26 IXL]
\/?
- —ArcTanh[Cos[x]] - —ArcTanh[2 Cos[X]] +

6 6 2+/3
Result (type 3, 83 leaves):

-2+ Tan[%] 2+Tan[%

-2+/3 ArcTanh| ———2=] + 2+/3 ArcTanh| ———] —2Log[Cos[§H +Log[1l-2Cos[x]] -Log[1+2Cos[x]] +2Log[$in[i]]
\/? \/? 2 2

12

Problem 174: Result unnecessarily involves imaginary or complex numbers.

J\/a—aSin[e+fx} (c+csinfe+fx])>?
dx

X

Optimal (type 4, 186 leaves, 11 steps):
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cCos[e] CosIntegral[fx] Sec[e+fx]Va-aSin[e+fx] Vc+cSin[e+fx] +

1
= cCosIntegral[2fx] Sec[e+fx]Sin[2e] Va-aSin[e+fx] Vc+cSin[e+Ffx] -
2

cSec[e+fx]Sin[e] Va-aSin[e+fx] Vc+cSinfe+fx] SinIntegral [f x] +

1
ZcCos[2e] Sec[e+fx] Va-aSin[e+fx] v/c+cSin[e+fx] SinIntegral[2fx]
2

Result (type 4, 150 leaves):

1
2\/7 (1+62j (e+~Fx))

(2 e'®ExpIntegralEi[-i fx] +2e?'®ExpIntegralEi[i fx] +1i (ExpIntegralEi[-2i fx] - e*'®ExpIntegralEi[2ifx]))Va-aSin[e+fx]

cei(efx) \/—j_ c et (erfx) (]-]_+e1'1 (e+fx)>2

Problem 175: Result unnecessarily involves imaginary or complex numbers.

3/2

J\/aasin[eJrfx} (c+csinfe+fx]) 4
X

XZ

Optimal (type 4, 273 leaves, 13 steps):

cva-aSin[e+fx] “/c+cSin[e+ fx]

+cfCos[2e] CosIntegral[2fx] Sec[e+fx] Va-aSin[e+fx] Vc+cSin[e+fx] -
X

c fCosIntegral [f x] Sec[e+fx] Sin[e] V/a-aSin[e+fx] Vc+cSin[e+fx] -
cSecle+fx]Va-asSin[e+fx] /c+cSin[e+fx] Sin[2e+2fx]

2x )
cfCos[e] Sec[e+fx]vVa-aSin[e+fx] Vc+cSin[e+Ffx] SinIntegral[fx] -
cfSec[e+fx]Sin[2e] Va-aSin[e+fx] Vc+cSin[e+fx] SinIntegral[2 fx]

Result (type 4, 231 leaves):
1

2\/? (1+e2j(e+‘FX)) X

C e—]‘l (e+fx) \/]i C e—i (e+f x) <]l +e1‘1 (e+fx)>2 (7]-1 72@1 (e+f x) 72e3j1 (e+fx) i e41‘1 (e+f x) _21i e]‘l (e+2fx) FxEprntegr‘alEi[—j-Fx] "

2 321 FX £ x ExpIntegralEi[i fx] +2e? X fx ExpIntegralEi[-2i fx] +2e?! 2¢FX £ x ExpIntegralEi[2i fx]) Va-aSin[e+fx]

Problem 176: Result unnecessarily involves imaginary or complex numbers.

3/2

Va-asSin[e+fx] (c+cSin[e+fx])
J dx

x3
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Optimal (type 4, 385leaves, 15steps):

cva-aSin[e+fx] “/c+cSin[e+ fx] cfCos[2e+2fx]Sec[e+fx]Va-aSin[e+fx] Vc+cSin[e+fx]

2 x2 2 x

1
= cf2Cos[e] CosIntegral [fx] Sec[e+fx] Va-aSin[e+fx] vc+cSin[e+fx] -
2

c f2 CosIntegral[2 fx] Sec[e+fx] Sin[2e] Va-aSin[e+fx] Vc+cSin[e+fx] -
cSec[e+fx]Va-asSin[e+fx] /c+cSin[e+fx] Sin[2e + 2 fX]

4 x?

+

1
“cf?Sec[e+fx]Sin[e] Va-aSin[e+fx] vc+cSin[e+fx] SinIntegral[fx] -
2

cfva-asSin[e+fx] Vc+cSin[e+fx] Tan[e+fx]

2 X

cf?Cos[2e] Sec[e+fx]Va-asSin[e+fx] v/c+cSin[e+fx] SinIntegral[2fx] +

Result (type 4, 317 leaves):
1 CZ e—Z]‘L (e+f x)
4\/?(—]'1+ei (e+fx)> \/*J'lC(Efjl (e+f x) <]'l+<ejl (e+‘FX)>2 X2

(-1+2de! O F0 s 203t (F0 et 0 Lo Fxs2el (PO Fx-2e3 (P fx 20 et X Fx s 2 e (427 £2 %2 ExpIntegralEi[-i fx] +

<I'l +e]‘1 (e+fx)>

2 3! e 21 FX £2 52 ExpIntegralEi[i f x] - 4 e® ' F* £2 x? ExpIntegralEi[-2 i fx] +4e®* 2¢FX) £2x2 ExpIntegralEi[2 i fx]) a-aSin[e+fx]

Problem 182: Result unnecessarily involves imaginary or complex numbers.

dx
3/2

szx/aasin[eJrfx]

(c+csinfe+fx])

Optimal (type 3, 280 leaves, 34 steps):

2ax 2aArcTanh[Sin[e +fx]] Cos[e + f X] 2aCos[e+fx] Log[Cos[e+fx]]
_ 4 4 _
cf?+/a-asSin[e+fx] vc+cSinf[e+fx] cf3a-asSin[e+fx] /c+cSinfe+fx] cf3+va-asin[e+fx] Jc+cSin[e+fx]
ax?Sec[e +fx] 2axSin[e + fx] ax?Tan[e + fx]
+ +

cfva-asSin[e+fx] Vc+cSinfe + fx] cf2+/a-aSin[e+fx] Vc+cSinfe+ fx] cfva-asSin[e+fx] Vc+cSinfe + fx]

Result (type 3, 178leaves):

i

Cos[l (e+fx)] +Sin[1 (e+fx)]|Va-asin[e+fx]
2 2

(2ifx+f2x?+2fxCos[e+fx]-2Log[l+e? ®F¥] 2] fxSinfe+Ffx]-2Log[l+e*! T ]sin[e+fx] +

41 ArcTan[e! (¢F2)] (1+Sin[e+fx])))/(f3’ Cos[%(eJrfx)]fSin[%(e+fx” (c (1+Sin[e+fx])>3/2)]
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Problem 185: Result more than twice size of optimal antiderivative.

J(a+aCos[x]) (A+BSec[x]) dx

Optimal (type 3, 18leaves, 5steps):
a (A+B) x+aBArcTanh[Sin[x]] +aASin[x]

Result (type 3, 51leaves):

an+anfaBLog[Cos[i] —Sin[i]] +aBLog[Cos[i} +Sin[§H +aASin[x]
2 2 2 2

Problem 189: Result more than twice size of optimal antiderivative.

A+ BSec[x]
J—d]x

a+acCos[x]

Optimal (type 3, 25leaves, 4 steps):
B ArcTanh [Sin[x]] (A-B) Sin[x]
+

a a+acCos[x]

Result (type 3, 71leaves):

X
2 2

_ZCOS[ﬂ (BCos[ﬂ (Log[Cos[?] —Sin[f“ - Log|Cos | ]+Sin[§H) + (-A+B) Sin[l])

a (1+Cos[x])

Problem 193: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J(a+aCos[x] )*’% (A+BSec[x]) dx

Optimal (type 3, 98 leaves, 6 steps):

i 2a% (32A+35B) Si
Va sin(x] + Gl ’ ) sin(x] ina2 (8A+5B) +/a+aCos[x] Sin[x}+EaA(a+aCos[X1>3/ZSin[x}
\a+acCos[x] 15+/a +aCos[x] 15 5

Result (type 3, 283 leaves):

2 a°/2B ArcTanh [
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Cos[2] - (—1+ﬁ) Sin[*]
(1+\/7) Cos[*] -sin[*]

X X
4 4

—a’,/a (1+Cos[x]) Sec[i] -301+/2 BArcTan|
60 2

] -

Cos[iﬂ - (1+\/7) Sin[*]

4

(—1+\/7) Cos[2] -sin[Z2]

4

301 +/2 BArcTan [

]+39\/?BLog[\/7+2Sin[§]] _1sﬁBLog[z_ﬁcos[§] _ﬁsm{g“ -

15+/2 Blog[2++/2 Cos[~] -+/2 Sin[~]] +300ASin[~] + 3008 Sin|~ | +50ASin[3—X} +2eBSin[3—X] +6A51n[5—x]
2 2 2 2 2 2 2

Problem 194: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J(a+aCos[x])3/2 (A+BSec[x]) dx

Optimal (type 3, 72leaves, 5steps):

a Sin[x 2a2 (4A+3B)Sin[x] 2
2a*?BArcTanh| Va [x] |+ ( ) +—aA+a+aCos[x] Sin[x]
vJa+acCos[x] 3+/a+acCos[x] 3

Result (type 3, 263 leaves):

ia a (1+Cos[x]) Sec[i]

12 2
COS[K]—(—1+\/7> Sin[*] Cos{ﬂ—(1+\/7) Sin[*] «
~61i+/2 BArcTan| : “—] -6i+/2 BArcTan| : “—]+6+2 BLog[v2 +25sin[=]] -
(1+V2 ) cos[*] -sin[*] (-1+2 ) cos[*] - sin[*] 2

3\EBLog[2—\ECos[§} —\ESih[%H —3\/78L0g[2+\/7€05[§] —\Esin[z]] +36As:‘m[§] +24BSin[§} +4ASin[37X}
Problem 195: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
j\/aJraCos[x] (A+BSec[x]) dx

Optimal (type 3, 44 leaves, 4 steps):

Zx/;BAr‘cTanh[ \/?Sln[x} ]+ 2aASin[x]

va+acCos[x] vJa+aCos[x]

Result (type 3, 244 leaves):
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Cos[2] - (—1+\/7> Sin[ 2] | 243 B ArcTan| Cos[2] - (1+\/7) Sin|[ %] .
(1+v2 ) cos[X] - sin[¥] (-1++/2 ) Cos[%] - sin[%]

4

1 a(1+Cos[x]) Sec[i] -2i+/2 BArcTan]|
4 2

2\/7BLog[\/7+2Sin[§H —\/?BLog[Z—\/?Cos[g] -ﬁﬁn[%]] -\/TBLog[zm/TCos[%} /2 sin[X]] +8ASin[~]

2 2

Problem 196: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
J A+ BSec[x]
v/ a+acCos[x]

dx

Optimal (type 3, 68 leaves, 6 steps):

2B ArcTanh|[ 2SIl ] /3" (A _B) ArcTanh[ —/esinxd__|

a+a Cos [x] V2 a+a Cos [x]
+

Va Va

Result (type 3, 307 leaves):
1

2./a (1+Cos[x])

Cos[2] - (—1+\/?) Sin|[*]

Cos|[*] - (1+\/7) Sin[i]

Cos[i} —Zj\/TBAr'cTan[

5 (1+\/7) cOs[i] _Sin[:ﬂ | -2i+/2 BArcTan| (_1+i/7) cOs[zﬂ _Sin[i] ] —4ALog[Cos[4—} —Sin[ZH +
4BLog[cos[§} —Sin[f]] +4ALog[Cos[§] +Sin[§]] —4BLog[Cos[§] +51n[§“ .

2x/78Log[x/?+ZSin[§H —\/?BLog[Z—\/?Cos[g] _ﬁsm[g]] _ﬁBLog[zw?cos[f] _ﬁs,in[g}]

Problem 197: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
J A+BSec[x]

(a+acCos[x])??

dx

Optimal (type 3, 92 leaves, 7 steps):

2BArcTanh[ 2SIl | (A_5B) AncTanh | —Y2Sinxl
Jaracosix). V2 +[aracos(x] (A-B) Sin[x]
+
a’? 2+/2 a2 2 (a+acCos[x])*?
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Result (type 3, 524 leaves):
1

X
Sec| —|
4a./a(1+Cos[x]) 2

Cos[i]7(71+ﬁ) Sin[f] Cos[5}7(1+\/7) Sin[f]

-41+/2 BArcTan Cos[X1%-41i+/2 BArcTan 4 cos[X1% - ALog[cos[ 2] -sin[ 2] +
| (172 ) cos[ %] - sin[ ] Jcosl] [(hﬁ) Cos[i]sin[i]] sl | -Atoglcos| ] -sin[ ]

SBLog[Cos[z}—Sin[fH—ACos[x] Log[Cos[z}—Sin[fH+SBCos[x} Log[Cos[i]—Sin[zH+ALog[Cos[§]+Sin[§H_

58Log[Cos[§}+Sin[§]}+ACos[x1 Log[Cos[z}+Sin[§]]—SBCos[x} Log[Cos{z]+Sln[4H+2\ﬁBLOg[\/7+251n[§H+

2+/2 BCos[x Log[\/—+251n[2H V2 Blog[2- \/—Cos[ ] \/—Sln{z]] /2 BCos[x] Log[2- \/_Cos[ | -V2 sin[=]] -

X
2

V2 Blog[2++/2 Cos[> 1~ rsln[ |]-+/2 BCosx] Log|2 rcos[ | -2 sin[X]] +2Asin[ =] -2Bsin[~]

2 2 2

Problem 198: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J A+ B Sec[X] d
X
(a+acCos[x])*?

Optimal (type 3, 120leaves, 8 steps):

2BArcTanh[2SinXL | (3A_43B) ArcTanh [ —/2sinxl
Jaracosix). V2 y[aracos(x] (A-B) Sin[x] (3A-11B) Sin([x]
+ +
a’? 16 /2 a%/2 4 (a+aCos(x])>? 16a (a+aCos[x])>?

Result (type 3, 393 leaves):
1

Cos[i]SCos[x] (A+BSec[x])
5/2
8 (a(1+Cos[x]))”* (B+ACos[x]) 2

Cos[*] - [-1+/2 ) sin[¥] | 324 YT B arcTan] Cos[*] - (1+V/2] sin|*] | +2(-3A+438) Log[cos| ] - sin[*]] «

(1+\/7)Cos[é}_51n[ﬁ (_1+\/?)Cos[i]_51n[£] 4 4
2(3A—43B)Log[Cos[Z]+51n[4}]+32v—BLogN—+ZSin[§]]-16ﬁBLog[ -2 cos[ ] \/_Sln[z]]—

-321+2 BArcTan|

16\/—BLog[2+\/—Cos[ ] - \/—Sln[ 1]+ A-B . 3A-118 . _A+B _3A+11B

+

2 (Cos[ﬂ—Sm[i])4 (Cos[:ﬂfsin[f])z (Cos[:ﬂJrSin[i])A (Cos[ﬂJrSin[f])z
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Problem 228: Result unnecessarily involves imaginary or complex numbers.
1

dx
J(aCos[c:+dx] +bSin[c+dx])3

Optimal (type 3, 103 leaves, 3 steps):

ArcTanh [ b Cos[c+d x]-aSin[c+d x] }

+/ a2+b? bCos[c+dx] -aSin[c +dXx]
2 (a2+b2)*%d 2 (a2+b?) d (aCos[c+dx] +bSin[c+dx])?

Result (type 3, 132leaves):

[(a2+b2) (-bCos[c+dx] +asSin[c+dx]) +2+/a®+b? ArcTanh|

—b+aTan[% (c+dx) ]

| (aCos[c+dx] +bSin[c+dx])?

/

(2 (a-ib)? (a+ib)?d (aCos[c+dx] +bSin[c+dx])?

Problem 232: Result unnecessarily involves higher level functions.

J(aCos[c+dx] +bSin[c+dx])’?dx

Optimal (type 4, 186 leaves, 4 steps):

10 (a%+b?) (bCos[c+dx] -aSin[c+dx]) vacCos[c+dx] +bSin[c +d x]
21d
2 (bCos[c+dx] -aSin[c+dx]) (aCos[c+dx] +bSin[c+dx])>?
7d

+

10 (a? + b2)? EllipticF[i (c+dx-ArcTan[a, b]), 2] | 2coslerdxi-bSinlcedx]

~/ a2+b?

21d+/aCos[c+dx] +bSin[c +dx]

Result (type 5, 205 leaves):
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1 :
——|+vacCos[c+dx] +bSin[c+dx]
42d

(-23b (a®+b?) Cos[c+dx] + (-9a’b+3b’) Cos[3 (c+dx)]|+2a (13a®+7b>+3 (a®-3b*) Cos[2 (c+dx)])Sin[c+dx]) +

20 <a2+b2)2JCOS[CerXJrAr‘cTan[ZH2 Hyper‘geometr‘icPFQ[{l, l}, {E}, Sin[c+dx+ArcTan[§H2] Tan[c+dx+Ar‘cTan[ZHJ/
4 2 4

2

a a
1+— bSin[c+dx+ArcTan|[—]]
b2 b

Problem 233: Result unnecessarily involves higher level functions.

J(aCos[c+dx] +bSin[c+dx])>?dx

Optimal (type 4, 131 leaves, 3 steps):
2 (bCos[c+dx] -aSin[c+dx]) (aCos[c+dx] +bSin[c+dx])>?

- +

5d

6 (a2 +b?) EllipticE[i (c+dx-ArcTan[a, b]), 2] VaCos[c+dx] +bSin[c+dx]

5d aCos[c+dx]+bSin[c+d x]

Result (type 5, 256 leaves):
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ﬁ VaCos[c+dx] +bSin[c+dx] (6a (a?+b?)-2ab?Cos[2 (c+dx)]|+b (a®-b?)Sin[2 (c+dx)]) -
5

bHyper‘geometr‘icPFQH—l, - 1}, {i}, Cos[c+dfor‘cTan[EH2] Sin[c+dfor‘cTan[EH +
2

4 4 a a

[3 (a2+b2)2Cos[c +dfor‘cTan[EH
a

a a a

3/2
b2 b . b,,2
[a 1+ — Cos[c+dxAr*cTan[HJ \/Sln[c+dx—Ar‘cTan[H
\/ a a a

Problem 234: Result unnecessarily involves higher level functions.

\/Sin[c+dxAr‘cTan[bH2 (2aCos[c+dx—Ar‘cTan[EH bSin[c+dxAr‘cTan[bH)]]/

J(aCos[c+dx] +bSin[c+dx])*?dx

Optimal (type 4, 131 leaves, 3 steps):

2 (a%+ b?) EllipticF[} (c+dx-ArcTan[a, b]), 2] alos|cidx] b Sinjc dx]

) a%+b?

2 (bCos[c+dx] -aSin[c+dx])~/aCos[c+dx]+bSin[c+dx]
3d

+

3d+vaCos[c+dx] +bSin[c+dx]
Result (type 5, 143 leaves):
1

—2|(-bCos[c+dx] +aSin[c+dx])/aCos[c+dx] +bSin[c+dx] +
3d

( (a®+b?) \/Cos [c+dx+ArcTan| %] }2 HypergeometricPFQ| {

F NG

s i}, {Z}, Sin[c+dx+Ar‘cTan[EH2] Tan[c+dx+Ar‘cTan[§H]/

2

a a
1+— bSin[c+dx+ArcTan|[—]]
b2 b

Problem 235: Result unnecessarily involves higher level functions and more than twice size of optimal
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antiderivative.

J\/aCos[Cerx} +bSin[c+dx] dx

Optimal (type 4, 75leaves, 2 steps):

2EllipticE[§ (c+dx-ArcTan[a, b]), 2] VaCos[c+dx] +bSin[c+dx]

d aCos[c+dx]+bSin[c+d x]

+/ a2+b?

Result (type 5, 268 leaves):

Cos[c+dx—Ar‘cTan[EH -b (a%+ b?) Hyper‘geometr‘icPFQH—l, —l}, {i}, Cos[c+dx—Ar‘cTan[EH2] Sin[c+dx—Ar‘cTan[EH +
a 2 4 4 a a

\/Sin[c+dx—Ar‘cTan[EH2 -2a (a®+b?) Cos{c+dx—Ar‘cTan[EH +
a a

2 2
2a? 1+tL2 a 1+b7 Cos[c+dx—Ar‘cTan[EH vaCos[c+dx] +bSin[c +dx] +b(a2+b2)Sin[c+dx—Ar‘cTan[EH /
a a a a

3/2

b2 b X b,.2

bd|a 1+~ Cos[c+dx-ArcTan| ]| \/Sln[c+dxAr‘cTan[]]
\ a a a

Problem 236: Result unnecessarily involves higher level functions.
1

dx

J\/aCos[Cerx] +bSin[c+dx]

Optimal (type 4, 75leaves, 2 steps):

4/ a%+b?

2EllipticFE (c+dx-ArcTan[a, b]), 2] \/ac"s[c*dx“bﬁ”“*d”

d+/aCos[c+dx] +bSin[c+dx]
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Result (type 5, 92 leaves):

2\/Cos[c+dx+Ar‘cTan[ZH2 Hyper‘geometr‘icPFQ[{l, l}, {E}, Sin[c+dx+Ar‘cTan[§H2} Tan[c+dx+Ar‘cTan[ZH]/

4 2 4
a? . a
d 1+— bSin[c+dx+ArcTan| ]|
b2 b

Problem 237: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

1

J dx
(aCos[c+dx] +bSin[c+dx])>?

Optimal (type 4, 138 leaves, 3 steps):

2 (bCos[c+dx] -aSin[c+dx]) 2EllipticE[i (c+dx-ArcTan[a, b]), 2] VaCos[c+dx] +bSin[c+dx]
(a2 +b?) d+aCos[c+dx] +bSin[c+dx] (a2 + b?) d aCos[cidx]+bSin[csdx]
) a2+b?

Result (type 5, 322 leaves):
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vaCos[c+dx] +bSin[c+dx] [--2*+ 25in[crdx]
ab a (aCos[c+dx]+bSin[c+dx]) 1

_ 101, 3 b2, b b2 b

- -—y ==ty 11, + - - + - — + — - + - —
b HypergeometricPFQ| { }» {=}, Cos[c+dx-ArcTan|[=|]"] sin[c+d x - ArcTan| —] | ]/ a [1+— [1-Cos [c+dx-ArcTan| ]|
2 4 4 a a a a

2a? 1+:—z Cos {c+d x-ArcTan { :—} } bSin [c+d x_ArcTan { lﬂ ]

Z+2
2 + b2 b b " R
Cos[c+dx-ArcTan[—]] [1+Cos[c+dx-ArcTan[—]] || -
\/a l1+:—§ Cos[c+dx—Ar‘cTan[§H

a2 a a

Problem 238: Result unnecessarily involves higher level functions.
1

J(aCos[Cerx] +bSin[c+dx])*?

Optimal (type 4, 142leaves, 3 steps):

2E1lipticF[2 (c+dx-ArcTan(a, b]), 2] \/ac"”““““i”[“d”

) a%+b?

3 (a?2+b?) d (aCos[c+dx] +bSin[c+dx})3/2 3 (a?+b?) d+acCos[c+dx] +bSin[c +dx]

2 (bCos[c+dx] -asSin[c+dx])

Result (type 5, 145leaves):
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1 ) -bCos[c+dx] +aSin[c+dx]
i

3 (a?2+b?)d (aCos[c+dx] +bSin[c+dx])>?

3

a2
(\/Cos [c+dx+ArcTan| E} |” HypergeometricPFQ| {

N R

}s {45}, Sin[c+dx+Ar‘cTan[§H2] Tan[c+dx+Ar‘cTan[§H}/

FNQRN

a? . a
1+ — bSln[c+dx+Ar‘cTan[fH
b2 b

Problem 239: Result unnecessarily involves higher level functions.

1

J(aCos[c+dx] +bSin[c+dx])”?

Optimal (type 4, 197 leaves, 4 steps):
2 (bCos[c+dx] -aSin[c+dx]) 6 (bCos[c+dx] -asSin[c+dx])

5 (a2+b2) d (aCos[c+dx] +bSin[c+dx})5/2 5 (a2+b2)2d\/aCos[c+dx1 +bSin[c+dx]

6EllipticE[§ (c+dx-ArcTanla, b]), 2] VaCos[c+dx] +bSin[c+dx]

5 <a2 N bz) 2 d aCos[c+dx]+bSin[c+d x]

) a%+b?

Result (type 5, 277 leaves):



352 | 4.7 Miscellaneous.nb

1

ﬁ 7((2(3a2Cos[c+dx]3fabSin[c+dx}+6abCos[c+dx]ZSin[c+dx]+b2Cos[c+dx] (1+3sin{c+dx]?))) /
5b (a“+b*) d

(acCos[c+dx] +bSin[c+dx])5/2) +

Cos|c +dfor‘cTan[E]]
a

3bHyper‘geometr‘icPFQH—1, —l}, {i}, Cos[c+dx—Ar‘cTan[EH2} Sin[c+dx—Ar‘cTan[EH -
2 4 4 a a

a a a

3/2
| b _ b2
[a 1+ — Cos[c+dxAr‘cTan[HJ \/Sln[c+dxAr‘cTan[H
a a a

Problem 240: Result unnecessarily involves higher level functions.

3\/Sin[c+dxAr~cTan[b]]2 (72aCos[c+dforcTan[EH +bSin[c+dxArcTan[bH]]]/

J(ZCos[c+dx] +351n[c+dx}>7/2d1x

Optimal (type 4, 120leaves, 4 steps):

130 133/4EllipticF[% (c+dx—Ar~cTan[%]), 2] 130 (3Cos[c+dx]-2Sin[c+dx])/2Cos[c+dx] +3Sin[c+dXx]

21d 21d )
2 (3Cos[c+dx] -2Sin[c+dx]) (2Cos[c+dx] +3Sin[c+dx])>?

7d

Result (type 5, 153 leaves):

1

42d

-V/2Cos[c+dx] +3Sin[c+dx] (897Cos[c+dx]+27Cos[3 (c+dx)|-598Sin[c+dx]+138Sin[3 (c+dx)])+

I

260 - 133/4 Hyper‘geometr‘icPFQ[{l, l}, {E}, Sin[c+dx+Ar‘cTan[EH2} Sec[c+dx+ArcTan|
4 2 4 3

wN

. 2 . 2 . 2
\/—(—1+Sln[c+dx+Ar‘cTan[;H Sln{c+dx+Ar‘cTan[;H \/1+51n[c+dx+Ar‘cTan[;H

Problem 241: Result unnecessarily involves higher level functions and more than twice size of optimal
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antiderivative.

J(ZCos[c+dx] +3Sin[c+dx}>5/2d1x

Optimal (type 4, 75leaves, 3 steps):

78 131/4EllipticE[§(c+dx—Ar‘cTan[§”,2} 2 (3Cos[c+dx] -2Sin[c+dx]) (2Cos[c+dx] +3Sin[c+dx])>?

5d ) 5d

Result (type 5, 199 leaves):

id V2Cos[c+dx] +3Sin[c+dx] (52-12Cos[2 (c+dx)]-5Sin[2 (c+dx)]) -
5

13 134 (4Cos[c+dx—Ar‘cTan[§H —3Sin[c+dx—Ar‘cTan[%H)

\/Cos[c+dxArcTan[§]]

39 131/4Hyper‘geometr‘icPFQ[{—%, —i}, {i}, Cos[c+dx—Ar‘cTan[%} ]2] Sin[c+dx—Ar‘cTan[%H

\/(1+Cos[c+dxAr‘cTanEH) Cos[c+dx—Ar‘cTan[§H \/1+Cos[c+dxArcTan[§H

Problem 242: Result unnecessarily involves higher level functions.

J(ZCos[c+dx] +3Sin[c+dx])*?dx

Optimal (type 4, 75leaves, 3 steps):

2 133/4E11ipticF[§ (c+dx—Ar‘cTan[3]), 2] o (3Cos[c+dx] -2Sin[c+dx])V2Cos[c+dx] +3Sin[c+dx]

3d 3d

Result (type 5, 133 leaves):
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1

3d

[y

2 (-3Cos[c+dx] +2Sin[c+dx]) V2Cos[c+dx] +3Sin[c+dx] +2 13%*HypergeometricPFQ| {

I

Sec[c+dx+Ar‘cTan[EH\/—(—1+Sin[c+dx+Ar‘cTan[gH Sin[c+dx+Ar‘cTan[£H \/1+Sin[c+dx+Ar‘cTan[E]]
3 3 3 3

Problem 243: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

J\/ZCos[c+dx} +3Sin[c+dx] dx

Optimal (type 4, 27 leaves, 2 steps):

2 137/ EllipticE[} (c+dx-ArcTan[2]), 2]

d

Result (type 5, 184 leaves):

3 13Y4sin|c +dx—Ar‘cTan[§} ]

1 3
— -4 131/4\/Cos[c+dx—Ar‘cTan[—H +4+/2Cos[c+dx] +3Sin[c+dx] +
3d 2

\/Cos[c+dx—Ar‘cTan[§H

3 13Y/*HypergeometricPFQ[{- >, -}, {2}, COS[C+dX—Ar‘CTa”[§H2] Sin[c+dx-ArcTan[2]]

\/—(—1+Cos[c+dx—Ar‘cTan[3H) Cos[c+dx—ArcTan[iH \/1+Cos[c+dx—ArcTan[§]]

Problem 244: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

1

dx

J\/2Cos[c+dx] +3Sin[c+dXx]

Optimal (type 4, 27 leaves, 2 steps):

1 5 2,2
=, 21, (2, si dx+ArcTan| =
2} {4} in[c+dx+Arc an{BH ]
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2 EllipticF[i (c +d x—Ar‘cTan[%} ) , 2]

131/4 d

Result (type 5, 88leaves):

131/4(:12Hyper‘geometr‘icPFQH41, %}, {Z}, Sin[c+dx+Ar‘cTan[§H2} Sec[c+dx+Ar‘cTan[§]]

\/— [—1+Sin[c+dx+Ar‘cTan[EH Sin[c+dx+Ar‘cTan[E]] \/1+Sin[c+dx+Ar‘cTan[£]]
3 3 3

Problem 245: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

1

J dx
(2Cos[c+dx] +3Sin[c+dx])>?

Optimal (type 4, 73 leaves, 3 steps):
2EllipticE[§ (c+dfor'cTan[§]), 2] 2 (3Cos[c+dx] —ZSin[c+dx1)

13%/4d 13d~+/2Cos[c+dx] +3Sin[c+dx]

Result (type 5, 190 leaves):

. 4\/Cos[c+dx—Ar‘cTan[zH

2 Cos[c+dx] BSin[c+dfor‘cTan[§H
- - +

3d 133/4 v2Cos[c+dx] +3Sin[c+dx
[ ] ! ] 133/4\/Cos[c+dx—Ar'cTan[3]}

3HypergeometricPFQH7i, 741}, {%}, Cos[c+dforcTan[%} ]2] Sin[c+dforcTan[%H

133/4\/—(—1+Cos[c+dx—Ar‘cTan[%]]) Cos[c+dx—Ar‘cTan[§H \/1+Cos[c+dx—Ar‘cTan[§H

Problem 246: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

1

J(chs[udx] +3Sin[c+dx])°?
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Optimal (type 4, 75leaves, 3 steps):
2EllipticF[i (c+dx—Ar‘cTan[§H, 2} i 2 (3Cos[c+dx] —2Sin[c+dx})

39 13144 39d (2Cos[c+dx] +3Sin[c+dx])>?

Result (type 5, 157 leaves):

-78Cos[c+dx] +52Sin[c+dx] +

/2 13%/% HypergeometricPFQ[ {

N |

}s {E}, Sin[c+dx+Ar‘cTan[£H2] Sec[c+dx+ArcTan[3]] (2Cos[c+dx] +3Sin[c+dx])>?
4 3 3

3

FNQRPN

\/1+Sin[c+dx+Ar‘cTan[2H \/—1+Cos[2(c+dx+Ar‘cTan{2] ]+2$in[c+dx+Ar‘cTan{gH /(507d(2Cos[c+dx]+3$in[c+dx})3/2)
3 3 3

Problem 247: Result unnecessarily involves higher level functions.
1

J dx
(2Cos[c+dx] +3Sin[c+dx])"?

Optimal (type 4, 120leaves, 4 steps):

6EllipticE[§(c+dx—Ar‘cTan[%]),2] 2 (3Cos[c+dx] -2Sin[c+dx]) 6 (3Cos[c+dx] -2Sin[c+dx])

65 133/4d 65d (2Cos[c+dx] +3Sin[c+dx])*? 845d~/2Cos[c+dx] +3Sin[c+dx]

Result (type 5, 224 leaves):

3
1 4\/COS{C+dX_APCTan[2H -33Cos[c+dx] +5Cos[3 (c+dx)]| -4 (Sin[c+dx] +3Sin[3 (c+dx)])

+

65d 133/4 2 (2Cos[c+dx] +3Sin[c+dx])®?

BSin[c+dx—Ar‘cTan[%H 3Hyper‘geometr‘icPFQH—i, —i}, {i}, Cos{c+dx—Ar‘cTan[%} ]2] Sin[c+dx—Ar‘cTan[%H
+

133/4JCos[c+dxArcTan[iH 133/4J(1+Cos[c+dxAr‘cTan[iH)Cos[c+dxAr‘cTan[%H J1+Cos[c+dxAr‘cTan[§H
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Problem 267: Result more than twice size of optimal antiderivative.

J(a Sec[x] +bTan[x]) dx

Optimal (type 3, 12leaves, 3 steps):

aArcTanh[Sin[x]] - b Log[Cos[X]]

Result (type 3, 42leaves):

-blLlog[Cos[x]] - a Log[Cos[i] - Sin[i] | +a Log[Cos[i} + Sin[i] ]
2 2 2 2

Problem 274: Result more than twice size of optimal antiderivative.

J(Sec [X] + Tan[X] )4 dx

Optimal (type 3, 30leaves, 5steps):

2 Cos [x]3 2 Cos [X]
X + -

3 (1-sin[x])? 1-Sin[x]

Result (type 3, 64 leaves):
-3 (8+3x) Cos[*] + (16+3x) Cos[2*] +6 (4+2x+xCos[x]) Sin[¥]

6 (cos[g} —Sin[f])z'

Problem 275: Result more than twice size of optimal antiderivative.

J(Sec [x] +Tan[x])>dx

Optimal (type 3, 18leaves, 4 steps):
2

Log[1-Sin[x]] + ————
1-Sin[x]

Result (type 3, 38 leaves):

2Log[Cos[ =] ~sin[X]] 2

2 2 (Cos[ﬂ—sin[f])z
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Problem 277: Result more than twice size of optimal antiderivative.

J(Sec [x] +Tan[x] ) dx

Optimal (type 3, 13 leaves, 3 steps):

-2 Log[Cos[i (m+2x)]]

Result (type 3, 38 leaves):

X X % X
-L C -L C —| -Sin| — L C — Sin| —
og[Cos[x]] og[os[z] 1n[2H+ og[os[2]+ 1n[2H

Problem 278: Result more than twice size of optimal antiderivative.

J ! dx
Sec[x] + Tan[Xx]

Optimal (type 3, 5leaves, 3 steps):
Log[1l+Sin[x]]

Result (type 3, 16 leaves):

2 Log[cos[g} +Sin[§H

Problem 280: Result more than twice size of optimal antiderivative.

J ! dx
(secx] +Tan[x])?

Optimal (type 3, 16leaves, 4 steps):
2

-Log[1l+Sin[x]] - ———
1+Sin[x]

Result (type 3, 34 leaves):

“210g[cos[ 2] +sin[X]] - 2

2 2 (cos[§]+sm[§])2
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Problem 281: Result more than twice size of optimal antiderivative.

J ! dx
(sec[x] +Tan[x] )4

Optimal (type 3, 26 leaves, 4 steps):
2 Cos [x]3 2 Cos [X]
+

3 (1+Sin[x])? 1+Sin[x]

Result (type 3, 62 leaves):
3(-8+3x) Cos[%]+(16-3x) Cos[2*] +6 (-4+2x+xCos[x]) Sin[*]

6 (Cos[f] +sin[§])3

Problem 287: Result more than twice size of optimal antiderivative.

J(a Cot[x] +bCsc[x]) dx

Optimal (type 3, 12leaves, 3 steps):
-bArcTanh[Cos[x]] +a Log[Sin[x]]
Result (type 3, 25leaves):

-b Log[Cos[iH +bLog[Sin[£H +alog[Sin[x]]
2 2

Problem 297: Result more than twice size of optimal antiderivative.

J(Cot [x] +Csc[x]) dx

Optimal (type 3, 9leaves, 3 steps):
—-ArcTanh[Cos [x]] + Log[Sin[x]]

Result (type 3, 20 leaves):

—Log[Cos[iH + Log[sin[i]] +Log[Sin[x]]
2 2



360 | 4.7 Miscellaneous.nb

Problem 306: Result more than twice size of optimal antiderivative.
J(CSC[X] -Sin[x]) dx

Optimal (type 3, 8leaves, 3 steps):
—ArcTanh[Cos[x]] + Cos[X]

Result (type 3, 19leaves):

Cos[x] - Log[COS[E]] + Log[Si”[g]]

Problem 310: Result more than twice size of optimal antiderivative.

J ! dx
(Cscix] -sin[x])*

Optimal (type 3, 17 leaves, 2 steps):

Tan[x]> Tan[x]’
+
5 7

Result (type 3, 37 leaves):
2 Tan[Xx] 1

2 8 4 1 6
+ — Sec[x]“Tan[x] - — Sec[x]*Tan[x] + —Sec[x]° Tan[x]
35 35 35

Problem 312: Result more than twice size of optimal antiderivative.

J ! dx
(Cscx] -sin[x])®

Optimal (type 3, 25leaves, 3 steps):
Tan[x]’7 2Tan[x]® Tan[x]

+ +

7 9 11

Result (type 3, 57 leaves):

8 Tan[x] 4 ) 1 4 113 6 23 8 1 10
-—— - ——Sec[x]“Tan[x] - — Sec[x]" Tan[x] + Sec[x]°Tan[x] - — Sec[x]®Tan[x] + — Sec[x]~? Tan[X]
693 693 231 693 99 11




Problem 318: Result unnecessarily involves higher level functions.

1

J\/CSc [X] - Sin[x]

dx

Optimal (type 3, 60leaves, 8 steps):
ArcTan [\/ -Sin[x] ] Cos [X] ArcTanh [\/ -Sin[x] } Cos [X]

a/Cos[x] Cot[x] +/ -Sin[x]

a/Cos[x] Cot[x] + -Sin[x]
Result (type 5, 37 leaves):
2+/Cos [x] Cot[x] Hypergeometric2Fi|

1

H |
IN

y = E, Sec[x]?] sec[x] (-Tan[x]?)
4

1/4

Problem 319: Result unnecessarily involves higher level functions.

J ! dx
(Cscx] -sin[x])3"?

Optimal (type 3, 80leaves, 9steps):
ArcTan[+/-Sin[x] | Cot[x] +/-Sin[x]

Sec[X]

ArcTanh[+/-Sin[x] | Cot[x] +/-Sin[x]

.
2+/Cos [x] Cot [X] 4~/Cos [x] Cot[X]

Result (type 5, 42 leaves):

Sec([x] |3+

6V Cos [x] Cot[x]

+

4~/Cos [x] Cot[x]

Problem 320: Result unnecessarily involves higher level functions.

J & dx
(Cscx] -sin[x])>?

Optimal (type 3, 99leaves, 10 steps):
3ArcTan[~/-Sin[x] | Cos[x]

3 ArcTanh[+/-Sin[x] | Cos[x]

3Tan[x] Sec[x]?Tan[x]

- +

- +

32+/Cos[x] Cot[x] /-Sin[x]

Result (type 5, 57 leaves):

32+/Cos[x] Cot[x] /-Sin[x]

16 \/Cos[x] Cot[x]  4-/Cos[x] Cot[x]
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(5-3Cos[2x]) Sec[x]2Tan[x] - 6 Cot [X] Hyper‘geometr‘icZFl[i, i—, i, Sec[x]?] (-Tan[x)2)'*

32 +/Cos[x] Cot[x]

Problem 321: Result unnecessarily involves higher level functions.

J -
X
(Csc[x] Sin[x})”2

Optimal (type 3, 118leaves, 11 steps):
5Sec[X] 5Sec[x]?
192 \/Cos[x] Cot[x]  48+/Cos[x] Cot[x]
5ArcTan[+/-Sin[x] | Cot[x] v/-Sin[x]  5ArcTanh[+/-Sin[x] | Cot[x] v/ -Sin[x]  Sec[x]3Tan[x]2

+

128 +/Cos [x] Cot [x] 128 +/Cos [x] Cot [x] 6 /Cos [x] Cot[x]
Result (type 5, 63 leaves):

1 . 3 3 7 3/4
——/Cos[x] Cot[x] Csc[x] Sec[x] |-5+57Sec[x]?-84Sec[x]*+32Sec[x]®+5Hypergeometric2F1[~, =, —, Sec[x]?] (-Tan[x]?)
192 4 4 4
Problem 323: Result more than twice size of optimal antiderivative.
j(—Cos[x] +Sec[x])?dx
Optimal (type 3, 34 leaves, 6 steps):
5 . 5Sin[x] 5Sin[x]® 1 . 3 5
- —ArcTanh[Sin[x]] + + + —Sin[x]” Tan[x]
2 2 6 2
Result (type 3, 85leaves):
2 13610 [cOs[f} Sin[iH 30 Lo [cOs[i] Sin[iH & & 27 Sin[x] - Sin[3x]
12 & 2 2 & 2 2 2

(cos[g]_sm[g])z (cos[X] +sin[X])

Problem 325: Result more than twice size of optimal antiderivative.

J(—Cos[x] +Sec[x]) dx

Optimal (type 3, 8leaves, 3 steps):
ArcTanh[Sin[x]] - Sin[x]
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Result (type 3, 37 leaves):
X X X X
-L C —| =Sin|— || +L C —| +Sin| —| | - Si
og| os[z] 1n[2]] og| os[z] 1n[2]] in[x]

Problem 328: Result more than twice size of optimal antiderivative.

J ! dx
(-Cos[x] +Sec[x] )3

Optimal (type 3, 17 leaves, 4 steps):
Csc[x]3® Csc[x]®

3 5

Result (type 3, 93 leaves):
2 o[ 2] et [ X ese[ 27 cot[ X ese[ 2]t 2 ran[ 2] « 2 sec[ X7 Tan[ 2] - L sec[X]* tan[X]
240 2 480 2 2 160 2 2 240 2 480 2 2 160 2 2

Problem 329: Result more than twice size of optimal antiderivative.

J 1 dx
(-Cos[x] +Sec[x])*

Optimal (type 3, 17 leaves, 2 steps):

1 Cot[x]”
- = Cot[x]°- [x]
5 7

Result (type 3, 37 leaves):

2 Cot [x] 1 , 8 . 1 6
- —— - — Cot[x] Csc[x]“+ —Cot[x] Csc[x]"- —Cot[x] Csc[x]
35 35 35 7

Problem 330: Result more than twice size of optimal antiderivative.

J = dx
(-Cos[x] +Sec[x]) >

Optimal (type 3, 25leaves, 4 steps):

1 2Csc[x]’ Csc[x]?
- —Csc[x]°+ [x]” [x]

5 7 9

Result (type 3, 165leaves):
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7649Cot[§} ) 649 Cot [ *] csc[*]? ) 31 Cot[*] csc[*]* ) 37 Cot [ *] Csc[*]° ) Cot[*] csc[*]° )
80640 161280 53760 32256 4608
649 Tan [ *] 7 649 Sec[*]”* Tan ] ) 315ec[*]* Tan[*] ) 37 sec[*]°Tan|[*] 7 sec[*]®Tan[*]
80640 161280 53760 32256 4608

Problem 331: Result more than twice size of optimal antiderivative.

J = dx
(-Cos[x] +Sec[x])®

Optimal (type 3, 25leaves, 3 steps):

1 2Cot[x]° Cot[x]?
Lotix7 - [(x]” [X]

7 9 11

Result (type 3, 57 leaves):
8Cot[x] 4 1 113

23 1
+ —— Cot[x] Csc[x]%2+ —— Cot[x] Csc[x]*- —— Cot[x] Csc[x]®+ — Cot[x] Csc[x]®- — Cot[x] Csc[x]?®
693 693 231 693 99 11

Problem 332: Result more than twice size of optimal antiderivative.

J = dx
(-Cos[x] +Sec[x])’

Optimal (type 3, 33 leaves, 4 steps):

Csc[x]” Csc[x]?

3Csc[x]! Csc[x]?®3
+ _

7 3 11 13

Result (type 3, 237 leaves):

10027 Cot[2] 10027 Cot|X] cSc[i]2 755 Cot[*] csc[*]*  1@1cot[*] Csc[X]°
+ + - -
6150144 12 300 288 4100096 768768
101Cot[§} Csc[f]8 ) 79Cot[§] Csc[§]1a ) Cot[f] Csc[ﬂlz ) 10027Tan[§} ) 10027 Sec[i]zTan[i] )
878592 1171456 106 496 6150144 12 300 288
7555ec[§}4Tan[§] ) 101$ec[ﬂ6Tan[§] ) 101$ec[§]8Tan[§] ) 795ec{ﬂleTan[§] ) Sec[f]lZTan[f]

4100096 768768 878592 1171456 106 496
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Problem 337: Result unnecessarily involves higher level functions.

J ! dx
v/ -Cos[x] +Sec[x]

Optimal (type 3, 52 leaves, 8 steps):
ArcTan [\/ Cos [X] } Sin[x] ArcTanh [\/ Cos [X] } Sin[x]

v/Cos[x] +/Sin[x] Tan[x]  +/Cos[x] +/Sin[x] Tan[x]

Result (type 5, 37 leaves):

1
-2 (—Co‘c[x]z)l/4 Csc[x] Hypergeometric2F1[ =, ~

, Csc[x]?] v/sin[x] Tan[x]

)

>
a

»e
»

Problem 338: Result unnecessarily involves higher level functions.

J ! dx
(-Cos[x] +Sec[x])*?

Optimal (type 3, 72leaves, 9steps):
Csc[x] ArcTan[+/Cos [x] | Sin[x] ArcTanh[+/Cos[x] | Sin[x]

- + +

2+/Sin[x] Tan[x] 4+/Cos[x] /Sin[x] Tan[x] 4+/Cos[x] +/Sin[x] Tan[x]

Result (type 5, 49 leaves):
, Csc[x]?] | Sec[x] v/Sin[x] Tan[x]

)

1
= Csc[x] (—3 Cot[x]?+ (-Cot[x]?) 3/4 Hypergeometric2F1| =,
6

W
Blw
BN

Problem 339: Result unnecessarily involves higher level functions.

J ! dx
(-Cos[x] +Sec[x])>?

Optimal (type 3, 91leaves, 10 steps):

3 Cot[x] Cot[x] Csc[x]?2 3 ArcTan[~/Cos[x] | Sin[x] 3 ArcTanh[+/Cos[x] | Sin[x]
- - +
16 /Sin[x] Tan[x] 4+/Sin[x] Tan[x] 32+/Cos[x] +/Sin[x] Tan[x] 32+/Cos[x] ~/Sin[x] Tan[x]

Result (type 5, 53 leaves):
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6 Cos [x]? HypergeometrlczFl{

(-Cot [x]2)7/*

1 E,CSc[x]Z]
Csc[x] |-5-3Cos[2x] + alala

32 (Sin[x] Tan[x] )3/2

Problem 340: Result unnecessarily involves higher level functions.

J 1 dx
(-Cos[x] +Sec[x])”"?

Optimal (type 3, 110leaves, 11 steps):
5Csc[X] 5Csc[x]3 Cot[x]2Csc[x]3 5ArcTan[~/Cos[x] | Sin[x] 5ArcTanh[+/Cos[x] | Sin[x]

192 +/Sin[x] Tan[x] 48\/Sln ] Tan[x] 6+/Sin[x] Tan[x]  128+/Cos[x] ~/Sin[x] Tan[x] 128+/Cos[x] ~/Sin[x

] Tan[x]
Result (type 5, 63 leaves):

1 2 4 6 2\ 3/4 3 3 7 2 s
- ——Csc[x] |-5+57Csc[x]“-84Csc[x]"+32Csc[x]°+5 (—Cot[x] ) Hyper‘geometr‘1c2F1[— —, —, Csc[x] ] Sec[x] VSin[x] Tan[x]
192 4 4 4
Problem 341: Result more than twice size of optimal antiderivative.
J(Sin[x] +Tan[x])4dlx
Optimal (type 3, 55leaves, 18 steps):
61 x . 19 . 1 3 s 4Sin[x]3 Tan[x]3
- ——-2ArcTanh[Sin[x]] + — Cos [x] Sin[x] + —Cos[x]>Sin[x] - ———— +5Tan[x] + 2 Sec[x] Tan[x] +
8 8 4 3 3

Result (type 3, 129 leaves):
1

——Sec[x]3® |[-72Cos [X] (61x—16 Log[Cos[i] —Sin[iH +16 Log[Cos[i] +Sin[iH) -
768 2 2 2 2
24 Cos [3 x] (61x—16Log[Cos[§] —Sin[i]] +16 Log[Cos[i] +Sin[§”] +
2 2 2 2

1395Sin[x] +672Sin[2 x] +1265Sin[3 x] +129Sin[5x] +32Sin[6 x] + 3 Sin[7 Xx]

Problem 343: Result more than twice size of optimal antiderivative.

Sin[x] + Tan[x])?%dx
J( [X] [x])

Optimal (type 3, 25leaves, 9steps):
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—§+2Ar‘cTanh[Sin[x]] -2Sin[x] - 1Cos[x} Sin[x] + Tan[Xx]
2 2

Result (type 3, 60 leaves):
-2 - 2tog[cos| ] -sin[7]] +2Log[cos[ ] sin[2]] - 2sinix) - sect sin3x) + S
2 2 2 2 2 8 8

Problem 351: Result unnecessarily involves imaginary or complex numbers.

A+ CSin[x]
J( dx

bCos[x] +cSin[x])?

Optimal (type 3, 116 leaves, 4 steps):
AAI"CTanh[CCOS x]-bSin[x ]
A/ b2+c? bC-AcCos[x] +AbSin[x] c?2CCos[x] -bcCSin[x]

— + —

2 (b2 +c?)? 2 (b2+c?) (bCos[x] +cSin[x])® (b2+c?)? (bCos[x] +cSin[x])

Result (type 3, 132leaves):

-c+bTan| X
2Ab+/b?+c? Ar‘cTanh[—u] (bCos [x] +cSin[x1)2+ (b*+c*) (-AbcCos[x] +Ab*Sin[x] +2c*CSin[x]?+bC (b+cSin[2x])) /
Vb2 42

(Zb (b-ic)?(b+ic)? (bCos[x] +cSin[x}>2)

Problem 354: Result unnecessarily involves imaginary or complex numbers.

A + B Cos [X]
J dx
(bCos[x] +csSin(x])?

Optimal (type 3, 116 leaves, 4 steps):
A ArcTanh [ cCos[x]-bSin[x

\/ bZic? Bc+AcCos[x] —~AbSin[x] bBcCos[x] -b2BSin[x]
2 (b2+c2>3/2 2 (b2 +c?) (bCos[x] +cSin[x])2 (b2+c2)2 (bCos[x] +cSin[x])

Result (type 3, 118leaves):

-c+bTan|*
2A/b%+c? Ar‘cTanh{—u} (b Cos [x] +cSin[x])2+ (b*+c?) (-AcCos[x] -BcCos[2x] +b (A+2BCos[x]) Sin[x])
Vb2+c?

(2 (b-ic)? (b+ic)? (bCos(x] +cSin[x1)2)

/
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Problem 355: Result unnecessarily involves imaginary or complex numbers.

J(«/bZJrcz +bCos[d+ex] +cSin[d+ex]

Optimal (type 3, 246 leaves, 6 steps):

4
dx

35 (02 c?)2x - 35¢ (b2 +c?)*?Cos[d+ex] . 35b (b2 +c?)*?sin[d+ex]

8 8e 8e
35 (b?+c?) (cCos[d+ex] -bSin[d+ex]) (m+bCos[d+ex] +cSin[d+ex})
24 e
7b2+c? (cCos[d+ex] -bsSin[d+ex]) (W+b€os[d+ex]+cSin[d+ex})2
12e

(cCos[d+ex] -bsSin[d+ex]) (m+bCos[d+ex] +cSin[d+ex] ’

4e

Result (type 3, 238 leaves):
1 420 (b2+c2>2 (d+ex) -672 (b-ic) (b+ic)cy/b?+c? Cos[d+ex]-336bc (b?+c?) Cos[2 (d+ex) ]|+
96 e

32c (-3b%+c?) A/b?+c? Cos|[3 (d+ex)| -12bc (b>-c?) Cos|[4 (d+ex)]| +672b (b-1ic) (b+1ic)/b%>+c? Sin[d+ex] +
(

168 (b* - c*) Sin[2 (d+ex) | +32b (b?-3c?) \/b?+c? Sin[3 (d+ex)| +3 (b*-6b’c?+c*) Sin[4 (d+eX) |

Problem 356: Result unnecessarily involves imaginary or complex numbers.

J(«/b2+c2 +bCos[d+ex] +cSin[d+ex]

Optimal (type 3, 178 leaves, 5steps):

3
dx

5 (b2+c2)3/2x_ 5c (b?+c?) Cos[d+ex] . 5b (b?+c?) Sin[d+ex]

2 2e 2e )
5vb?+c? (cCos[d+ex] -bSin[d+ex]) (\/b2+c2 +bCos[d+ex] +cSin[d+ex]
6e .
(cCos[d+ex] -bSin[d+ex]) (\/b2+c2 +bCos[d+ex] +cSin[d+ex] 2
3e

Result (type 3, 163 leaves):



4.7 Miscellaneous.nb | 369

—— |30 (b-ic) (b+ic)+/b>+c® (d+ex)-45c (b*+c*) Cos[d+ex] -18bc~/b*+c? Cos |2 (d+ex)} +

12 e

c(-3b%+c?) Cos|[3 (d+ex)| +45b (b2+c?) Sin[d+ex] +9 (b2-c?) /b?>+c? Sin|[2 (d+ex) | +b (b?-3c?) Sin|3 (d+ex
(

Problem 361: Result more than twice size of optimal antiderivative.

1

J(\/bZJrc2 b Cos[d + e x] JrcSin[dJrex])3

dx

Optimal (type 3, 191 leaves, 3 steps):

cCos[d+ex] -bSin[d +ex]

5b2+c? e (\/b2+c2 +bCos[d+ex] +cSin[d+ex})3

2 (cCos[d+ex] -bSin[d+ex]) 2 (Cf\/szrC2 Sin[d+ex])

15 (b2 +c?) e (\/W+bCos[d+ex] +cSin[d+ex})2 15¢ (b*+c?) e (cCos[d+ex] -bSin[d+ex]|

Result (type 3, 420leaves):
1

120 ¢ (b2+c?) e (cCos[d+ex] -bSin[d+ex])®
(—76b4c—152b2c3—76c5+90bc(b2+c2)3/2Cos[d+ex]+20c(—b4+c4) Cos[2 (d+ex) ]| +10b%c+/b?+c? Cos[3 (d+ex)] +
18bc3+/b Cos[3 (d+ex)| -4b*c+/b Cos[5 (d+ex) | +4bc?/b?+c? Cos[5 (d+ex)| +10b*+/b?+c? Sin[d+ex] +

110 b2 c2 4/ b? Sin[d+ex] +100 c*+/b Sin[d+ex] -40b>c?Sin[2 (d+ex)| -48bc*Sin[2 (d+ex) | -5b*+/b?+c? Sin[3 (d+ex)] +
c*+/b Sln[3 d+ex) +b4\/ Sln d+ex]—6b2c2\/b2+c2 Sin[S(d+ex”+c4\/b2+c2 Sin[S(dJrexH

Problem 362: Result more than twice size of optimal antiderivative.

1
J\(\/b2+c2 b Cos[d+ex] +cSin[d+ex])4

dx

Optimal (type 3, 259 leaves, 4 steps):
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cCos[d+ex] -bSin[d+ex] 3 (cCos[d+ex] -bSin[d+ex])

7/b2 4 c2 e(\/b2+c2 +bCos[d+ex] +cSin[d+ex})4 35 (b +c2 e(\/b2+c2 +bCos[d+ex] JrcSin[dJrex])3

2(cCos[d+ex]—bSin[d+ex]) Z(C—WSm d+ex])

35 (b2+c2)*%e (\/b2+c2 +b Cos d+ex}+cSin[d+ex])2 35¢ (b2+c?)*?e (cCos[d+ex] -bSin[d+ex])

Result (type 3, 533 leaves):
1

1120 ¢ (b2 +c2) e (-cCos[d+ex] +bSin[d+ex])’

(832b“c\/b2+c2 +1664b2c>+/b%+c? +832c5+/b?+c? -1190bc (b2+c2)2Cos[d+ex] +448 cA\[b? + * (b*-c*) Cos[2 (d+ex)] -

112b°cCos[3 (d+ex) | +56b>c®Cos[3 (d+ex)]| +168bc°Cos|[3 (d+ex)] +28b°cCos[5 (d+ex)]|-28bc®Cos[5 (d+ex)]| -

5
6b°cCos[7 (d+ex) | +20b>c>Cos[7 (d+ex) | -6bc®Cos|[7 (d+ex)]|-35b°Sin[d+ex] -1295b*c®>Sin[d+ex] - 2485b? c*Sin[d+ex] -
1225 c®Sin[d +ex] + 896 b c?~/b?+ c? Sin[2 (d+ex)] +896bc*+/b?+c? Sin[2 (d+ex)] +21b°Sin[3 (d+ex)] -

189b* c?Sin |3 (d+ex) ] -161b*c*Sin[3 (d+ex)] +49c®Sin[3 (d+ex) ] -7b°Sin[5 (d+ex) ]| +35b*c?>Sin[5 (d+eXx) | +

35b%c*sin|5 (d+ex)] -7c®sin|5 (d+ex)] +b®sin[7 (d+ex)] -15b*c?Sin[7 (d+ex>] +15b? c¢* Sin[7 (d+ex)] -c®sin[7 (d+ex”

Problem 366: Result more than twice size of optimal antiderivative.

1
J2a+2aCos[d+ex] +2cSin[d+ex]

dx

Optimal (type 3, 25leaves, 2 steps):
Log[a+cTan[§ (d+ex)]]

2ce

Result (type 3, 57 leaves):

1

2

_Log[Cos[% (d+ex)]] ) Log[aCos[% (d+ex) ] +cSin[% (d+ex)]]

Problem 369: Result more than twice size of optimal antiderivative.
1

dx
J(2a+2aCos[d+ex1 +2cSin[d+ex])?

Optimal (type 3, 207 leaves, 5 steps):



a(5a?+3¢%) Log[a+cTan[i (d+ex)]] cCos[d+ex] -aSin[d+ex]
— +

32c’e 48c2e (a+aCos[d+ex] +cSin[d+ex])>
5 (acCos[d+ex]-a?Sin[d+ex]) c (15a*+4c?) Cos[d+ex] -a (15a%+4c?) Sin[d + e ]
96 c*e (a+aCos[d+ex] +cSin[d+ex])? 96c®e (a+aCos[d+ex] +cSin[d+ex])

Result (type 3, 492 leaves):
1

Cos[~ (d+ex)] |aCos[~ (d+ex)]|+cSin|

N R

(d+ex”)

N |
N =

384c’e (a+aCos[d+ex] +cSin[d+ex])*

aCos[l (d+ex)] +cSin[l (d+ex)]

192(5a3+3ac2)Cos[1(d+ex)]3Log[Cos[§(d+ex)H A A

2

192 (5a%+3ac?) Cos| (d+ex)]3Log[aCos[

N |

(d+ex)] +csin|

N R

(d+ex)]] lacCos|

N |

1
2

1c (156a°c+130a*c*+24ac®>+3ac (25a*+25a°c*-4c*) Cos[d+ex] -6 (25a°c+15a*c®+4ac®) Cos[2 (d+eX) ]| -

a

75a°cCos[3 (d+ex)|-35a*c’Cos[3 (d+ex)] -4ac°Cos[3 (d+ex)]| +150a°Sin[d+ex] +255a*c?Sin[d+ex] +
1293’ c*sin[d+ex] +12c®Sin[d+ex] +120a°Sin[2 (d+ex) | +72a*c*Sin[2 (d+ex) | +36a*c*Sin[2 (d+ex)] +

3

(d+ex)] +csin|

30a°Sin(3 (d+ex) | -37a*c?sin[3 (d+ex)| -27a*c*Sin[3 (d+ex)| -4c®Sin[3 (d+ex)])

Problem 370: Result more than twice size of optimal antiderivative.

1
J2a+2aCos[d+ex] +2aSin[d +eXx]

dx

Optimal (type 3, 23 leaves, 2 steps):
Log[1+Tan[§ (d+ex)]]

2ae

Result (type 3, 50leaves):

Log[Cos{1 (d+ex)H Log{Cos[1 (d+ex)}+sin{1 (d+ex)H
- +

2 2 2

e e

2a

Problem 378: Result more than twice size of optimal antiderivative.

1

dx
J(2a—2aCos[d+ex} +2cSin[d+ex])?

N |
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+
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Optimal (type 3, 75leaves, 4 steps):

aLog[a+cCot[§<d+ex)H cCos[d+ex] +aSin[d+ex]

4c3e 4c’e (a-aCos[d+ex] +cSin[d+ex])

Result (type 3, 229 leaves):

1
- Sin[
4c’e (a-aCos[d+ex] +cSin[d+ex])?

(d+ex)] [cCos]|

N |
N |

o1
(d+ex)] +a51n[g (d+ex)]

(Cos [d+ex]

a2+2c272a2Log[Sin[§ (d+ex)]] +2a2Log[cCos[§ (d+ex)] +aSin[§ (d+ex)H) +

a (a [—1+2Log[sin[§ (d+ex)]] —2Log[cCos[§ (d+ex)] +aSin[§ (d+ex>]]) +

c [1+2Log[sin[§ (d+ex)]] —2Log[cCos[§ (d+ex)] +aSin[§ <d+ex)H) Sin[d+ e x]

Problem 379: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

1
J dx
(2a-2aCos[d+ex] +2cSin[d+ex])3

Optimal (type 3, 134 leaves, 4 steps):

(3a%+c?) Log[a+cCot[§(d+ex)H cCos[d+ex] +aSin[d+ex] 3 (acCos[d+ex] +a’Sin[d+ex])
- - +
16c5e 16c?e (a-aCos[d+ex] +cSin[d+ex])? 16c*e (a-aCos[d+ex] +cSin[d+ex])
Result (type 3, 350 leaves):
1 .ol 1 .1
Sin[~ (d+ex)| [cCos[= (d+ex) ]| +asSin[~ (d+eX) |
8c5e<a—aCos[d+ex1+cSin[d+ex])3 2 2 2

{cz (-ia+c) (ia+c) Sin[% (d+ex)}2—6a (a%+c?) Sin[% (d+ex)]3 (cCos{% (d+ex)] +aSin[§ (d+ex)]

2

c? (cCos[l (d+ex)] +aSin[l (d+ex) ]| +4(3a%+c?) Log[Sin[l (d+ex)]] Sin[l (d+ex)]2 cCos[1 (d+ex)] +aSin[1 (d+ex)]

2 2 2 2 2 2
1 o1 o1 2 1 " 2
4 (3a%+c?) Log[cCos[~ (d+ex)]|+asSin[~ (d+ex)]|]Sin[= (d+ex) ]| |cCos[~ (d+ex)]|+asSin[= (d+ex)]|| +
2 2 2 2 2
1 .1 z .
3ac(cCos[;(d+ex)]+a51n[g<d+ex)] Sin[d+ e x]

2
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Problem 380: Result more than twice size of optimal antiderivative.
1

dx
J(2a—2aCos[d+ex} +2cSin[d+ex])?

Optimal (type 3, 207 leaves, 5steps):

a(sa’+3¢c?) Log[a+cCot[§ (d+ex]]] cCos[d+ex] +aSin[d+ex]

- +

32c7e 48 c?e (a-aCos[d+ex] +cSin[d+ex])?
5(acCos[d+ex] +a*Sin[d+ex]) c(15a%2+4c?) Cos[d+ex] +a (15a%+4c?) Sin[d +ex]
96 c*e (a-aCos[d+ex] +cSin[d+ex])2 96c®e (a-aCos[d+ex] +cSin[d+ex])

Result (type 3, 494 leaves):
1

1 1 1
Sin[—(d+ex)] cCos[—(d+ex)]+aSin[—(d+ex”
384c’e (a-aCos[d+ex] +cSin[d+ex])* 2 2 2

150a%+130a* c2+24a2c*-225a°Cos[d+ex] -255a*c?Cos[d+ex] -42a’c*Cos[d+ex] -24c®Cos[d+ex] +

90a6Cos[2 (d+ex)] +174a4c2Cos[2 (d+ex” —15a6Cos[3 (d+ex)] —49a4c2Cos[3 (d+ex)] +18a2c4Cos[3 <d+ex)] +

3

8c®Cos[3 (d+ex)|-192 (5a°+3ac?) Log[Sin[l (d+ex)]] Sin[1 (d+ex)]3 (cCos[l (d+ex)] +aSin[1 (d+ex)]| «+
2 2 2 2

192 (5a*+3ac?) Log[cCos[i (d+ex)] +aSin[§ (d+ex)]] Sin[i (d+ex)]3 cCos[% (d+ex)] +aSin[§ (d+ex)] 3+

75a°cSin[d+ex] +75a*c>Sin[d+ex] -12ac®Sin[d+ex] -60a°cSin[2 (d+ex)] -156a*c?Sin[2 (d+ex)] -

12ac®sin|2 (d+ex” +15a°cSin|3 (d+ex)] +79a%c*sin|3 <d+ex)] +20ac”sin|3 (d+ex”

Problem 384: Result more than twice size of optimal antiderivative.

1
J2a+2bCos[d+ex] +2aSin[d +eXx]

dx

Optimal (type 3, 33 leaves, 2 steps):

Log[a+bCot[ S+ 2+ X]]

2be

Result (type 3, 93 leaves):
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1

2

Log[Cos[i (d+ex) ] +Sin[§ (d+ex)]] Log[aCos[% (d+ex)] +bCos[% (d+ex) ] +aSin[% (d+ex) ] —bSin[i (d+ex)]]

be be

Problem 387: Result more than twice size of optimal antiderivative.

1
J dx
(2a+2bCos[d+ex] +2aSin[d+ex])*

Optimal (type 3, 215leaves, 5 steps):

a (5a2+3b2> Log[a+bCot[§+f+eij aCos[d+ex] -bSin[d+ex]

- +

32b’e 48b2e(a+bCos[d+ex}JraSin[dJrex])3
5 (a?Cos[d+ex] -absSin[d+ex]) a(15a2+4b?) Cos[d+ex] -b (15a%+4b?) Sin[d + e x]
96b*e (a+bCos[d+ex] +aSin[d+ex])? 96b°e (a+bCos[d+ex] +aSin[d+ex])

Result (type 3, 632leaves):
1 s 1 1 s 1 1
S -12a (5a%+3b?) Log[Cos[2 (d+ex)] +Sln[2 (d+ex)]]+12a (5a%+3b?) Log[ (a+b) Cos[2 (d+ex) ]+ (a-b) Sln[2 (d+ex)]]+
(b (150a°+130a*b*+242°b*-3a> (25a*-50a’b+5a’b®>-30ab>+4b?) Cos[d+ex] -6a° (15a*+20a*b+9a*b”>+2ab’-2b*
Cos[2 (d+ex)| +15a°Cos |3 (d+ex) | -30a°bCos[3 (d+ex)]|-41a*b?Cos |3 (d+ex)]-38a’b>Cos[3 (d+ex)] -
12a?b*Cos[3 (d+ex)| -8ab®Cos[3 (d+ex)| +225a°Sin[d+ex] +75a°bSin[d+ex] +180a*b?Sin[d+ex] +15a’b>Sin[d+ex] +
27a’b*sin[d+ex] +12ab’Sin[d+ex] +12b®Sin[d+ex] -66a°Sin[2 (d+ex)| +120a°bSin[2 (d+ex)] +54a*b>Sin[2 (d+ex) | +
1022’ b’Sin[2 (d+ex)| +6a*b*Sin[2 (d+ex)]| +6ab>Sin[2 (d+ex)] -15a°Sin[3 (d+ex)] -45a°bSin[3 (d+eX) | -

4a*b?sin[3 (d+ex) | +3a’b’Sin[3 (d+ex)] +15a’b*Sin[3 (d+ex) | +4ab®Sin[3 (d+ex) | +4b®sSin|3 (d+ex)]))/

)

[(a+b) (Cos[1 (d+ex)] +Sin[1 (d+ex)]

2 . 3((a+b) Cos[ 2 (d+ex)] + (a=b) sin[: (dvex)]

2 2

Problem 391: Result more than twice size of optimal antiderivative.

1
J2a+2bCos[d+ex] -2aSin[d+ex]

dx

Optimal (type 3, 33 leaves, 2 steps):

Log[a+bTan[g+f+%]]

2be

Result (type 3, 96 leaves):
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_Log[Cos[% (d+ex) ] —Sin[i (d+ex)]] ) Log[aCos[i (d+ex) ] +bCos[i (d+ex) ] —aSin[i (d+ex)] +bSin[§ (d+ex)]]

2be 2be

Problem 394: Result more than twice size of optimal antiderivative.
1

dx
J(2a+2bCos[d+ex} -2asin[d+ex])*

Optimal (type 3, 215leaves, 5steps):

_a(5a2+3b2) Log[a+bTan[%+f+%H+ aCos[d+ex] +bSin[d+ex] )

32b’e 48b%e (a+bCos[d+ex] -aSin[d+ex])’
5 (a?Cos[d+ex] +abSin[d+ex]) a (15a*+4b?) Cos[d+ex] +b (15a%+4b?) Sin[d + e ]
+
96 b*e (a+bCos[d+ex] —aSin[d+ex])2 96b°e (a+bCos[d+ex] -aSin[d+ex])

Result (type 3, 636 leaves):

. 12a (5a%+3b?) Log[Cos[i (d+ex)] 7Sin[§ (d+ex)]]-12a (5a%+3b?) Log[ (a+b) Cos[i (d+ex) ]+ (-a+b) Sin[i (dvex)]]+

(b (-150a°-130a*b*-24a°b*+3a* (25a*-50a’b+5a°b*-30ab’+4b*) Cos[d+ex] +6a° (15a*+20a*b+9a’b*+2ab’>-2b*)
Cos[2 (d+ex)] -15a°Cos[3 (d+ex)]| +30a°bCos[3 (d+ex)] +41a*b’Cos[3 (d+ex)] +38a’b’Cos[3 (d+ex)] +
12a’b*Cos[3 (d+ex)| +8ab®Cos[3 (d+ex) | +225a°Sin[d+ex] +75a°bSin[d+ex] +180a*b>Sin[d+ex] +15a’b>Sin[d+ex] +
27a’b*Sin[d+ex] +12ab°Sin[d+ex] +12b®Sin[d+ex] -662a°Sin[2 (d+ex)| +120a°bSin[2 (d+ex)] +54a*b?Sin[2 (d+ex) | +
102a°b>Sin[2 (d+ex)| +6a?b*Sin[2 (d+ex)]| +6ab>Sin[2 (d+ex)] -15a°Sin[3 (d+ex)] -45a°bSin[3 (d+eX)]| -

4a*b?sin(3 (d+ex)| +3a’b’Sin[3 (d+ex)] +15a?b*Sin[3 (d+ex)] +4absin[3 (d+ex)| +4b°Sin|[3 (d+ex)]))/

oo o ]

N |

(d+ex)] —Sin[% (d+ex)})3 ((a+b) Cos |

N |

(d+ex)]+ (-a+b) Sin[i (d+ex)]

Problem 402: Result more than twice size of optimal antiderivative.
1

J dx
(a+bCos[d+ex] +cSin[d+ex])*

Optimal (type 3, 292 leaves, 6 steps):
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1
a(2a%+3 (b2+c?)) Ar‘cTan[H(afb) Ten| (drex | ]

Ja2 b2 cCos[d+ex] -bSin[d+ex]
(a2-b?-c2)"?e +3 (a2-b*-c?) e (a+bCos[d+ex] +cSin[d+ex])> i
5(acCos[d+ex] -absin[d+ex]) c(11a2+4 (b2+c?)) Cos[d+ex] -b (11a%+4 (b?+c?)) Sin[d+ex]
6 (aszzfcz)ze (a+bCos[d+ex] +cSin[d+ex})2+ 6 (aszzfcz)ae (a+bCos[d+ex] +cSin[d+ex])

Result (type 3, 606 leaves):
24a (2a%2+3 (b?+c?)) ArcTanh [ ct(@b) Tan| 3 drex)| ]

1 ) -a?+b2+c? 1

.
24 e (-a2+b2+c?)7? b(-a?+b?+c?)’ (a+bCos[d+ex] +cSin[d+ex])>

(44a°c+82a’b*c+24ab*c+82a’c*+48ab’c®+24ac®+30a’bc (2a°+3 (b>+c?)) Cos[d+ex] -
6ac (-2b*+2b’>c?+4c*+a? (7b?+11c?)) Cos[2 (d+ex) | -22a?b*>cCos[3 (d+ex)| -8b>cCos[3 (d+ex)|-22a’bc?Cos[3 (d+eX) |-
16 b> c>Cos[3 (d+ex)| -8bc®Cos[3 (d+ex)| +72a*b?Sin[d+ex] -9a?b*Sin[d+ex] +12b°Sin[d+ex] +132a*c?Sin[d+ex] +
72a?b?c?Sin[d+ex] +36b* c?Sin[d+ex] +81a’*c*Sin[d+ex] +36b?c*Sin[d+ex] +12c®Sin[d+ex] +54a° b’ Sin|2 (d+ex” +
6ab>Sin[2 (d+ex) | +78a’bc?Sin[2 (d+ex)| +48ab’>c?Sin[2 (d+ex) | +42abc*Sin[2 (d+ex)|+11a’b*Sin[3 (d+ex)] +

4bfsin|3 (d+ex” +4b*c?sin|3 <d+ex)] -11a?c*sin|3 <d+ex)] -4b%*c*sin|3 (d+ex)] -4c®sin|3 (d+ex)])

Problem 403: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

J(2+3Cos[d+ex] +5Sin[d+ex])>?dx

Optimal (type 4, 185leaves, 7 steps):
7962 +/34 EllipticE[ (d+ex-ArcTan[2]), 2 (17-/34 |] 64EllipticF[L (d+ex-ArcTan[2]], 2 (17-+/34 )]

4 _
2+34 e

32 (5Cos[d+ex] -3Sin[d+ex]) v2+3Cos[d+ex] +5Sin[d + e x] 2 (5Cos[d+ex] -3Sin[d+ex]) (2+3Cos[d+ex] +55in[d+ex])3/2

15e 5e

15e

Result (type 6, 536 leaves):
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1 : 796 44 a4 16 .
~\/2+3Cos[d+ex] +5Sin[d+ex] |—— - —Cos[d+ex] -6Cos|2 (d+ex”+f51n[d+ex]—f51n[2(d+ex” +
e 25 3 5 5
1 34 1 1 1 3 2+V34 sin[d+ex+ArcTan[2]] 2++/34 sin[d+ex+ArcTan[2]]
——1276 | ———— AppellF1[=, =, =, =, - R >—]
15e 2 2 2 2
17 +/34 N Pl /127] Y
3 3 1+Sin[d+ex+ArcTan[2]] 3 1
Sec[d+ex+ArcTan[=]] [1-Sin[d+ex+ArcTan|[=]] |- > 2++/34 Sin[d+ex+ArcTan| =] +
5 5 ~17 +/34 5 75e
1 1 1 1 1 2+4/34 Cos[d+ex—Ar'cTan[5H 2++/34 Cos[d+ex—Ar'cTan[5H
13532 |- | |5 —(17+\/34)AppellFl[——,——,——, i i 2]
34 2 2 2 2
Vel P —J N

\I 1+Cos[d+ex—Ar‘cTan[§H

. 5 5
Sln[d+ex—Ar‘cTan[fH / 17\/1Cos[d+exAr‘cTan[H
-17 ++/ 34

3 3

5Sin [d+e Xx-ArcTan [ %] w

% (2+\/34 Cos[d+ex—Ar‘cTan[§H) -

\/2+\/34 Cos[d+ex—Ar‘cTan[EH - ==
3
\/2+\/34 Cos[d+ex—Ar‘cTan[§H

Problem 404: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

J(2+3Cos[d+ex] +5Sin[d+ex])*?dx

Optimal (type 4, 139 leaves, 6 steps):



378 | 4.7 Miscellaneous.nb

16/2++/34 EllipticE[l (d+ex-ArcTan[2]], 2 (17-+/34 ]

3e

+

20E11ipticF[% (d+ex—Ar‘cTan[§”, i (17— \/34)} 2 (5Cos[d+ex] -3Sin[d+ex]) V2+3Cos[d+ex] +5Sin[d +e x]

2+V34 e 3e
Result (type 6, 512 leaves):

(%—%Cos[d+ex] +ZSin[d+ex]) v2+3Cos[d+ex] +5Sin[d + e X] 1

+ —

e 3e
34 1 1 1 3 2+4/34 Sin[d+ex+Ar‘cTan[3H 2+4/34 Sin[d+ex+Ar‘cTan[iH
46 | ———— AppellF1[=, =, =, =, - =, - =]
2 2 2 2
17 ++/34 N 12_7J Va1 |2
3 3 1+Sin[d+ex+Ar‘cTanPH 3 1
Sec[d+ex+Ar‘cTan[—H 1—Sin[d+ex+Ar‘cTan[—H - > 2+/34 Sin[d+ex+ArcTan[—H +
5 5 _17 ++/34 5 15e
1 1 1 1 1 2+V34 Cos[d+ex-ArcTan[2]] 2++/34 Cos[d+ex-ArcTan[>]]
272 |- | |5 | = (17+/34 ) AppellFi[-=, -, -, =, - 2, - ]
34 2 2 2 2

2
1- |2
17

V34

\I 1+Cos[d+ex—Ar‘cTan[§H

-17++/ 34

, 5 5
Sln{d+ex—Ar‘cTan[;H / 17J1—Cos[d+ex—Ar‘cTan[;H

5Sin {d+e Xx-ArcTan [ ﬂ w

2 (2++/34 Cos[d+ex-ArcTan[2]]) -

\/2+x/34 Cos[d+efor‘cTan[§H - V34
J2+\/34 Cos[d+ex—Ar‘cTan[§H
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Problem 405: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

J\/2+3Cos[d+ex] +5Sin[d+ex] dx

Optimal (type 4, 45leaves, 2 steps):
2+/2++/34 EllipticE[} (d+ex-ArcTan[2]), 2 (17-+/34 ]

e

Result (type 6, 326 leaves):
1

15e [2++/34 Cos[d+ex—Ar'cTan[§]] \/Sin[d+exArcTan[§H2

1 1 1 1 V34 +17Cos[d+ex—Ar‘cTan[5H \/ 34 +17Cos[d+ex—Ar‘cTan[5H 5
~15+/30 AppellF1[-=, - =, - =, =, =R | sin[d+ex -ArcTan|[=]] +
2 2 2 2 ~17 ++/34 17 ++/34 3

[75Cos[d+ex] +45Sin[d + e x] +

1 1 1 3 V34 +17Sin[d+ex+ArcTan[2]] /34 +17Sin[d+ex+ArcTan[2]] 3.,
5 5
2+/30 AppellFl[—, =, =, =, s | |cos[d+ex+ArcTan[ =] ]
2 2 2 2 ~17++/34 17 ++/34 5

\/2+\/34 Cos[d+ex—Ar‘cTan[EH Sec[d+ex+Ar‘cTan[EH \/2+\/34 Sin[d+ex+Ar‘cTan[zH
3 5 5

\/Sin[d+exAr‘cTan[§H2]

Problem 406: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

1

dx

J\/2+3Cos[d+ex1 +5Sin[d+ex]

Optimal (type 4, 45leaves, 2 steps):
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2 EllipticF |2 (d+ex-ArcTan[2]], 2 (17-+/34 )]

2+\/34 e
Result (type 6, 128 leaves):

1 2 1 1 1
= | = AppellF1|—, =, =,
e\l 15 2 2 2

\/Cos[d+ex+Ar‘cTan[3]]2 Sec[d+ex+Ar‘cTan[i]] \/2+\/34 Sin[d+ex+Ar‘cTan[EH
5 5

v 34 +17Sin[d+ex+Ar‘cTanEH 34 +17Sin[d+ex+Ar‘cTan[§]]

-17 ++/ 34 17 ++/ 34

N W

5

Problem 407: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

1

dx
J(2+3Cos[d+ex] +5Sin[d+ex])??

Optimal (type 4, 94 leaves, 3 steps):

. . 1 5 2
\J2++/34 EllipticE[ (d+ex-ArcTan[2]), 2 (17-+/34 ] 5Cos(d+ex] -3Sin[d+ex]
15e 15e+/2+3Cos[d+ex] +5Sin[d + e x]

Result (type 6, 528 leaves):
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A 34 2 (5+17Sin[d+
v2+3Cos[d+ex] +5Sin[d + e x] (_E o <z+3c(()s[mel:]ls:iﬂ[)mex])) 1
e 15 e
34 1 1 1 3 2+/34sin[d+ex+ArcTan[2]|] 2++/34 Sin[d+ex+ArcTan|2]]
AppellFl[_: T T T T 2 >~ 2 }
2 2 2 2
17 ++/34 N /i] Va1 |2
3 3 1+Sin[d+ex+Ar‘cTan[3H 3 1
Sec[d+ex+Ar‘cTan[—H 1—Sin[d+ex+Ar‘cTan[—H - > 2++34 Sin[d+ex+ArcTan[—H -—
5 5 _17 ++/34 5 75 e
1 1 1 1 1 2+V/34 Cos[d+ex-ArcTan[?]] 2++/34 Cos[d+ex-ArcTan|>]]
17 || |5 | = (1734 ] AppellF1[-=, - =, ==, =, - —, - :
34 2 2 2 2
V34 |1- 127] V34 |-1- [ 2

1+Cos[d+ex—Ar‘cTan[§H

-17 ++/ 34

. 5 5
Sln{d+ex—Ar‘cTan[;H / 17J1—Cos[d+ex—Ar‘cTan[;H -

5Sin {d+e Xx-ArcTan [ ﬂ w

i (2+\/34 Cos[d+efor‘cTan[§]]> -

\/2+x/34 Cos[d+efor‘cTan[§H - V34
\/2+\/34 Cos[d+ex—ArcTan[§H

Problem 408: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

1

dx
J(2+3Cos[d+ex] +5$in[d+ex])5/2

Optimal (type 4, 187 leaves, 7 steps):
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4+/2++/34 EllipticE[} (d+ex-ArcTan[2]], 2 (17-+/34|] EllipticF[1 (d+ex-ArcTan[3]], 2 (17-+/34 ]

. _
675
¢ 45+/2++/34 e
5Cos[d+ex] -3Sin[d+ex] 4 (5Cos[d+ex] -3Sin[d+ex])

+

45e (2+3Cos[d+ex] +55‘in[d+ex})3/2 675e~/2+3Cos[d+ex] +5Sin[d+e x]

Result (type 6, 564 leaves):

\/2+3Cos[d+ex] 15Sin[d+ex] ( 136 -115-136 Sin[d+e x] . 2 (5+17Sin[d+e x]) )
10125 2025 (2+3 Cos[d+e x]+5Sin[d+ex]) 135 (2+3 Cos[d+e x] +5Sin[d+e x])? . 1
e 675 e
17 1 1 1 3 2++34 Sin[d+ex+Ar‘cTan[%H 2++34 Sin[d+ex+Ar‘cTan[%H
23 | — AppellFl[;, Tl , - ]
2 (17+\/34 )
V34 [1- | ] V34 |-1- |2
17 17
3 3 1+Sin[d+ex+Ar‘cTanEH 3 1
Sec[d+ex+ArcTan| =|| [1-Sin[d+ex+ArcTan[=]] |- 2++/34 sin[d+ex+ArcTan[=|]| +
5 5 _17 ++/34 5 3375 e

2+14/34 Cos[d+ex—Ar‘cTan[§H 2+4/34 Cos[d+ex—Ar‘cTan[§H}
» - y —
V37 |1 ] N IR

34

68 | - 5\/1 (17+ /34 AppellFl[—l, oL
2 2

17 17

\I 1+Cos[d+ex—Ar‘cTanEH

~17 + /34

. 5 5
Sln{d+ex—Ar‘cTan[;H / 17J1—Cos[d+ex—Ar‘cTan[3H

3 (24 \/ﬁCos[d +ex—Ar'cTan[5H ~ 55in{d+ex—Ar‘cTan[§H
\/2+\/34 Cos[d+ex—Ar‘cTan[EH _17( 3 ) Ners
3

\/2+\/34 Cos[d+efor'cTan[§H
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Problem 409: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

1

dx
J(2+3Cos[d+ex] +5Sin[d+ex])’"?

Optimal (type 4, 233 leaves, 8steps):
199+/2++/34 EllipticE[% [d+ex-ArcTan[2]), 2 (17-+/34 || 8ELlipticF[} (d+ex-ArcTan[2]], 2 (17-+/34 |]

1012
o1230e 33751/ 2+V34 e

5Cos[d+ex] -3Sin[d+eXx] 8 (5Cos[d+ex] -3Sin[d+ex]) 199 (5Cos[d+ex] -3Sin[d+ex])

. _
75e (2+3Cos[d+ex] +5Sin[d+ex])*? 3375e (2+3Cos[d+ex] +5Sin[d+ex])*? 101250e+/2+3Cos[d+ex] +55in[d+ex]

Result (type 6, 598 leaves):
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1 -
“/2+3Cos[d+ex] +5Sin[d + e X]
e
3383 -305-272Sin[d + e X] 2 (5+17sin[d+ex]) 1595 + 3383 Sin[d + e X]
- + + +
759375 10125 (2+3Cos[d+ex] +5Sin[d+ex])? 225 (2+3Cos[d+ex] +5Sin[d+ex])? 151875 (2+3Cos[d+ex]+5Sin[d+ex])

2++34 Sin[d+ex+Ar‘cTan[§H 2++34 Sin[d+ex+Ar‘cTan[§H

1 17 1 1 1 3
319 AppellFl[f, Ty T Ty T -
50625 e 2 2 2 2
2 (17++/34 | sl 127] V32 |-1- 127]
3 3 1+Sin[d+ex+Ar‘cTanPH 3 1
Sec[d+ex+Ar'cTan[fH 1—Sin[d+ex+Ar‘cTan[fH - 2 2++34 Sin[d+ex+Ar‘cTan[fH -—
5 5 _17 ++/34 5 506 250 e
1 1 1 1 1 2+V34 Cos[d+ex-ArcTan[?]] 2+/34 Cos[d+ex-ArcTan|2]]
3383 |- | [5 [ = (174434 ) AppellFi[-=, -, -7, =, - —, - ]
34 2 2 2 2
V34 |1- ﬁ] V34 |-1- |2

1+Cos[d+ex—Ar‘cTan[§H

Sin[d+ex—Ar‘cTan[EH / 17\/1—Cos[d+ex—Ar~cTan[EH -

3 3 -17 ++/34

5Sin [d+e x-ArcTan [ i—} }

2 2+\/374Cos[d+ex—Ar‘cTan[5H -
\/2+\/374C05[d+exAr‘cTan[5H 717( 3 ) 34

3
\/2+\/34 Cos[d+ex—Ar‘cTan[§H

Problem 410: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

J(a+bCos[d+ex] +cSin[d+ex])>?dx

Optimal (type 4, 347 leaves, 7 steps):
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16 (acCos[d+ex] -abSin[d+ex])/a+bCos[d+ex] +cSin[d+ex]

15e

2 (cCos(d+ex] -bSin[d+ex]) (a+bCos[d+ex] +cSin[d+ex])>?
N

S5e

1 2+ b? 4+ c?
2 (23a%+9 (b?+c?)) EllipticE| ~ (d+ex-ArcTan(b, c]), 7+} vJa+bCos[d+ex] +cSin[d+ex] /

2 a+Vb%2+c?

16a (a2 - b2 - c2) EllipticF[i (d+ex-ArcTan[b, c]), 2:fpec a:bCosldrex] cSinldex]
15 a+bCos[d+ex] +cSin[d+eXx] ay/ b?ec? a/ b?ec?
e —
a+\Vb2+c2 15e+/a+bCos[d+ex] +cSin[d+ex]

Result (type 6, 3767 leaves):

1 -
“+Va+bCos[d+ex] +cSin[d+ex]

e
2b (23a%2+9b%2+9¢?

(238 + . C)—EacCos[d+ex}7EbcCos[2(d+exHJrEabSin[dJrex}Jrl(bzfcz) Sin[2 (d+ex) ||+ 1

15 c¢ 15 5 15 5 s
1+b—2 ce

C

a+ |1+2 csin[d+ex+ArcTan[2]] a+ [1+2 csin[d+ex+ArcTan|2]]
1 1 1 3 ¢ ¢ ¢ ¢ b
2a° AppellFl|—, =, =, =, - , - | sec[d+ex+ArcTan| ]|
2 2 2 2 C
1+% J1-—2 ¢ 1+% |s1- —2 ¢
C C
1+§C 1+:7§C

| 385

b2+c? b%+c? . b b2+c? b%+c? . b
C\/czc C\/Cf Sln[d+ex+Ar‘cTan[;H c\/czC +(:\/C2C Sln[d+ex+Ar‘cTan[;H

b2 + c?

Sin[d+ex+Ar‘cTan[9H

a+c 5
b2+c? ¢ ¢ b2+c?
a+c - —a+c =

a+ [1+2 cSin[d+ex+Ar'cTan[9]] a+ |1+% cSin[d+ex+Ar‘cTan[QH
5 1 1 1 3 c? c c? c

34 ab? AppellF1| -, 25 o , - ]

1
2
/ b
15 1+CZ ce 1+% 1- a c 1+% -1- 2 C
‘ o ‘ 1+§C
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c [BE _c [ sin[d+ex+ArcTan[2]]
b C C C
Sec|[d+ex+ArcTan|[—]]

c 2 2
a+c |
CZ

chz:;z Jrc\/bzc*zC2 Sin[d+ex+Ar‘cTan[gH 1
4

b2 + 2

Sin[d+ex+Ar'cTan[EH

a+c
C2 ¢ 2 2 2
—a+c | e 15 [1+% e
C C
a+ [1+2 csin[d+ex+ArcTan[®]] a+ [1+2 csin[d+ex+ArcTan[2]] A
1 1 1 3 C C C C
34acAppellFl|[ =, =, =, =, - , - | Sec[d+ex+ArcTan| ]|
2 2 2 (@
1+% [1- 2 c 1+% |21- —2 c
C C
1+Lc 1+Lc

b2+c? b%+c? . b b2+c? b%+c? . b
c\/czc c\/czc Sln[d+ex+Ar‘cTan[;H b2 s 2 c\/czc +c\/c2° Sln[d+ex+Ar'cTan[;H

Sin[d+ex+Ar‘cTan[9H

2
b2+c? ¢ ¢ b2+c?
a+C C—Z -a+cC C—z
a+b l1+£—§Cos[d+ex—Ar‘cTan{§H a+b /1+E—iCos[d+ex—Ar‘cTan[§H
23a2b? |- cAppellFl[—l,—l,—l, l,— , - ]
15ce 2 2 2 2
b [1+S |1-—2— b [1+€ |-1-—=2
b2 b2
b 1+i b 1+i
b2 b2




Sin[d+ex—Ar‘cTan[§H
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b\/bz*zCZ Cos[d+ex-ArcTan| €] ]
b b b2 + c?
a+b | —

b2
b2+c?

a+b v

2b [a+b 1+;—§ Cos {d+e x-ArcTan {H ]] csin {d+e < ArcTan { q w
h

b%+c?

Cos[d+ex—ArcTan[EH

5ce

Cos{d+ex—Ar‘cTan[§H

b bzb*—zcz+b lbzb*—zcz Cos[d+ex-ArcTan[ =] ] b 12
- +
b b%+c?
-at b? a+b 1+% Cos[d+ex—Ar‘cTan[5H
N b b
a+b 1+iCos[d+ex—Ar‘cTan[5H a+b 1+iCos[d+ex—Ar'cTan[9H
1 1 1 b? b b2 b
3b* |- cAppellFl[—f,—f,—f, -, - , - ]
2 2 2 2
b N b 2
b [1+5 b [1+<
b2 b2
b |2 _p @Cos[dJrex—Ar‘cTan{QH
) c c? b? b b b2 + c2
Sln{d+ex—Ar‘cTan[EH / b |1 b_2 a+ "

b b2b+_2c2 +b lb:—fz Cos[d+ex-ArcTan[ =] ]

2,2
_a+b | b2ic?
bz

a+b bzb+72c2
2b {a+b 1+;—§ Cos [d+e x-ArcTan { H ]] csin {d+e «_ArcTan { q w
h

b2+c?

\/a+b 1+% Cos[d+ex-ArcTan[¢]]
N b b

15e
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2 1 1
23a%c |- cAppellFl[fg, -, -

2

Sin[d+ex—Ar‘cTan[§H

N | R

) )

N =

b [1+< |1-
bZ

bJE
o

brec? beZb*zcz Cos[d+ex—Ar‘cTan[§H

b2+c? b2+c2
bﬁ+b\/?Cos[d+ex—Ar‘cTan[EH

2 2
—a+b bf+c?
bZ

2 1 1
6bc |- cAppellFl[ff, -y -
2 2

Sin[d+ex—ArcTan[§H

11 a+b 1+§ Cos[d+ex—Ar‘cTan[§H a+b\/€€os[d+exArcTan[;H

2

20 {a+b v 1+§ Cos{d+e x—Ar‘cTan{H ] ] cSin {d+e forcTan{i} }
b

a+b

b%+c?
b2

a+b l1+;—2 Cos[d+efor'cTan[§H a+b l1+;—§ Cos[d+efor‘cTan[§]]
bl
b /1+§—§ 1o

]

b 1+b7
b2+C2 C
a+b Cos[d+ex—ArcTan[fH
b2 b

b%+c?

CZ
b 1+b—2

\/a+b 1+ ¢ Cos[d+ex—Ar‘cTan[§H

b2

+ —

E )

2

/b 1+

)

b [1+% |1- = b /1+ <
b2 N bZ
b [1+<
s
b [P _p | b Cos[d+ex-ArcTan| €] ]
CZ b2 b2 b

b2

a+b

b2ic?
b2

a+b

b2 + c?

bZ

Cos[d+ex—Ar‘cTan[§H



3¢3

b [P L p [P (cos [d +ex-ArcTan [ 9} ]
b2 \ b2 b
b2+c?
-a+b | e

2b [a+b 1+;—§ Cos[d+ex—Ar‘cTan{Z—H] cSin{d+e for'cTan[c—H
h

b2+c? N
b [1+°

'

\/a+b l1+g—z Cos[d+ex—Ar‘cTan[§]]
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- a+b /1+;—z Cos[d+ex—Ar‘cTan[§H a+b l1+;—z Cos[d+ex—Ar‘cTan[§H]

1 1
cAppellFl[- =, - =, - =, =, -
2

b [1+< |1-
bZ

)
a c? a
b [1+= |-1-
2 bz 2
b [1+< b [1+S
\ b2 b

b2ic?

b2

Cos[d+efor'cTan[§H

b?+c?
b J e
a+b

b2 + 2

Sin[d+eforcTan[EH

b lbzgizcz +b lbzb*ifz Cos[d+ex—ArcTan[§H

2,2
_a+b [ Bt
bZ

bz
2,2
a+b [ B
bZ

2b [a+b 1+;—z Cos[d+ex—Ar~cTan[EH} cSin{d+e x-ArcTan{C—H
h

b2+c? B N
b 1+;72
\/a+b 11+;—§ Cos[d+efor'cTan[§]]

Cos[d+eforcTan[§]]

Problem 411: Result unnecessarily involves higher level functions and more than twice size of optimal

antiderivative.

J(a+bCos[d+ex] +cSin[d+ex])>?dx

Optimal (type 4, 283 leaves, 6 steps):
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2 (cCos[d+ex} —bSin[d+ex]) va+bCos[d+ex] +cSin[d+ex]
- +

3e

8aEllipticE[§ (d+ex-ArcTan(b, c]), 5@} va+bCos[d+ex] +cSin[d+ex]

a+/ b2+c?

3e \/ a+b Cos[d+e x]+cSin[d+e x]

a++/ b%+c?

2 (a®-b? - c?) EllipticF[ (d+ex-ArcTan(b, c]), 2:/et.c? ] J asb Cos [d+ex] +c Sin[drex]

a+/ b2+c? a+/ b2+c?

3e/a+bCos[d+ex] +cSin[d+eX]

Result (type 6, 2190 leaves):

(%—%cCos[d+ex}+§bsin[d+ex])\/a+bCos[d+ex]+cSin[d+ex1 1
+
e 2
1+lc’—2 ce
a+ /1+% cSin[d+ex+Ar‘cTan[9H a-+ l1+% cSin[d+ex+Ar‘cTan[9H
1 1 1 3 c ¢ c ¢ b
2a2AppellF1[f, = =, 5, - , - } Sec[d+ex+Ar‘cTan[fH
2 2 2 2 C
1+2 J1-—2—1¢ 1+2 |i1-—2 ¢
c ) c
1+':7C 1+% ¢

c\/bzc—zC2 —chzc*—fz Sin[d+ex+Ar‘cTan[%H C\/bzc—zC2 +chZ:—fz Sin[d+ex+Ar‘cTan[%H

C
2,2 2,2
a+c b%+c _a+c b%+c
\| 2 \ c?

a+ /1+‘c’% cSin[d+ex+Ar‘cTan[fH a+ l1+';’% cSin{d+ex+Ar‘cTan[%H

———————2b?AppellF1| s z, - s - ]

)

N |

w

=

+
n‘c‘
N~

(@]

m

N |

=
n‘c’
~
=
|

©
o]
=
n‘o‘
~

|
=
|

©
0
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c L*ZCZ -c | L*Zcz Sin[d+ex+ArcTan| g] ]
C C C
Sec|[d+ex+ArcTan|[—]]
C
a+cC L;CZ

b2 5 b chz:;z Jrc\/bzc*zC2 Sin[d+ex+Ar‘cTan[gH 1
£e Sin[d+ex+Ar'cTan[fH +

c? ¢ b b?
-a+cC T 3 1+C—ze
a+ [1+2 csin[d+ex+ArcTan[®]] a+ [1+2 cSin[d+ex+ArcTan[2]]
3 C c C C b
- | sec[d+ex+ArcTan| ]|

1 1 1
2cAppellFi[ =, =, =, =, - s
2 2 C

a+cC

C\/w c\/bz*zc2 Sin[d+ex+Ar‘cTan[9H c\/bz*zcz +c\/bz*2c2 Sin[d+ex+Ar‘cTan[9H
c [ b2+C2 b C c [
Sin[d+ex+Ar‘cTan[fH

a+c -
c c
2 2 2 2
a+c | _asc |0
2 Cz

C

- a+b /1+E—z Cos[d+ex—Ar‘cTan[§H a+b /1+E—z Cos[d+ex—Ar‘cTan[§H}

, 101
4ab?|-||cAppellFl[-—, - =, - =, —, - > -
3ce 2 2 2 2

b [1+S [1-—2— b [1+€ |-1-—2
b? b2

2

>
+ < b [1+—
bZ
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Sin[d+ex—Ar‘cTan[§H

b2+2 b2+2
e b\/bzc Cos[d+ex-ArcTan[ ] ]

a+b

b2 + c? c
—_— Cos[d+ex—Ar'cTan[fH
b2+c? bz b

a+b v

b2+c? b24c2
b\/§+b\/§cOs[d+ex—Ar‘cTan[ﬁH

2b [a+b 1+;—§ Cos {d+e x-ArcTan {H ]] csin {d+e < ArcTan { q w
h
b2+c? - 2
b 1+E; 1

2,2
_a+b [ B2
bz

\/a+b 1+< Cos[d+ex-ArcTan[<]]
\ T b b

a+b /1+:Tz Cos[d+ex—Ar‘cTan[§H a+b l1+;—z Cos[d+ex—Ar'cTan[ﬁ]]

dac |-

) )

1 1
c AppellF1l [— —y = -
2 2

N |
N |

Sin{d+ex—Ar‘cTan[EH

= ]

_b\/bzk;CZ Cos[d+ex-ArcTan[ =] ] b2 + c2

Cos{d+ex—Ar‘cTan[§H

2
b%+c? b
a+b | ——
bZ

b b2b+_2c2 +b lb:—fz Cos[d+ex-ArcTan[ =] ]

2b {a+b 1+;—§ Cos [d+e x-ArcTan { H ]] csin {d+e «_ArcTan { q w
h

b2+c?

2, -2
_a+b | b2ec?
bz

\/a+b 1+% Cos[d+ex-ArcTan[¢]]
N b b
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Problem 412: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

J\/a+bCos[d+ex] +cSin[d+ex] dx

Optimal (type 4, 108 leaves, 2 steps):

2E11ipticEE (d+ex-ArcTan(b, c]), @} vJa+bCos[d+ex] +cSin[d+ex]

a+/ b%+c?
e a+b Cos[d+e x]+cSin[d+e Xx]
a+4/ b2+c?
Result (type 6, 1408 leaves):
2b+/a+bCos[d+ex] +cSin[d+eXx] 1
+
ce R
1+b—2 ce
C
a-+ 1+ 2 cSin[d+ex+Ar‘cTan[9H a+ 1+ 2 cSin[d+ex+Ar‘cTan[9H
11 1 3 < c c c b
2aAppellF1[;, —, g, ;, - y - ] Sec[d+ex+Ar‘cTan[fH
C
[1+8 12 c 1482 |1 —2 c
c 2 c 2
1+t:7 C 1+% c

c\/bzc*—zCz —chzc*—fz Sin[d+ex+Ar‘cTan[%H o2 o2 ) c\/bzc*—zcz +chZC*ZCZ Sin[d+ex+Ar‘cTan[%H

a+c | ——— Sin[d+ex+ArcTan| ]|

2 2 CZ C 2 2
a+c bfrc? _a+c bf+c?
c? c?

bZ

) - ]

b/1+;—§ 1. —=2 b 1+;—§ 1o —2

)

1 1 a+b 1+;% Cos[d+ex—Ar‘cTan[§H a+b 1+iCos[d+ex—Ar‘cTan[§H
—b? |- | |cAppellF1[-—, - = s -
ce 2 2

)

N |
N |

b 1+i b 1+i
bZ
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R b\/bzb*zCZ b\/bzb*zCZ Cos[d+ex-ArcTan[ ] ] oL 2
Sin[d+ex—Ar‘cTan[£H / b 1+i a+b iCos[d+ex—Ar‘cTan[£H

b b? ., b2 b
a+b —bl;c

2b [a+b 1+;—§ Cos{d+e x-ArcTan {H ]] csin {d+e x—Ar‘cTan{c—w w
_ b
b bzt:_zcz +b lbzb*—zcz Cos[d+ex-ArcTan[ =] ] bec? b 1.2

_a+b b%+c? ,
b2 a+b |1+ Cos[d+ex-ArcTan[<]]
\f b b

o |-

. a+b l1+;% Cos[d+ex—Ar‘cTan[§H a+b /1+;—§ Cos[d+ex—Ar‘cTan[§H

y > ]

2
b [1+S |1-—2 b [1+¢ |-1- 2
b2 . b2 ;
b |1+ b 1+,C,T

1 1
c|-||cAppellF1[-—, - =, -
2 2

N |

B b\/bzb*zC2 —b\/bzb*zCZ Cos[d+ex-ArcTan[ =] ]

. C b2+C2
Sln{d+ex—Ar‘cTan[EH / b [1+— a+b

b? [ b2
bZJr 2
a+b TZC

2b |ab [1+S cos [d+e x-ArcTan { c—} ] . N
b? b csSin {d+e x-ArcTan { ﬂ w
b b2b+_2c2 +b lb:—fz Cos[d+ex-ArcTan[ =] ] bsc? b 1.2

_a+b b2ic? ,
b2 a+b [1+% Cos[d+ex-ArcTan|[<]]
N b b

Cos{d+ex—Ar‘cTan[§H
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Problem 413: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

1

dx

J\/a+bCos[d+ex} +cSin[d+ex]

Optimal (type 4, 108 leaves, 2 steps):

2 EllipticF [ (d+ex-ArcTan(b, c]), 2/pec J a:bCos[drex]rcsinldrex]

a+v/ b%+c? a+v/ b%+c?

eva+bCos[d+ex] +cSin[d+ex]

a+ l1+i’—z cSin[d+ex+Ar‘cTan[%H a+ /1+lc’—z cSin[d+ex+Ar‘cTan[?H
)

B }Sec[d+ex+Ar‘cTan[EH
c

Result (type 6, 285 leaves):

2 AppellF1]|

)

N |

N |
N|l—\
-
N W

b? b2 b?
1+7 ce a- |[1+% ¢ a+ [1+% ¢
C C C

)

C

1+lc’% c(—1+Sin[d+ex+Ar‘cTan[gH) l1+t§ c(1+Sin[d+ex+Ar‘cTan[%H) b2
_ a+ 1+72 cSin[d+ex+Ar‘cTan[
C

b? b?
a+ [1+75 ¢ -a+ |1+ = C
c c?

Problem 414: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

1

dx
J(a+bCos[d+ex] +cSin(d+ex])??

Optimal (type 4, 186 leaves, 3 steps):

2EllipticE[i (d+ex-ArcTan(b, c]), 2,/ bPrc? | Va+bCos[d+ex] +cSin[d+ex]

a+/ b?+c?

2 (cCos[d+ex] -bsSin[d+ex])

+

(aZ_bZ_cz) e\/a+bCos[d+EX] +cSin[d+ex] (azib27c2> e\/a+bCos{

d+e x]+c Sin[d+e x]

a+v/ b%+c?

Result (type 6, 1540 leaves):
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. 2 (p’+c?) 2 (ac+b?Sin[d+ex]+c?Sin[d+ex])
\/a +bCos[d+ex] +cSin[d+ex] bc (-a2+b?+c?) b (-a?+b?+c?) (a+bCos[d+ex]+cSin[d+ex]) )
e
, @t [1+% csin[d+ex+ArcTan[2]] a+_ [1+2 cSin[d+ex+ArcTan|2]]
1 1 1 C C C C
2aAppellFl[~, =, =, =, - , - ]

2 2 2 2

1+2 J1-—2—|¢ 1+% |o1-—2— ¢

c c 2
1+b C 1+2; C

b2 + c?

chz:z c\/bzc*zCz Sin[d+ex+Ar‘cTan[%H

Sec[d+ex+Ar‘cTan[EH Sin[d+ex+Ar‘cTan[EH

a+c
2
C C c
2 2
a+c [
C
2. .2 2.2 .
c [ B ¢ b;Csln[d+ex+Ar‘cTan[§H
c? c? c b2 1
/ 1+—c(7a2+b2+c2)e -
c? c(-a%+b?+c?)e
b2+c?
—a+c | S
C

a+b 1+iCos[d+eforcTan[5H a+b 1+iCos[d+efor*cTan[9]]
1 1 1 1 b? b b2 b
b2 |- cAppellFl[f—,f—,f—, — - > ]
2 2 2 2
b [1+S |1-—2— b [1+< |[-1- —2
b2 ; b2 -
b [1+S b [1+S
b? P

et bezb;cz Cos[d+ex—Ar‘cTan[§H

2, A2
a+b [ 2=
bZ

b2 + c?

b2

a+b

Sin[d+ex—Ar‘cTan[§H Cos[d+ex—Ar‘cTan[§H
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2b |asb |1+ Cos[d+ex—Ar‘cTan{c—H ) .
b b cSln{d+e for'cTan[;H
b 7b2b+2c2 +b | bzb+72c2 Cos [d +eXx-ArcTan [ ﬂ ] b?+c? ) 1+$ .

. (-a?+b?+c?)e
_a+b [ B )
\[ v \/a+b 1+¢ Cos[d+ex-ArcTan|¢]]
AT b b

a+b 11+;—§ Cos[d+ex—Ar‘cTan[§H a+b /1+;—§ Cos[d+ex—Ar‘cTan[§H

1 1
c|-||cAppellF1[-—=, - =, - , - , - ]
2

2
b [1+S [1-—2 b |1+< |[-1-—2
b2 b?
b 1+i b 1+i
b b

3

N |
N |

bJM bJﬂ Cos[d+ex-ArcTan[<]]
c 2 b b b b2+ c?
Sin[d+eforcTan[EH / b [1+— axb

b2 b?
a+b_| _b2b+2c2

2b|asb [1+5 Cos[d+efor~cTan[5H . .
b? b cSin {d+e x-ArcTan { ﬂ }
b lbzb*izcz +b lbzb*ifz Cos[d+ex-ArcTan[ ]| brec? b 1.2

o2 /
—a+b b?c \/a+b 1+% Cos[d+ex-ArcTan| €]
b b

Cos[d+eforcTan[§]]

Problem 415: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

1

J(a+bCos[d+ex] +cSin[d+ex])®?
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Optimal (type 4, 382 leaves, 7 steps):
2 (cCos[d+ex] -bsSin[d+ex]) 8 (acCos[d+ex] -absSin[d+ex])

+ +
3 (a2-b?-c?) e (a+bCos[d+ex] +cSin[d+ex})3/2 3 (a27b27c2)2e\/a+bCos[d+exJ +cSin[d+ex]

8aEllipticE[% (d+ex-ArcTan(b, c]), 5@} va+bCos[d+ex] +cSin[d+ex]

a+/ b%+c?

3 (az _ bz _ cz)z e \/ a+b Cos[d+e x]+cSin[d+e x]

a+/ b%+c?

2 EllipticF [% (d+ex-ArcTan[b, c]), 2:fpect 2rbCos[drex]rcSinld-ex]

a+/ b%+c? a+4/ b%+c?

3 (a?-b?-c?) eva+bCos[d+ex] +cSin[d+ex]

Result (type 6, 2408 leaves):

1 -
“a+bCos[d+ex] +cSin[d+eX]
e

8a (b?+c?) 2 (ac+b*sin[d+ex] +c?Sin[d+ex]) 2 (3a%c+b?c+c*+4ab?sSin[d+ex] +4ac?Sin[d+ex])
+ - +

3bc (az—bz—cz)2 3b (-a?+b?+c?) (a+bCos[d+ex] +cSin[d+ex])2 3b (—a2+b2+c2)2 (a+bCos[d+ex] +cSin[d+ex])

a+ l1+'§ cSin[d+ex+Ar‘cTan[gH a+ l1+§ cSin[d+ex+Ar‘cTan[%H

- - ]

2 2
1+2 1.2 c 1+% |1 —2 c
C b2 C b2
1+— ¢ 1+ ¢
2 c?

chzc*—;z —c\/bzc*—zc2 Sin[d+ex+Ar‘cTan[%H

Sec[d+ex+Ar‘cTan[EH a+c

c 2 2
a+c bf+c®
cZ

) 1 1 1
2a AppellFl[f, —,

N
N
N W

b2 + c?

Sin|d +ex+Ar‘cTan[EH
c? C
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c\/bzc*zcz +c\/bzc*;2 Sin[d+ex+Ar‘cTan[%H

—a+c /bzc*izcz
, 2 l1+t’—§ cSin[d+ex+Ar‘cTan[%H a+ l1+g—§ cSin[d+ex+Ar‘cTan[gH

, 11 1
2b% AppellFl[ =, =, =, =, - a ]
272 2 2

b2 -
1_'__2 1_# Cc 1+ = -1- a C

c b2 b?
1+CTC 1+CTC

b2 + c?

C\/bzc*zcz _c\/bzc*zcz Sin[d+ex+Ar‘cTan[%H

Sec[d+ex+ArcTan[EH arc

C 2, .2
a+c b%+c
2

b24ic2 b24+c2? . b
C\/czc +C\/c; Sln[d+ex+Ar‘cTan[zH

Sin|d +ex+Ar‘cTan[EH
c? c

a+ l1+kc’—§ cSin[d+ex+Ar‘cTan[%H a+ /1+tc’—z cSin[d+ex+Ar‘cTan[%H

- - ]

) 2
N PR TR T
c b2 b?
1+CTC 1+CTC

3

1 1
2 c AppellFi[ =, =,
2 2

N | =
N W
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e [ g e [

Sec[d+ex+Ar‘cTan[EH a+c 7Sin[d+ex+Ar‘cTan[E]]

2
C C C
2,2
a+c b%+c
2

c\/% +CJ% sin[d+ex+Ar‘cTan[EH
C c c b2
/ 3 |1+ — (7a2+b2+c2)2e +

be c? 3c(-a?+b?+c? Ze
—avc |

a+b /1+% Cos[d+ex-ArcTan| ]| a+b l1+% Cos[d+ex-ArcTan| ¢ ]
1 1 1 1 b b b b
4ab? |- cAppellFl[f—,f—,——, — - > }
2 2 2 2
b |1 ;—2 1- a, b |1 ;_2 1. az
b [1+< b [1+5
b? b2
. 2 b\/bzb*zc2 bezb;cz Cos[d+ex—Ar‘cTan[iH b2+ 2 .
Sin[d+ex—Ar‘cTan[EH / b |1+ — a+b Cos[d+ex—Ar‘cTan[fH

2 2
° a+b_| Pic? ° °
bZ

2b|ab [1+5 Cos{d+e for-cTan{iH . .
b? b csin {d+e x-ArcTan [ ﬂ w
b bzb*izcz +b ,% Cos[d+ex-ArcTan[ =] ] bec? b 1.2 .

2.2 3(—a2+b2+c2)2e
-a+b b%ic? 2
b? a+b [1+% Cos[d+ex—Ar‘cTan[9H
A/ b b




4ac

a+b /1+;—§ Cos[d+eforcTan[§H a+b l1+;—z Cos[d+efor'cTan[§]]
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) )

1 1
cAppellF1[-—, - =, -
2

N |
N |

2
b |1+ [1-
bZ

b2ic?

b2

]

b2

b\/w Cos[d+ex—Ar‘cTan[9H
b b2+C2
a+b

g |

Sin[d+ex—Ar‘cTan[§H

b2.c2 b2 2
b [ 25 +b [ *5= Cos[d+ex-ArcTan|]]

2,2
_a+b [ B
b2

bz
a+b | bz;—zcz
2b [a+b | 1+:—z Cos [d+e x-ArcTan { ﬂ ] ] csin {d+e ArcTan { i} }
h

b2+c? N
b 1+:17
\/a+b 11+;—z Cos[d+efor~cTan[§]]

Cos[d+ex—ArcTan[§H

Problem 416: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

1

J(a+bCos[d+ex] +cSin[d+ex])’"?

Optimal (type 4, 490 leaves, 8 steps):
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2 (cCos[d+ex] -bSin[d+ex]) 16 (acCos[d+ex] -abSin[d+ex])

N
5 (a2-b?-c?)e(a+bCos[d+ex] +cSin[d+ex])>? 15 (a2-b?-c?)’e (a+bCos[d+ex] +cSin[d+ex])??

1 2/b? 4+ c?
2 (23a%+9 (b?+c?)) EllipticE[ ~ (d +ex-ArcTan[b, c]), 7+} Ja+bCos[d+ex] +cSin[d+ex] /
2 a+Vb?+c?
16aEllipticF[§ (d+ex-ArcTan[b, c]), 2fvec | [ 2:beosldrexizcsinidrex]
15( 2 2 2>3 a+bCos[d+ex] +cSin[d+eXx] as/ b2ec? as/ b2ec?
a-b2-c?)’e -
a+VbZic? 15 (az—bz—cz)ze\/aerCos[dJrex} +cSin[d+ex]

2 (c(23a%2+9 (b?+c?)) Cos[d+ex] -b (23a2+9 (b?+c?)) Sin[d+ex])

15 (az—bz—c2)3e\/a+bCos[d+ex] +cSin[d+ex]

Result (type 6, 4116 leaves):

1 2 (b?+c?) (23a2+9b%+9c?)
“+a+bCos[d+ex] +cSin[d+ex] |- +
e 15bc(—az+b2+c2)3
2 (ac+b?sin[d+ex] +c*Sin[d+ex]) 2 (5a%c+3b?c+3c3+8ab?Sin[d+ex] +8ac?Sin[d+ex])
- +
5b (-a%+b?+c?) (a+bCos[d+ex}+cSin[d+ex])3 15b(—a2+b2+c2>2<a+bCos[d+ex}+cSin[d+ex])2

(2 (15a*c+17ab’c+17ac®+23a’b?Sin[d+ex] +9b*Sin[d+ex] +23a*c*>Sin[d+ex] +18b>c*Sin[d + e X] +9c4Sin[d+ex])>/

(15b (faz+b2+c2)3 (a+bCos[d+ex] +cSin[d+ex]))] -

a+ 1+icsin[d+ex+Ar‘cTan[2H a+ 1+ﬁcsin[d+ex+ArcTan[gH
1 1 1 3 c? c c? c
2a3AppellF1[;, ;, ;, E; - > ]
1+% J1-—2—|c 1+% 1o —2 ¢
C C
1+§c 1+l§c

b24c2? b24c2 . b
c:\/czc c\/czc Sln[d+ex+Ar‘cTan[;H

Sec[d+ex+Ar‘cTan[EH a+c
c

b2+c2 b
Sln[d +ex+Ar‘cTan[*H
b2+c? CZ ¢

CZ

a+cC
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c\/bzc*zcz +c\/bzc*;2 Sin[d+ex+Ar‘cTan[%H

—a+c /bzc*izcz
a+ l1+g—§ cSin[d+ex+Ar‘cTan[gH a+ /1+'z—§ cSin[d+ex+Ar‘cTan[%H

- ) - ]

142 1. —2 ¢ 1+% |-1- —2—c

> 2
C b2 c b2
1+ = c 1+ @ c

C\/bzc*zcz _c\/bzc*zcz Sin[d+ex+Ar‘cTan[%H

Sec[d+ex+ArcTan[EH arc

C 2, .2
a+c b%+c
2

b24ic2 b24+c2? . b
C\/czc +C\/c; Sln[d+ex+Ar‘cTan[zH

3

1 1
34 ab? AppellF1[—, —,
2 2

N |
N | W

b2 + c?

Sin|d +ex+Ar‘cTan[EH
c? c

_a+c bZC+ZC
L1105 2 /1+2—chin[d+ex+Ar‘cTan[%H a+ /1+tc’—z cSin[d+ex+Ar‘cTan[%H
34acAppellFl[—, =, =, =, - s - }
2 2 2 2
b2 b
1+% J1- =2 c e |- c
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b%+c? b%+c? . b
C\/—z c\/—2 Sln[d+ex+Ar‘cTan[—H
b < c < b2 + c? b
Sec[d+ex+Ar‘cTan[fH a+c _— Sin[d+ex+Ar‘cTan[fH

2
C C C
2,2
a+c b%+c
2

c\/bzc*—zcz +chzc*—2°2 Sin[d+ex+Ar‘cTan[gH

2,2
_a+c | b
CZ

b? 2 2 2\3 1
/ 15 |1+ — (—a +b +C> el -
c? 15 ¢ (—a2+b2+c2)3e

. a+b /1+;—§ Cos[d+efor‘cTan[§H a+b l1+;—§ Cos[d+eforcTan[§H

.‘2)7 - ]

b [1+S |1-—2 b |1+< |-1-—2
b2 ; b2

23 32 b2 1 1
a‘b® |- | |cAppellF1|-—, - —
2 2

)

1
2

b 1+i
e

R b\/bzb*zc2 bezb;cz Cos[d+ex—Ar‘cTan[iH
Sin[d+ex—Ar‘cTan[EH / b 1+c—

b2 + c? c
a+b | ——— Cos[d+ex-ArcTan| ]|

2 2
° a+b_| Pic? ° °
bZ

2b|ab [1+5 Cos{d+e for-cTan{iH . .
b? b csin {d+e x-ArcTan [ ﬂ w
b bzb*izcz +b ,% Cos[d+ex-ArcTan[ =] ] bec? b [1.2

b2 1

) _5c(—a2+b2+c2)3e
-a+b b%ic? 2
b? a+b [1+% Cos[d+ex—Ar‘cTan[9H
A/ b b
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11 a+b /1+;—§ Cos[d+ex7Ar‘cTan[§H a+b l1+;—2 Cos[d+efor'cTan[§H

3b* |- cAppellFl[—l ot - ]
2) 3 Bl 3 J

2 2 2
b [1+S |1-—2 b |1+< |-1-—2
b? ; b2 —
b [1+< b 1+;7

2,2 24c?
o [ [ oslovenwermis)) [ [ :

C c?
Sin[d+ex—Ar‘cTan[EH / b |1+ — a+b Cos[d+ex—ArcTan[EH

b? b2
a+b | _bl’:zcl

2b |asb |1+ Cos {d+e x-ArcTan { 5} ] . .
b? b c Sln{d+e forcTan{gH
b lbzb*izcz +b l"zb*ifz Cos[d+ex-ArcTan[ ]| brec? b 1.2 .

. 15<—a2+b2+c2)3e
-a+b b%ic? 2
b2 a+b [1+% Cos[d+ex—Ar‘cTan[5H
b b

a+b l1+;—z Cos[d+ex—Ar‘cTan[§H a+b 1+§ Cos[d+ex—Ar‘cTan[ﬁH

= = ]

)

2 1 1
23a%c |- cAppellFl[f—J =
2 2

N R
N R

5 b\/bzb*zCz bezb*Zcz Cos[d+efor‘cTan[§H b\ 2
Sin[d+ex—ArcTan[£H / b 1+i a+b iCos[dJrex—Ar‘cTan[EH

b b? s b2 b
a+b —bl;c
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b bzb*izcz +b lb%cz Cos[d+ex—Ar‘cTan[§H

2 2
_a+b bf+c?
b2

5 1 1
6b°c |- cAppellFl[——, -7 T T T~
2

2 2 2

Sin[d+eforcTan[§H

2b {a+b 1+;—§ Cos {d»fe x-ArcTan { Z—} ]J csin {d+e ArcTan [SH
h

b%+c?

2

b_[1+—
b2

\/a+b 1+< Cos[d+ex-ArcTan[<]]
AT e b

- a+b /1+;—z Cos[d+ex—Ar‘cTan[§H a+b /1+;—§ Cos[d+ex—Ar‘cTan[§H

5 (-a?+b?+c?)’e

)
2
- b [1+5 |-1-—2
c? b c?
b [1+— b [1+—

b2 b2

]

brc? Cos[d+efor‘cTan[§H

[51]

b lbzgizcz +b lbzb*ifz Cos[d+ex—Ar‘cTan
2 2

_a+b bf+c?
b2

b2 + c2
a+b

bz
[z 2
a+b b%+c
b2

2b {a+b 1+% Cos {d+e x-ArcTan [ ﬂ ]] csin {d+e ArcTan { C_} }
b
b?+c? N @
b 1+b7

Cos[d+eforcTan[§H

\/a+b 1+< Cos[d+ex-ArcTan[<]]
\ T b b

5 (7a2+b2+c2)3e
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11 a+b /1+;—§ Cos[d+ex7Ar'cTan[§H a+b l1+;—2 Cos[d+efor'cTan[§H

3| 11 11
3¢ c AppellF1|-—, s =
2

20 272
b |1+< |1-—2 b |1+< |-1-—2
b2 b2
b 1+i b 1+i
b b’

) - ]

bzb*izcz b\/bzb*zcz Cos[d+ex—Ar‘cTan[§H

b2 + c2
a+b

g |

Sin[d+ex—Ar‘cTan[§H

Cos[d+ex—ArcTan[§H

bz
2,2
a+b [ B
bZ

b2+2 b2+2
b [ 25 +b [ *5= Cos[d+ex-ArcTan|]]

2b [a+b | 1+:—z Cos [d+e x-ArcTan { ﬂ ] ] csin {d+e ArcTan { i} }
h

b%+c? N
b [1+S
bZ

2,2
_a+b [ B
b2

\/a+b 11+;—z Cos[d+efor‘cTan[§]]

Problem 420: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

1

dx

J\/5+4Cos[d+ex} +3Sin[d+ex]

Optimal (type 3, 48 leaves, 3 steps):
\/T ArcTanh [ Sin[d+e for‘cTan[H ] ]
5
V2 J1+Cos[d+e x—Ar‘cTan{ﬂ }

e

Result (type 3, 101 leaves):
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2 61 4 31 1 31 4 31 1
(—+—) —+—Ar‘cTan[(—+—] — (—1+3Tan[—(d+ex”
5

1 1
3 Cos| = (d sin[ = (d
5 5 5 5 10 10 4 os[ - (d+ex)]+sin[= (d+ex]]

2 2

]

/

(e\/5+4Cos[d+ex1 +3Sin[d+ex] )

Problem 421: Result unnecessarily involves imaginary or complex numbers.
1

dx
J(5+4Cos[d+ex] +3Sin[d+ex])>?

Optimal (type 3, 96 leaves, 4 steps):

]

ArcTanh [ Sin[d+e forcTan[;H

VT [ 1scos[drex-arcTan[ ] 3Cos[d+ex] -4Sin[d+ex]

10+/10 e 10e (5+4Cos[d+ex] +3Sin[d+ex])*?

Result (type 3, 154 leaves):

3Cos[§ (d+ex)]+sin[= (d+eX) |

N |

350 5)
250 125

Cos[= (d+ex)]|-3sin[~ (d+ex)]

(dvex)]]]

N |

-(1-1)V20+151 Ar‘cTan[(i+£) SN (—1+3Tan[

10 10 5 5

N R
FNQUPN

{(5+101)

3Cos[§ (d+ex)] +Sin[§ (d+ex)]

2
]]/ (e (5+4Cos[d+ex] +35in[d+eX])3/z)]

Problem 422: Result unnecessarily involves imaginary or complex numbers.
1

dx
J(5+4Cos[d+ex] +3Sin[d+ex])*?

Optimal (type 3, 142leaves, 5steps):
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Sin {d+e forcTan[ ] w

3 ArcTanh| . ]
VZ [ 1+cos[drex-arctan 3] 3Cos[d+ex] -4Sin[d+ex] 3 (3Cos[d+ex] -4Sin[d+ex]]
400+/10 e 20e (5+4Cos[d+ex] +3Sin[d+ex])*? 4@@e (5+4Cos[d+ex] +3Sin[d+ex])??
Result (type 3, 180leaves):
1 i 1 1
- ( —— )(3Cos[—(d+ex)]+$in[—(d+ex>])
20000 10000 2 2

4

(d+ex)] (d+ex)]| +(5+101)

]

3 Cos|

3]1) 4. 31 (d+ex)] +sin]

{(6+61) V20 +151 Ar‘cTan[[l+— —+ [—1+3Tan[

10 10 5 5

N |

I
N |

[55COS[§ (d+ex)] +39Cos[§ (d+ex)] —1655in[§ (d+ex)] —27Sin[§ (d+ex)]

]/ (e (5+4Cos[d+ex] +35in[d+ex])5/2)

Problem 427: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
1

dx

J\/5+4Cos[d+ex] +3Sin[d + e x]

Optimal (type 3, 49 leaves, 3 steps):

NP J71+Cos {d+e X*A”CTa"[%H

e

Result (type 3, 99 leaves):

2 61 4 31 1 31 4 31 1
(—+—) ————Ar‘cTanh[(—+—] - [3+Tan[—(d+ex)}
5 5 5 5 106 10 5 5 4

(e\/—5+4Cos[d+ex] +3Sin[d+ex] )

Cos[% (d+ex)] —BSin[i (d+ex)]

]

/

Problem 428: Result unnecessarily involves imaginary or complex numbers.
1

dx
J(—5+4Cos[d+ex] +3Sin[d+ex])>?
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Optimal (type 3, 96 leaves, 4 steps):

ArcTan [ Sin{d+e x—Ar‘cTan{%H ]

V2 [ -1+cos[d-ex-arcTan| 2 | 3Cos[d+ex] -4Sin[d+eX]

+

1010 e 10e (-5+4Cos[d+ex] +3Sin[d+ex])>?

Result (type 3, 152 leaves):

Cos[% (d+ex)] —3Sin[§ (d+ex)]

(150 5]
250 125

[(—1+J’1) mArcTanh[[i+%) \/¥ (3+Ta“[4l (d+ex”)}

(d+ex)]

Cos{% (d+ex” —BSin{% (d+ex)] 2+

(5+101i) [3Cos[~ (d+ex)]|+Sin]

N |
N |

]/ (e (-5+4Cos[d+ex] +3sin[d+ex])3/2)

Problem 429: Result unnecessarily involves imaginary or complex numbers.
1

J(—5+4Cos[d+ex] +3Sin[d+ex])®?

Optimal (type 3, 142leaves, 5steps):

3 ArcTan [ Sin[d+e x—Ar‘cTanB—H }
V2 [ -1+cos[drex-arcTan| || 3Cos[d+ex] -4Sin[d+ex] 3 (3Cos[d+ex] -4Sin[d+ex])
N _
400/10 e 20e (-5+4Cos[d+ex] +3Sin[d+ex])”? 4@0e (-5+4Cos[d+ex] +3Sin[d+ex])>?

Result (type 3, 178 leaves):
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10000 20000

[( r ot )(Cos[%(dﬂ?x)]‘BSin[%(d+ex>])

1 31 4 31 1 1 1 4
(6+61)V-20-151 Ar‘cTanh[(erf] —— = [3+Tan[7(d+ex)] }(Cos{f(d+ex)]—3$in[7<d+ex)] +(10-51)
10 10 5 5 4 2 2
1 3 .1 . 3 . 5/2
(165Cos[7<d+ex)]727C05[7(d+ex)]+55$1n[—(d+ex)]73951n[7(d+ex” /(e(75+4Cos[d+ex]+3Sln[d+ex]) )
2 2 2 2

Problem 430: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

7/2
J(xlb2+c2+bCos[d+ex1+cSin[d+ex]) dx

Optimal (type 3, 258 leaves, 4 steps):

256 (b2+c2)3/2 (cCos[d+ex] -bSin[d+ex]] 64 (b?+c?) (cCos[d+ex]-bSin[d+ex]) \/\/b2+c2 +bCos[d+ex] +cSin[d+ex]
35e

35e\/m+bCos[d+ex]+cSin[d+ex}

24\/W(cCos[d+ex]—bSin[d+ex}) (W+b€os[d+ex] +cSin[d+ex]
35e

2(cCos[d+ex]—bSin[d+ex]) (\/m+bCos[d+ex]+cSin[d+ex}>

7e

)3/2

5/2

Result (type 4, 11888 leaves):

1
—\/b2+c2 \/\/b2+c2 +bCos[d+ex] +cSin[d+eXx]
e

24b (b2 + 2
M—Ecﬂb%rcz Cos[d + e x] —EbcCos[Z (d+ex)] +£b«/b2+c2 Sin[d + e x] +i (b>-c?) sin[2 (d+ex)]

5c 5 5 5 5

+

35c 70 35

88b (b2 +c2)?/?
l\/x/b2+c2+bCos[d+ex]+cSin[d+ex] #—Ec(b2+c2)Cos[d+ex]—ibcﬂb2+c2 Cos[2 (d+ex)] -
e

lc (3b?-c?) Cos[3 (d+eX) | +Eb (b +c?) Sin[d +ex] +i (b*-c?) y/b?+c? Sin[2 (d+ex) ] +Lb (b*-3c?) sin[3 (d+eX) |
14 70 35 14
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. 2 2\2 .. ] (fbfjc+m) (1‘1+Tan[§<d+ex)])
1024b (-ib+c) (b®+c?)® |EllipticF [ArcSin| |- ) 1, 1] -

(—b+ic+\/b2+c2) (—j+Tan[i (d+ex)]

2 EllipticPi[-1, ArcSin|

b-ic+vVb2+c2 | (i+Tan|[t (d+rex
_ ( ) ( [2< H) ], 1] \/w/b2+c2 +bCos[d+ex] +cSin[d+ex]
(—b+1‘1c+\/b2+c2) (—i+Tan[%(d+ex)])

(—b—ic+m) (J‘L+Tan{§(d+ex>]) . .
_(—b+jc+m) (—1'1+Tan[i<d+ex)]) [C+[—b+\/ﬁ]Tan[;(d+eXH

/

(—J‘HTan[i (d+exH)

Vb%2+c? +bCos[d+ex] +cSin[d+ex]
(1+Cos[d+ex])?

2
35 {b+ic—\/b2+c2J (b+1’1c+x/b2+c2

(e

e (1+Cos[d+ex}>\l

(d+ex)]2+\/b2+c2 [1+Tan[

N |

(d+ex)]2)]) +

(d+ex)] -bTan|

N |

N |
N |

(d+ex)]2J [b+2cTan[

1
256 (b2+c2)5/2Jﬂb2+c2 +bCos[d+ex] +cSin[d+eXx]

A/ b%+c? +bCos[d+e x]+c Sin[d+e x]

35ce (1+Cos[d+ex]) \/ s de )2

2 2 2

\/b+xlb2+c2 +2cTan[l (d+ex)] —bTan[1 (d+ex)]2+xlb2+c2 Tan[1 <d+ex)]2

(—b+cTan[§ (d+ex)]

N |
N |

\/[(1+Tan[i(d+ex)]2) [b+2cTan[ (d+eXH—bTa”[ <d+ex)]2+m(1+Tan[i(d+ex)]2)J)]/

2 2

[<b2+c2) (1+Tan[1(d+ex)]2)\/b+2cTan[1<d+ex)]bTan[%(d+ex>}2+x/b2+c2 (1+Tan[§(d+ex”2] ]
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(d+ex)] (d+ex)] -bTan| (d+ex”2+\/b2+c2 Tan|

(e

N |

2 [b+w/b2+C2 +2cTan[

N |

N |

\/[(1+Tan[§ <d+ex)]2

(b+2cTan[l (d+ex)] —bTan{1 (d+ex)]2+x/b2+c2 (1+Tan[— <d+ex)]2

2 2

(d+ex)])
(d+ex)])

N RN e

], 1] +21

c (—ib+c+i\/b2+c2)(i+Tan[
2¢? (—]i— ] -1 EllipticF[ArcSin|
b-+vb2+c2 (ib+c—1’1\/b2+c2)(—i+Tan[

C
]ler_\/m ,Apcsin{ (—1’1b+c+1’1\/b2+c2)(1'1+Tan[§(d+ex>” ,
+ Jib+c—i\/b2+c2)(—1’1+Tan[§(d+ex)”

+Tan[§ (d+ex)]

/[[j_b—\/t;ricz]

J(ib+c+i\/b2+cz)(i+Tan[;(d+EX)]) [_ C
b-Vb2+c?

s i e

[ibecei/broc] [i-Tan[d (drex)]]
8b% | [—b+ic+~/b?+c? | EllipticF|ArcSin »1j-2dc
( ] P : {\I (jb+c—jm>( Tan[;(d+ex)]) }3)
(b+j1c—‘\/b2+c2 —ib+c+1Vb2+c2 1 Tan[l(d+eX)])
EllipticPi[ Ar‘c51n : ]’ 1]
(b C,W Tan[i(dJrex)])

2 (b+xlb2+c2 +2cTan[§ (d+ex) ]+ (—b+\/m) Tan[% (d+ex)]2)J] +

.nb | 413
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. 1 (7jb+c+im) (1+Tan[i(d+ex)” c 1
[71+Tmﬂg<d+ex>] J( brc-ivbZic? | (-i+Tan[L (drex)]] [bv32+é+Tm42<d+eXH ’/

; 2, 2 - 2. 2 |- c ~b-vb2+c2  -b+Vbric?Z
L [
JI[eron (a0 e ) oo Vo actani (o e o [0 o ) ranl g0 e

4b°

~
_

Vb2ic? ) [1+Tan[Lt (d+ex
(—b+ic+x1b2+c2 ] EllipticF[Ar‘cSin[\I ( ) ( [2 ( )

—ib+c+1i~/b?
],1] -2ic
(Jib+C—]i\/b2+C2) (—i+Tan[% (d+ex ])

v

(b+1’1c—\/b2+c2)[j+ £
E1lipticPi| boy/bPc?
[b-ic-oee | (

, ArcSin

(*J'lb+C+Jl\/W) (1’1+Tan[%(d+ex)]) } 1]
(jb+c—j\m) (—1’1+Tan[i(d+ex)])

c
b-+/ b%+c? J

[
[—j+Tan[ (d+ex)] (

N =

(—ib+C+im) (1'1+Tan[
[ib+c-ibTec? ) [-i+Tan]

N RN R

diex)]) { c
b

L L i
\/([1+Tan[ (d+eXH2) (b+\/m+2cTan[ 2]]+
(b*jc*“/bz*chEllipticFUVmSi”[J EijC+ILv**‘?) [1Ten( 9+ )],

ib+c-1

e |,1]-2ic
\/W) (7i+Tan[i (d+ex)])

C

N |
N |

(d+ex)]

(d+ex)] + (—b+w/b2+C2 ) Tan|

4b c?

EllipticPi|

(d+ex)])
(d+ex)])

[> 1]

(b+ic‘vw+c2)[j+bJé;;] e (-ib+c+ivbTec? ) (i+Tan]
e J[ librc ivoroer) |

—11+Tan[

N RN R

(b—iC—\/bZ+C2) s




[—1‘1+Tan[1<d+ex)] ( b c+jm) (11+Tan[i(d ex)” { c )
2 b c—im)( Tan[;(d ex)” b-vVb2+c2

[(b_ic_m)[_b_mm){j_ —

b-+vb%+c?

\/([1+Tan[i (d+ex”2) (b+x/b2+c2 +2cTan[§ (d+ex)] + (—b+«/b2+c2 ) Tan[% <d+ex)]2

7jb+c+im) (J'H

8b%+/b? + c? (—b+ic+w/b2+c2 ] EllipticF[Ar‘cSin[J (

ibrc-ivb2+c? ) [-i+
( )

(b+jc—m) []l+

C J
7/2+z -1b+c+1
cEllipticPi[ by e ,Ar‘cSin[J (
ib+c

(b_ic_m) [-mbw;_cz

[—j+Tan[ (d+ex)]

N =

ib+c-ivVb2+c? | (-i+Tan
( ) |

\I(ib+c+im) (1'1+Tan[%(d+ex)” { c
z b

O e IE
b-+vb?+c? C c
\/([1+Tan[i (d+ex”2) (b+\/m+2cTan[§ (d+ex)] + (—b+ b2+c2)Tan[§ (d ex)]2 ]] -

—jb+c+jm) (Ji+

8 b*~/b? + c? (—b+1’1c+x/b2+c2 ] EllipticF[ArcSin[J (

ib+rc-ivVb2+c? ) [-i+
( )

(b+ic—m) []'H

C J
2, 2 -ib+c+1
c EllipticPi| by b ,Ar‘cSin[J (
ib+c

b—]'].C—\/b2+C2 [—]']_+ c
( ) b-+/ b%+c?
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[7j+Tan[1<d+eX)] (7jb+c+jm) (j+Tan[i(d+eX>” { ¢ +Tan[1<d+ex>] /
2 b+c—jm) (—1'1+Tan[i(d+ex>” b-+b2+c?2 2

S R R v | G e o
\/([1+Tan[

(d+ex”2) (b+x/b2+c2 +2cTan[1(d+ex)]+(—b+«/b2+c2)Tan[1<d+ex)]2
2 2
—ib+c+iVb2+c? ) (i+Tan[L (d+ex
(—b+ic+x/b2+c2 ] EllipticF[Ar‘cSin[J ( ) ( [2 (

N |

IE

~
—
—_

4b (b2+c2)

(ib+c—1‘1\/b2+c2) (—i+Tan[i (d+ex

~
—
—

(b+1’1c—\/b2+c2) [J'l+ £ ] . . _ 1
2,2 *]lb+C+]L\/W 1+ Tan| = d+EX
EllipticPi| bfbect ) Arcsin[J ( ) [ (dvex)]]
b

(b—ic—m) {—Ji+ ( +c—1‘1\/b2+c2)(—1’1+Tan[1(d+ex)]) ’

c
b-+/ b%+c?

. 1 (—ib+C+im) (1'1+Tan[%(d+ex)” c 1
[71+Tan[2 <d+e )] \I(1b+cim) (—11+Tan[i(d+ex)” ( +Ta [2 (d+e >] /

b-+/b2
“b-Vb2+c2  -b+/b2+c?
+

{(b_ic_\/m) [_b_jc+\/m) [i_b_x/:2+c2] . :2 c
\/([1+Tan[i (d+ex”2) (b+\/m+2cTan[§ (d+ex)]+( b+\/ﬁ) Tan[i (d+ex)]2 ]] .
4b® (b2 + ) [(b+ic+«/b2+c2)EllipticF[Ar‘cSin[J Eliiiclg)((i::i E:::m [,1] -2

(b+ic—m) []'H

C
[z ZJ —ib+c+1iVb?+c? i+ Tan
by e ) Ar‘cSin[ ( ) ( [
b+c—jm) (7j+Tan[

c EllipticPi]

b—]'].C—\/b2+C2 [—]']_+ c
( ) b-+/ b%+c?
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—ib+c+1Vb%+c? i+Tan|[t +eX c
[71‘1+Tan[1<d+ex)] ( ° ' ° )( ! [Z(d H) { +Tan[1(d+ex>] /
2 ( b+c—1\/b2+c2)(—1+Tan[i(d+ex>” b-Vb?+c? 2

R I e e L

b-+b2+c?
\/([1+Tan[

(d+ex”2) (b+x/b2+c2 +2cTan|

C C

N |

N |

(d+ex)]+(—b+x/b2+c2)Tan[§<d+ex)]2 ]]+
(7]'lb+C+]‘L\/b2+C2) (j+Tan[i(d+ex)])
8b3||-b+ic-~/b%+c? | EllipticF[ArcSin , 1l -2ic
( ] ’ | [\I (ib+c—im) (—i+Tan[%(d+ex)]) 2]
(b+1’1c+ b2+c2) b /72 3 —ib+c+1iVb?%+c? i+Tan[Y (d+ex
E1lipticPi| [ Pbe ] , Arcsin[J 10 i ) (37 [2 i )}) ], 1]
—ic+Vbp2+c2 i+ c ib+ b? + c? -1+ Tan i d+ex
[prsee /e [-50 e [roremafiet] | rex)]
“ib+c+iVb%+c? 1'1+Tan[i d+ex” c
[—1'1+Tan[§<d+ex)] ( . )( ( ) { +Tan[1(d+ex>] /
(1b+c—1\/b2+c2) (—1+Tan[i(d+ex)” b-+/b2+c? 2
b oI T

o te o) oo ] (1]
\/([1+Tan[

~ib+c+ivVbZ+c? | (i+Tan[L (d+ex
(b+1’1cx/b2+c2]EllipticF[Ar‘cSin[\I ( ) ( [2 ( )]) ,
i

-b- - +c2J

b-+Vb%+c? C c
(d+ex”2) (bJr\/m+2cTan[1 (d+ex)] + (—b+ b2 + c2 ) Tan|
2

N |

4b°

(b+]ic+\/b2+c2) [J'L+

EllipticPi|

C
) —ib+c+1iVb%+c? i+Tan[L (d+ex
b-~/b%+c ,Ar‘csin[ ( )( [2( )])
: %

b-1ic+Vb2+c? [—J’l+ <
( ) oo
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[71‘1+Tan[1<d+ex)] ( b c+i\/b2+c2) (]'HTan[i(d eX)” { c +Tan[1(d ex] /
2 b c—jm)( Tan[;(d ex)” b-~b2+c? 2

e L ===

BNy c ) c
\/([1+Tan[1 (d+ex”2) (b+\/m+2cTat:1[ltZd+ex)] + (—b+\/WJ Tan[l <d+ex)]2 ]] .
2 ) N

4bc? (bHicw/b2+c2]EllipticF[Ar‘cSin[J Eliizc_;z;;)(_(j:::iE:i::;};] 1]—2 C
(b+]‘1c+\/b2+c2) 1+ czz c+iVp2sc2 nlt X
EllipticPi| [ bm] , ArcSin| ( ° ° ) ( e [2 (e )]) |, 1]
(b—ic+m) {_].wa;_cz b+c j\/b2+c2)( Tan[;(d ex)])

[,j+Tan[l<d+ex>] (—jb+c+jm) (1'1+Tan[%(d+ex)” { c +Tan[1<d ex)] /
2 (]'lb+C*]'L\/W) (—11+Tan[i(d ex)” b-+/b2+c? 2

ot fposenfora) i — ] [
\/([1+Tan[

(d+ex”2) (b+xlb2+c2 +2cTan[% (d+ex)]+ (—b+ b2+c2)Tan[§ <d+ex)]2

' o . (—J‘lb+c+1'm/b2+c2) (j+Tan[i(d+ex)])
-b+1ic-+/b%+c? | E1lli t1cF[Ar'c51n[ ,
( ] P J(ib+C1\/b2+C2) (7i+Tan[i(d+ex)])

N |

ab (b2 +c?)

(b+]ic+\/b2+c2) [J'L+

EllipticPi|

b\/l;_cz] ,Arcsin[\l (—jb+c+im) (1'1+Tan[ (d+ex)])
b+c

c
b-+/ b%+c?

(b—ic+VP:?7)%j+



[71‘1+Tan[1<d+ex)] ( b c+i\/b2+c2) (]'HTan[i(d eX)” { c +Tan[1(d ex] /
2 b c—jm)( Tan[;(d ex)” b-~b2+c? 2

e e e [
\/([1+Tan[

(d+ex>}2) (b+m+2cTan[§(d+ex)]+(7b+\/m) Tan[§<d+ex)]2
4b* (b +c?) [(b+ic\mJ EllipticF[Ar‘cSin[J [Fibrcrivb?ic?) (1eTan[] (drex]])

N |

[ibrc—ivboc?| (~i-Tan[t (dvex)]) ’

c EllipticPi|

siceVbiect) |is - i ; 7, o2 - 1
(b C b+ c )[ bWJ ’Ar‘csin[ (—1b+c+1\/ﬁ) (1+Tan[g(d+ex)]>
@_ic+vmizf)pi+ bc :

c
b-+/b%+c?

[fj+Tan[ (d+ex)]

N R

(—jb+c+j\/b2+c2)(1'1+Tan[%(d+ex)” c
[ibrc-iVbPrc? ) [~i+Tan[2 (b

e e

\/([1+Tan[1 (d+ex”2) (b+xlb2+c2 +2cTabn[1tZd+ex)] + (—b+\/b2+C2 ) Tan[1 <d+ex)]2 ]] +
2 2 2

2b3Li— 1) [~oTan| > (avex]]

2

b-+vb?+c?

2

] 11iptick [Arcsin| []'l+ thjic) (11+Tan[i (d+ex>])
ij-\/:uﬁ] (-i+Tan[2 (d+ex)])
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b- 6T+t

| etz e
2bc [—j]__ c ] ElliptiCF{Ar‘cSin{ b—m ,
i+ £

J (]l+b\/:2jJ (]‘1+Tan[§ (d+ex”)

[lwb—] (i Tan[2 (drex)]) v x]
\/([hTan[

ZbZW [_jl_

N |
Q.
+
M
X
N
—_
o
+
(on
N
+
0
N
+
N
0
—
Q
=]
Q.
m
X
+
—_—
o
o
0
—_
_|
Q
N |

Q.

M
—_
~——

R

b-bTrc?

1
2
[j+ c] (J‘L+Tan[§ (d+ex)])
] EllipticF [ArcSin| b-/b2c?
1+ £
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(-ibsc+ivbTec? ) (i+Tan]

(d+ex

1 (. c . . f )]) 1
bc|21|-—1 |1+ —— ElllptlcE[Ar‘CSln[ },1]—
2 b-+vb2+c2 (1‘1b+c—1’1\/b2+c2) (—1‘1+Tan[i(d+ex)]) 2[_1+ c ]
b-+/ b%+c?

J] EllipticF[ArcSi“[J (—ib+c+im) (“Ta”[f (d“”m

. . . C . . C
ili|-i-—————————|+i|i-———————
[ { b_m] [ b-+b?+c? (Jib+c—i\/b2+cz)(—i1+Tan[

> 1]

i+ <
2 cEllipticPi [ @, Ar‘cSin[
-1+

b-1/ b2+c?

(—1‘1 brc+i/b2+c? ] (J‘HTan{% (d+e x) ”
(J'L b+c-1+/ b%+c? ] (—J‘HTanB— (d+e x) ”

(b—m) (]'H

c
b-+/ b2+c? ]

-
—
_
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1 c (71'1b+c+]'1\/b2+c2)(1’1+Tan[l<d+ex)]) 1
cfbrec? [2i —j[m ]EllipticE[Ar‘cSin[ 2 ], 1] -
2 == [ibsc-ivbiect | [~i+Tan[! (d=ex]]] 2[

c c (-jb+c+jm) (]1+Tan[l
i {j (]1 ] +1 [j JJ EllipticF [ArcSin| 2
b-/b%+ 2 b-/bZ+ 2 [ibrc-iVbPrc? ) [~i+Tan[L (d+ex)]]

Ci/i \I (71'1 b+c+1 A b2+cz] (J'HTanB—(dJrex)”

i+

2 cEllipticPi[ —=*“—, ArcSin]|

i+ ) . . 1
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2
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2 2 2

[(b2+c2) (1+Tan[% (d+ex)]2) \/b+xlb2+c2 +2cTan[l (d+ex)] 7bTan[1 (d+ex)]2+xlb2+c2 Tan[1 (d+ex)]2
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2

(d+ex)}2)

2

\/b+2cTan[l (d+ex>] 7bTan[l
2

Problem 431: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

J(«/b2+c2 +bCos[d+ex] +cSin[d+ex]

Optimal (type 3, 190 leaves, 3 steps):

5/2
dx

4 (b?+c?) (cCos[d+ex] -bSin[d+ex]) 16 Vb?+c? (cCos[d+ex] -bSin[d+ex]) \/\/b2+c2 +bCos[d+ex] +cSin[d+ex]

15
15e\/\/b2+c2 +bCos[d+ex] +cSin[d+ex] €
2 (cCos[d+ex] -bsSin[d+ex]) ( b2+ c? +bCos[d+ex] +cSin[d+ex] 22

5e

Result (type 4, 11771 leaves):
Vb? +c? (@ cCos[d+ex]+—b51n[d+ex

\/x/b2+c2 bCos[d+ex] +cSin[d+eX]

3c

+J«/b2+c +bCos[d+ex] +cSin[d+ex]

e

44 b (b2 2

M ic b2+ c? Cos[d+ex —EbcCos 2 (d+ex +ib b2+ c? Sin[d+ex +1 b2-c?) Sin|2 (d+ex
[ ] ( ) [ ]+ — ) ( )

15c 15 5 15 5

[-b-iceVbTec?) (i+Tan[L (drex)]]
[briceVBric| 1+Tan[t (drex]]]

256b (-ib+c) (b*+c2)¥? |EllipticF [ArcSin| |-

], 1] -
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2
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(o
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N |
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N |

(d+ex)]2+wb2+c2 (1+Tan[

N |
N |

(d+ex)]2)]) +

1

64 (b2+c2)2\/x/b2+c2 +bCos[d+ex] +cSin[d+eXx]

2 2 3
15ce (1+Cos[d+ex]) \/x/b +Cc* +b Cos[d+e x]+cSin[d+e X]

(1+Cos[d+e x])?

(—b+cTan[§ (d+ex)]

\/b+w/b2+c2 +2cTan[l (d+ex)] —bTan[l (d+ex)]2+xlb2+c2 Tan[l <d+ex)]2

2 2 2

2

(d+ex)]2) [b+2cTan[ (d+ex) | ++/b2+c? (1+Tan[

N |-

(d+ex)] -bTan|

N |
N |
N |

J[[zeren <d+ex)r)])]/

[(b2+c2) (1+Tan[§(d+ex)]2)\/b+2cTan[%<d+ex)]bTan[%(dJrexHZJm/szrcz [1+Tan[§(d+ex”2] ]
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N |

2 [b+w/b2+C2 +2cTan[

N |

N |
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N RN e
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s i e
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EllipticPi|

(d+ex)])
(d+ex)])

[> 1]

(b+ic‘vw+c2)[j+bJé;;] e (-ib+c+ivbTec? ) (i+Tan]
e J[ librc ivoroer) |

—11+Tan[

N RN R

(b—iC—\/bZ+C2) s




[—1‘1+Tan[1<d+ex)] ( b c+jm) (11+Tan[i(d ex)” { c )
2 b c—im)( Tan[;(d ex)” b-vVb2+c2

[(b_ic_m)[_b_mm){j_ —

b-+vb%+c?

\/([1+Tan[i (d+ex”2) (b+x/b2+c2 +2cTan[§ (d+ex)] + (—b+«/b2+c2 ) Tan[% <d+ex)]2

7jb+c+im) (J'H

8b%+/b? + c? (—b+ic+w/b2+c2 ] EllipticF[Ar‘cSin[J (
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C J
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N =
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\I(ib+c+im) (1'1+Tan[%(d+ex)” { c
z b

O e IE
b-+vb?+c? C c
\/([1+Tan[i (d+ex”2) (b+\/m+2cTan[§ (d+ex)] + (—b+ b2+c2)Tan[§ (d ex)]2 ]] -

—jb+c+jm) (Ji+

8 b*~/b? + c? (—b+1’1c+x/b2+c2 ] EllipticF[ArcSin[J (

ib+rc-ivVb2+c? ) [-i+
( )
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C J
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[7j+Tan[1<d+eX)] (7jb+c+jm) (j+Tan[i(d+eX>” { ¢ +Tan[1<d+ex>] /
2 b+c—jm) (—1'1+Tan[i(d+ex>” b-+b2+c?2 2

S R R v | G e o
\/([1+Tan[

(d+ex”2) (b+x/b2+c2 +2cTan[1(d+ex)]+(—b+«/b2+c2)Tan[1<d+ex)]2
2 2
—ib+c+iVb2+c? ) (i+Tan[L (d+ex
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c
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4b°
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Problem 432: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

J(«/b2+c2 +bCos[d+ex] +cSin[d+ex]

Optimal (type 3, 126 leaves, 2 steps):

3/2
dx

8Vb?+c? (cCos[d+ex]-bSin[d+ex]) 2 (cCos[d+ex] -bSin[d+ex]) \/\/b2+c2 +bCos[d+ex] +cSin[d+ex]

3
3e\/\/b2+c2+bCos[d+ex}+cSin[d+ex] ¢
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2
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Problem 433: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.
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N
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[(b—ic—w/b2+c2) [—b—]‘lc+xlb2+c2) [1’1— ] - : P :
b-b?+c? c c
b

\/([1+Tan[% (d+ex”2) (b+\/b2+C2 +2cTan{% (d+ex)]+ (— +1/ b% + c? ] Tan[% <d+ex)]2

IE
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4b°

—ib+c+1i+vVb?+c? i+ Tan
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b2
c—j\/b2+c2> (—1‘1+Tan[
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(d+ex)”

N |

[7j+Tan[ (d+ex)]

C

N R

+Tan[

(—jb+c+im) (]'HTan[
. (d+ex>]

( +c—jm) (—1'1+Tan[1(d+ex>” [b\/m

/

N
N |

R I e e L

b-vVb2+c?
\/([1+Tan[

(d+eXH2) (b+m+2cTan[
e [P Etiptick [aresin| | A0t STEYET ) [ieTan(G (d-ex)])
(—b+1c+\/ﬁ] ElllptlcF[Ar‘csln[J ib+c_jm) (_i+_|_an[i<d+ex)]) ,

N |
N |

(@rex)] « [-beofbtect Jan[ 4+ e

4b c?

(b+jlc_ b2+C2) L+ /cz 5 —ib+c+1Vb?+c? i+ Tan[t +ex
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[b-ic-Vbrie| (_]-Hb :cJ (ib+c-iVb2rc? ) (-i+Tan[L (d+ex)]]
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ot ] e o [
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o s o [

(b+ic—m) []'H

c EllipticPi]

b—\/l;—cz ,Ar\csin[ (—J‘lb+c+j\/b2+c2) (j+Tan[i(d+ex)])
(b—jc—m) [_].L+ Jci ( b+c—jm) (—Ji+Tan[i
b-+/ b%+c?




[7j+Tan[

[(b_ic_m)[_b_mm){j_ —

b-+vb%+c?

\/([1+Tan[i (d+ex”2) (b+\/m+2cTan[§ (d+ex)]+ (7[) \/m

C

Tan| <d+ex)]2

~

1
2

+
2

~
—

-b-+vb%2+c? -b+/b?+c?
C
C

b2
N

im) (i+Tan[i (d+ex
b2

]
.
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i

ib
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—
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.

(b+jc—m) []l+

c EllipticPi|

(b—]ic—\/b2+c2) [—J'wa;_cz

[7j+Tan[l<d+eX>] (—jb+c+j\/b2+c2)(1'1+Tan[%(d+ex)” ( c
2 (jb+cfim) (—1+Tan[i(d+ex)” b-+bZ+c?2

O L= [
\/([1+Tan[

N |

+Tan[§ (d+ex>]

bJ:hich arcsin] (—J‘lb+c+j\/b2+c2)(j+Tan[i(d+ex)]>
b+cfjm) (—j+Tan[1(d+ex)])

“ibiceiVoTic? | (ieTan[L (drex]])

4b (b2+cz>

(d+ex”2) (b+xlb2+c2 +2cTan[% (d+ex)] + (—b+\/b2+C2 ) Tan[i <d+ex)]2
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(g e | e ) el exm[ :
2 b jm)( Tan[2 (d ex”) b_ W

[(b_ic_m)[_b_mm){j_ ‘|-

N

\/([1+Tan[i(d+ex)}2) (b+x/b2+c2+2cTan[i(d +ex) +( +4/b%+ 2)Tan 1 (d+ex
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[71‘1+Tan[1<d+ex)] ( b c+i\/b2+c2) (]'HTan[i(d eX)” { c +Tan[1(d ex] /
2 b c—jm)( Tan[;(d ex)” b-~b2+c? 2
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[ C  tan[: (deex)] 2

b-+b?2+c? 2

+ (i+Tan[§ (d+ex)]

( C  tan[l (deex)]

b-+b?2+c? 2

[\/{(1+Tan[l <d+ex)]2) [b+\/m+2cTan[§ (d+ex)] + [—b+m] Tan[% (d+ex”2]) '

—ib+c+ivVb2+c? | [i+Tan[L (d+ex
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2 b-~b2+c2 (jb+c—im) (—i+Tan[%(d+ex)]) Z[J-H c )
b-+/ b%+c?

c c (—jb+c+jm) (]'HTan[l
i [Ji (J’l] +1 [Ji)] EllipticF[Ar‘cSin[ 2
b-+Vb2+c2 b-Vb2+c2 (J‘lb+c—jx/b2+c2)(—1'1+Tan[§(d+ex”)
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—J'1+Tan[§ (d+ex)]

(—ib+C+im) (i+Tan[%(d+ex)])
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C 1 1
- ———  +Tan|— (d+ex +|1+Tan|— (d+ex
el (e | [ Ten[ (e

[—$+Tan[§(d+ex)]]z /

(b

(d+ex)]2) [b+«/b2+c2 +2cTan|

N |

(d+ex)] [—b+\/b2+c2]Tan[

N |
N |

(d+ex)}2])] /

[(b2+c2) [1+Tan[§ (d+ex)]2) \/b+x/b2+c2 +2cTan[l (d+ex) ] —bTan[1 <d+ex)]2+ﬂb2+c2 Tan[l <d+ex)]2

2 2 2

\/b+2cTan[% (d+ex) ] —bTan[% (d+ex)}2+x/b2+c2 [1+Tan[% (d+ex)}2)

Problem 434: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

1

\/\/b2+c2 +bCos[d+ex] +cSin[d+ex]

dx

Optimal (type 3, 88 leaves, 3 steps):
\/? ArcTanh [ (b2+c?) /4 sin[d+e x-ArcTan[b,c]] }
\/TJ\/ b2+c? +1/ b?+c? Cos[d+e x-ArcTan[b,c]]

(b2 + c2)1/4e




Result (type 4, 63264 leaves) : Display of huge result suppressed!

Problem 435: Attempted integration timed out after 120 seconds.

1
J 3/2 dx
(\/b2+c2 +bCos[d+ex] +cSin[d+ex])
Optimal (type 3, 160 leaves, 4 steps):
Ar‘cTanh[ (b2+c2)1/4 Sin[d+e x-ArcTan[b,c] ] }
\E\/\/ b2+c? +1/ b%+c? Cos[d+e x-ArcTan[b,c]] cCos[d+ex] -bSin[d+ex]
242 (b2+c2)? e 24b%2+c? e (\/b2+c2 +bCos[d+ex] +cSin[d+ex] ]

Result (type 1, 1leaves):

PP

Problem 436: Attempted integration timed out after 120 seconds.

1
J 5/2 dx
(\/b2+c2 +bCos[d+ex] +cSin[d+ex])
Optimal (type 3, 226 leaves, 5 steps):
3Ar‘cTanh[ (b2+cz)1/4 Sin[d+e x-ArcTan[b,c] ] ]
ﬁ\/w/bz+c2 41/ b2+c? Cos[d+e x-ArcTan[b,c]]
162 (b?+c2)**e
cCos[d+ex] -bSin[d+ex] 3 (cCos[d+ex] -bSin[d+ex])

4/b2+c? e (\/b2+c2 +bCos[d+ex] JrcSin[dJrex})S/2 16 (b?+c?) e (\/b2+c2 +bCos[d+ex] +cSin[d+ex]

Result (type 1, 1leaves):
???
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Problem 437: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

J(ﬂ/b2+c2 +bCos[d+ex] +cSin[d+ex]

Optimal (type 3, 196 leaves, 3 steps):

5/2
dx

64 (b?+c?) (cCos[d+ex] -bSin[d+ex]) 16 Vb2 + c? (cCos[d+ex] -bSin[d+ex]) \/—\/b2+c2 +bCos[d+ex] +cSin[d+ex]
+

) 15e
15e\/—\/b2+c2 +bCos[d+ex] +cSin[d+ex]

2 (cCos[d+ex] —bSin[d+ex]) (—\/b2+c2 +bCos[d+ex] +cSin[d+ex] 32

5e

Result (type 4, 11602 leaves):
Vb2 + c? (@+:cCos[d+ex]:bsin[d+ex])\/\/b2+c2 +bCos[d+ex] +cSin[d+ex]

3c

e

1
\/\/b2+c2 +bCos[d+ex] +cSin[d+ex]
e

44 b (b2+c2) 2

+ —ca/b%+c? Cos[d+ex] —EbcCos[Z (d+ex)] —ibw/b2+c2 Sin[d + e x] +l (b>-c?) sin[2 (d+ex)]| -

15c 15 5 15 5

7 (b+jc+m) (]‘1+Tan[§ (d+ex>])
(b—jc+\/m) (—1’1+Tan[i(d+ex)])

256 bc (b?+c?)*? |EllipticF [ArcSin| ], 1] -

b+1ic+/b%+c? i+Tan[L (d+ex
2 EllipticPi[-1, ArcSin[ |- ( )( [2( H) |, 1] \/x/b2+c2 +bCos[d+ex] +cSin[d+ex]
(b—ic+\/b2+c2) (—11+Tan[§(d+ex)”

3/2

(7c+ (b+x/b2+c2 ] Tan[% (d+ex)]

) (b+jc+m) (J‘L+Tan[§<d+ex)])
(bﬂiCJﬂ/W) (7j+Tan[i (d+ex)])

[7]1+Tan[§ (d+ex)]

-\/b?+c? +bCos[d+ex] +cSin[d+ex]
(1+Cos[d+ex])?

3
15 [b+ic+x/b2+c2J (b2+c2—bw/b2+c2 e(1+Cos[d+ex])\l

[J‘HTan[% (d+ex)]
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e c ' o ' (—J‘lb+c—j\/b2+c2) (j+Tan[i(d+ex)])
2¢ (1 ] -1 EllipticF[ArcSin| |, 1] +2
b+/b2+c2 (Jib+c+j1 b2+c2) (—i+Tan[i(d+ex)])
El]_iptj_ch_[ | b+/bi+cz ,Ar‘csj_n[ —J'lb+C—j1\/b2+c2) (]'1+Tan[;(d+ex)” ] 1} [7j+-|-an[l<d+ex>]
+b+\/ﬁ (J‘lb+c+]’1\/b2+c2) (—11+Tan[i(d+ex)” 2
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(—J‘lb+c—j\/b2+c2) (j+Tan[i(d+ex)])
4b (b2 +c?) | [-b+ic+/b?+c? | EllipticF [ArcSin] |,1]-2
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Problem 438: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

3/2
J(ﬂ/b2+c2+bCos[d+ex]+cSin[d+ex] dx

Optimal (type 3, 130leaves, 2 steps):

8W(c€os[d+ex]—bSin[d+ex}> 2(cCos[d+ex}—bSin[d+ex])\/—m+bCos[d+ex]+cSin[d+ex]
3e\/—m+bCos[d+ex}+cSin[d+ex] 3e
Result (type 4, 11512leaves):
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[—J‘HTan[% (d+ex)})

(1+Tan[§ (d+ex”2] /

2

-vVb?+c? +bCos[d+ex] +cSin[d+ex]
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[—i+Tan[§ (d+ex)]

~b-/b%+c? b+\/b2+c2]{_ c J
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2
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b2 + c?

C C
i [i (-1- ] +1 [i- )] EllipticF [ArcSin|
b+b2+c? b+/b?+c?

ib+c-1
(J'].b+C+J'l\/7) (—1+Tan[%(d+ex)”

],1}+



482 | 4.7 Miscellaneous.nb

i —ibrc-i/b2ec? | (i+ 1 s
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2
C

< +(i+Tan[%(d+ex)]

+Tan[1 (d+ex)]

N 2

-+

Vb2 +c? 2

-

+Tan[1 (d+ex)]

2

[\/[(1+Tan[i(d+ex)]2) [—b+xlb2+c2 —2cTan[§(d+ex”+(b+xlb2+c2]Tan[§ (d+ex”2]) -
|y 1.[. ]Ell' . . \|(1b+cim) (j+Tan[i(d+ex)])
C +C i|-—di i+ — 1pt1cE[Ar‘c51n[
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C
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C
JJ Ellipt
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(
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2

\/—ZcTan[l (d+ex) ] +b {—1+Tan[

T (drex)] Lldiex)]?

2l /b2 c? (1+Tan[1
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Problem 439: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

J\\/—'\,b2+cz +bCos[d+ex] +cSin[d+ex] dx

Optimal (type 3, 57 leaves, 1step):
2 (cCos[d+ex] -bSin[d+ex])

e\/—\/b2+c2 +bCos[d+ex] +cSin[d+ex]
Result (type 4, 11415leaves):

2b\/*\/bz+c2 +bCos[d+ex] +cSin[d+ex] ~ 8bc<b2+c2)3/2 Ellip‘ticF[Ar‘cSin[ (b+]'1c+ b2+c2) (]'1+Tan[i(d+ex>”

_ },1},
ce (bfjc+m) (—11+Tan[§(d+ex>])

b+1ic+/b%+c? i+ Tan d+ex
( o7 et ) (i Tan [}

2 EllipticPi[-1, ArcSin[ |- \/ A/b?+c? +bCos[d+ex] +cSin[d+ex]
(b—ic+\/b2+c2) ( ]].+Tan[2 (d+ex)

3/2

(7c+ (b+x/b2+c2 ) Tan[% (d+ex) ]

(b+jc+\/m) (J‘L+Tan[l<d+ex)])
(b—ic+m) ( 1+Tan[ <d+ex)])

(ﬂ‘HTan[% (d+ex)]

(1+Tan[§ (d+ex”2] /

2

i+Tan[% (d+ex)]

3 -vVb2+c? +bCos[d+ex] +cSin[d+ex
(b+1‘1c+w/b2+c2) (b2+c2bx/b2+c2)e(1+Cos[d+ex])\l M [dvex] + [d+ex]

(1+Cos[d+ex])?
J((1+Tan[

N |

(d+ex”2] (—ZcTan[ (d+ex)]+b(71+Tan[ (d+ex)]2)+ b2 + c? (1+Tan[

N |

(d+ex”2])] +

1
2

N |

b® + c?) \/—\/b2+C2 +bCos[d+ex] +cSin[d+ex]

ce < +Cos[d+ex] \/ -/ b%+c? +bCos[d+e x]+c Sin[d+e x]

(1+Cos[d+e x])?
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2 2 2
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2
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N |
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(d+ex) |

2 +4/ b2+ c? [1+Tan[

N |

(d+ex)]

N |

(—ZcTan[ (d+ex)] +b (—1+Tan[

i

[(b2+c2) (1+Tan[

i|%

] :

(d+ex)]2 (d+ex)}2

N |

\/ZcTan[i <d+ex)] +b (—1+Tan[§ <d+ex)]

2 +4/b% +c? (1+Tan[

N |

\/([1+Tan[% (d+ex)]2 [7b+\/b2+c2 —2cTan[§ (d+ex” +bTan[% (d+ex)]2+wb2+c2 Tan[% <d+ex)]2

|

\/[[1+Tan[i(d+ex”2 (—ZcTan[i(d+ex)]+b(—1+Tan[§(d+ex)]2 +4/b? + c? [1+Tan[§(d+ex”2 )]
2c2(j : ] iEUjptuF[mmsyﬁJ [Fibrc-i/BTe ) (i Tan[F (drex)]] [, 1] +2
b+/b2+c2 (Jib+c+j\/m) (—j+Tan[%(d+ex)])

1+b+\/:2+7c2 (—ib+c—i\/b2+c2)(1+Tan[%(d+ex)”

: - , ArcSin| s
*]Hm o (Jib+c+i\/b2+c2) (—J’HTan[% (d+ex)”

EllipticPi|
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(d+ex)]) [_ c
(d+ex)]) b

(~ibsrc-ivVbZoc?) (i+Tan]
(ib+C+im> (—i+Tan[

N RN e

e [ ey

: 2. 2 s . (7jb+c*jm) (1'1+Tan[i<d+ex)])
(—b+1 +\/ﬁ] Ellipt F[Ar‘sn[\l (jb+c+jm) (—1'1+Tan[i<d+ex)]) 5

8b3

EllipticPi]|

ric-Vb2+c? ) [i+ < . . > % .
(b b )[ W Arcsin[\l (—1b+c—1\/b +c )(1+Tan[ (d+ex)])
(b—jc—Vb2+8) Lj+ b+c

[—i+Tan[% (d+ex)]

(—ib+c—i\/b2+c2)(J‘L+Tan{%(d+ex)” c
(J’lb+c+j\/b2+c2)(—j+TanE {_b

C C

4b°

(—jb+cfim) (1’1+Tan[i(d+ex)])
~b+ic+q/b*+c? | EllipticF[ArcSin| s
( ] \I(jb+c+im> (~i+Tan[2 (d+ex)])

(b+iC—v37T?T)[j+

EllipticPi|

) g |22 [Tl )
) (ib+C+nm) (_j+Tan[§

b—]lC—\/b2+c2 (]'1+ c
| A
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[71‘1+Tan[1<d+ex)] (—Jlb+c—j1\/b2+c2)(1‘1+Tan[i(d+ex>” { c +Tan[1<d+ex>] /
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e L R LT e | (=
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N |

(d+ex”2) (—b+\/ﬁ—2cTan[§
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Jlreem

(7]'lb+C7]l\/b2+C2) (J‘LJrTan[l (d+ex)])
~b+1ic++/b?+c? | EllipticF [ArcSin| 2
( ] J(ib+c+1\/b2+cz)(i+Tan[i(d+eX)])

IE

|,1]-2ic

4b c?

(b+]'lc—\/b2+c2) i+ cz . ] —a . e
EllipticPi[ [ b*\/?] ’APCSin[\I ( \/7) ( Ta [ (d € )])

ib+c-1i+b?
(b_jc_m) {—Ji+ JC_ (jb+c+j\/b2+c2)(—1’1+Tan[1(d+ex)])
b++/ b%+c?

S

> 1]

[—j+Tan[ (d+ex)]

N =

(—ib+C—im) (1'1+Tan[%(d+ex)” { c
(jb+c+1¢?ﬁ?7)ﬂi+Tm[i

{(b_ic-ﬁ)[_b_mm)[_-b-“’“cz;Mb“czHi_ ‘|

\/([1+Tan[ (d+eXH2) (—b+\/m—2cTan[§ (d+ex)] + [b+\/m) Tan[i <d+ex)]2
(7b*’jc‘*wﬂ;;:zzj EllipticF[ArcSin[J E.j .

N |

4b (b2+cz>

EllipticPi|

(b+j1c— b2+c2) [jl+b+\/:2+_c2] ,Arcsin[ (7]'lb+C7]'l\/W) (1'1+Tan[
[b-ic- Ve [ b

C
b++/ b?+c?
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N |

[7j+Tan[1<d+eX)] (7jb+C7jm) (j+Tan[ (d+ex>” { ¢ +Tan[1<d+ex>]
2 (]ib+c+]l\/m) (—1'1+Tan[i(d+ex>” b+\/m 2

C

C

b +Vb?+c?

[(b_ic_m)[_b_mm)[_-b-vb“cz;Mb“czHi_ ‘|

N |

(d+ex”2) (—b+\/b2+c2 -2cTan|

[l

(b+ic-Vbiect) [bﬁ

N |

4b° (b*+c?) [(b+ic+«/b2+c2J EllipticF[ArcSin[J (

c EllipticPi|

(b—]ic—\/b2+c2) [_i+b+\/;+—cz

/

2 > 1 2
(d+ex”+[b+«/b +C )Tan[£<d+ex)] ]]
7jb+cfim> (11+Tan[§(d+ex)” 1] -2
(jb+c+im) (—J'L+Tan[§(d+ex>”

J . J(ib+cjm) (j+Tan[i(d+ex)]
,Ar‘cSm[

(Jib+c+]'1\/b2+cz) (—Ji+Tan[1 (d+ex)]

[,j+Tan[l<d+ex>] (—J’lb+c—j\/b2+c2)(1+Tan[%(d+ex>” { C +Tan[1(d+ex>]
2 (]lb+c+]l\/m) (—1+Tan[i(d+ex)” b+m 2

-b-+vb%2+c? -b+/b?+c?
+

{cz o-icoyforret | (-botenfuioc | |-
Jl[reni t@ex) ] [0 orve 2con]

N |

C

2

! (d+ex)] + [b+w/b2+C2 ) Tan[i <d+ex)]2

. c
c ]{1 b+\/b2+c2]

Sibec-iVBro e | (ivTan|d (drex]]]

8b3

(—b4—ch—x/b2+c2 ]EllipticF[APcSin[J (

briceVoiec [ c
( ) oofioe

EllipticPi|

b-1ic+Vb2+c? [—J’l+ <
( ) oo

B

] \|(1b+ci\/b2+c2)(j+Tan[
Ar‘cSin[
b

|,1]-2ic

(jb+c+im) (7j+Tan[i (d+ex)])

( +c+jm) (—1’1+Tan[%(d+ex)])
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R e L | S | e
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ElllpthPl[ [ by b?rc? ] , Ar\csin[\l ( bc b ¢ ) ( Ta [i <d € )]) }, 1]
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-b+ic-+/b?+c? | EllipticF [ArcSin| 2 s
( ] J(ib+c+1\/b2+cz)(i+Tan[;(d+ex)])

(b+]ic+\/b2+c2) [J'l+

EllipticPi|

C
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_$+Tan[§ (d+ex>]) + (i+Tan[% (d+ex)] [—ﬁJrTan[% (d+ex>]]2 /
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(d+ex)]2) [—b+\/b2+C2 -2cTan|

N |

(d+ex)] + (b+x/b2+c2]Tan[

N |

(d+ex)}2])] /

[(b2+c2) [1+Tan[§ (d+ex)]2) \/—b+x/b2+c2 —2cTan[l (d+ex) ] +bTan[l (d+ex”2+x/b2+c2 Tan[l (d+ex)]2

2 2 2

\/—2cTan[§ (d+ex)]+b [—1+Tan[% <d+ex)]2] +1/ b2+ c? [1+Tan[% (d+ex)}2)

Problem 440: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

1

dx

\/—\/b2+c2 +bCos[d+ex] +cSin[d+eXx]

Optimal (type 3, 91 leaves, 3 steps):

2 ~2\1/4 ¢ _
\/?Ar‘cTan[ (b?+c?)Y* sin[d+e x-ArcTan[b,c] ] ]
\/T\/*\/ b%+c? 41/ b%+c? Cos[d+e x-ArcTan[b,c]]

(b2 + 2 174 o
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Result (type 4, 61904 leaves) : Display of huge result suppressed!

Problem 441: Attempted integration timed out after 120 seconds.

1

J(—\/b2+c2 +bCos[d+ex] +cSin[d+ex])3/2

dx

Optimal (type 3, 164 leaves, 4 steps):

ArcTan [ (b2+c2)1/4 Sin[d+e x-ArcTan[b,c] ] }
N2 —\/mmlbhcz Cos [d+e x-ArcTan[b,c]] cCos[d+ex] -bSin[d+ex]
+
. 3/2
2+/2 (b2+c?)? e 2vVb2+c? e (—\/b2+c2 +bCos[d+ex] +cSin[d+eX]

Result (type 1, 1leaves):

PP

Problem 442: Attempted integration timed out after 120 seconds.

1

J(—\/b2+c2 +bCos[d+ex] +<:Sin[d+ex])5/2

dx

Optimal (type 3, 232 leaves, 5steps):

2, 02)1/4 g5 _
3 Ar‘cTan[ (b?+c?)Y* sin[d+e x-ArcTan[b,c] ] ]

ﬁ\/—w b2+c? +1/ b%+c? Cos[d+e x-ArcTan[b,c]]
162 (b?+c2)**e

cCos[d+ex] -bSin[d+ex] 3 (cCos[d+ex] -bsin[d+ex])

4/b2+c? e (—\/b2+c2 +bCos[d+ex] JrcSin[dJrex])S/2 16 (b2 +c?) e (—\/b2+c2 +bCos[d+ex] JrcSin[dJrex])B/2

Result (type 1, 1leaves):
???
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Problem 448: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

3/2

J(a+b5ec[d+ex] +cTan[d+ex])
dx

Sec[d+ex]3/?

Optimal (type 4, 371 leaves, 7 steps):

2 (cCos[d+ex] -asSin[d+ex]) (a+bSec[d+ex] +cTan[d+ex])3/2

+
3eSec[d+ex]*? (b+aCos[d+ex]+cSin[d+ex])

8bEllipticE[% (d+ex-ArcTan[a, c]), @] (a+bSec[d+ex] +cTan[d+ex])>?

b+ a%+c?

+

3eSec[d+ex]*? (b+aCos[d+ex] +cSin[d+ex]) \/b*aC°S“’*e’”“Si’”d*e’q

b++/ a%+c?

2+vVa?+c? } b+aCos[d+ex] +cSin[d+eXx]
b++vaZ+c? b++vaZ+c?

(3eSec[d+ex}3/2 (b+acCos[d+ex] +cSin[d+ex})2)

2 (a®-b®+c?) EllipticF|

N [

(d+ex-ArcTan[a, c]), (a+bSec[d+ex] +cTan[d+ex])>? /

Result (type 6, 2490 leaves):

(mf }>3/2

2 %cCos[dJrex} +§asin[d+ex]> (a+bSec[d+ex] +cTan[d+ex

N
eSec[d+ex]?? (b+aCos[d+ex] +cSin[d+ex])

5 b+\/EcSin[d+ex+ArcTan[i]] b+\/ECSin[d+eX+Ar‘CTan[iH

2 a2 AppellFl[%, %, 1, =, - , - ] Sec[d+ex+Ar‘cTan[iH

c
2 2
1+2 |1 —° c 1+2& |-1- —2L c
c? c?
1.2 1.2
S 5

c\/azc*—zCZ —cJazc*—fz Sin[d+ex+Ar‘cTan[fH R c\/azc*—zcz JFCJE‘ZC*—ZCZ Sin[d+ex+Ar‘cTan[fH

b+rc | —— Sin[d+ex+Ar‘cTan[iH

2 2 CZ c 2 2
a?ic? a’sc?
b+c - -b+c -
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3/2

(a+bSec[d+ex]+cTan[d+ex1)3/2/ 3 [1+— ceSec[d+ex]*? (b+aCos[d+ex] +cSin[d+ex]) +

111 3 b+ l1+i—§ cSin[d+ex+Ar‘cTan[§H b+ l1+i—§csin[d+ex+ArcTan[§H
2b2AppellF1[;, Il , - ] Sec[d+ex+Ar‘cTan[iH
c
1+i—j 1-—>b c /1+:—z B — c
1+§; C 1+S; C

a%+c?

2,2 2,2 .
c\/"”czc —c\/aczC Sin[d+ex+ArcTan[2]]

b+c

C\/a2+2c2 +C\/a12+2c2 sin[d+ex+ArcTan[§H
a ¢ ¢ ‘
sin[d+ex+Ar'cTan[*H

c? c .
a‘+c
-b+c e

a%+c?
b+c | r

a2
1+ — ceSec[d+eXx]
c2

3/2 3/2

(a+bSec[d+ex]+cTan[d+ex})3/2/ (b+aCos[d+ex] +cSin[d+ex]) +

b+ l1+i—§ cSin[d+ex+Ar‘cTan[§H b+ /1+:—z cSin[d+ex+Ar‘cTan[fH

, - , - ]Sec[d+ex+Ar‘cTan[iH
c

3

1 1
2 c AppellFi[ =, =,
2 2

N | =
N W

2 2
1+ |1 —2P c 1+ |1 —2° c
c? c?

a? a?
1+— ¢ 1+— ¢
2 2
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c % c\/a2+zc2 Sin[d+ex+Ar‘cTan[5H c [ +CJ‘-"Z+°2 Sin[d+eX+Ar'cTan[5H
c c c a2+c2 . [d A Tan[a}] c? c? c
b+c | ——— Sin|d+ex+Arc —

2 2 Cz c 2 2
a‘+c a‘+c
b+c o -b+c e

a2
(a+bSec[d+ex]+cTan[d+ex})3/2/ 3 1+ = eSec[d+ex]*? (b+aCos[d+ex] +cSin[d+ex])>?
|

b+a l1+:—§ Cos[d+eforcTan[§H b+a l1+:—§ Cos[d+efor'cTan[§]]

= = ]

2 2
a [1+% |1-—2 a 1+ |[-1-—2
a c a c
a_|[1+— a_|[1+—
a? a?

) )

5 1 1
4a°hb |- cAppellFl[——, -—
2 2

N R
N R

a\/a2+zcz a\/ahch cos[d+ex—Ar‘cTan[5H
- . R a2 4 c2 o
b+a 7Cos[d+ex—Ar‘cTan[*H
a2 a

. c c?
Sln[d+ex—Ar‘cTan[*H / a [1+—
a a?

2a [b+a 1+:—z Cos[d+e x—Ar‘cTan{ﬂ ]] csin {d+e forcTan[iw w

a+c? a+c? c a%+c? - N
a\/ 5 +a\/ ~ Cos[d+ex-ArcTan[<]] a [1.2

a2

_b+a |2 ,
a? b+a [1+% Cos[d+ex—Ar‘cTan[9H
a a
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(a+bSec[d+ex] +cTan[d+ex])>? /(3ceSec[d+ex]3/2 (b+aCos[d+ex] +cSin[d+ex})3/2) +

L1 11 b+a l1+:—§Cos[d+ex—Ar‘cTan{§H b+a /1+:—z Cos[d+ex—Ar‘cTan[§H
4bc |-||cAppellFl[-—, - =, - =, =, - , - ]
2 2 2 2
a_ [1+S |1-—2 a [1+< |-1-—2°
a o a @
a 1*; a 1+a—2

) aJa:—;z —aJa:—fz Cos[d+ex—Ar‘cTan[§H
Sin[d+ex—Ar‘cTan[£H / a |1+ Cos[d+ex—Ar‘cTan[£H

a a2 [ a? a
b+a 32;7;2
2a [b+a 1+:—2 Cos[d»fex—Ar‘cTan{:—H] cSin{d+e for'cTan[c—H

2, .2 2, .2 2, .2 -
a | &< 42 &Cos[dJrex—Ar‘cTan[EH atsc e
a2 a2 a a 1+:2

-b+a ﬂ 2
a? b+a [1+< Cos|[d+ex-ArcTan|<]]
a a




(a+bSec[d+ex] +cTan[d+ex])>?

Problem 449: Result unnecessarily

antiderivative.
j\/a+b5ec[d+ex} +cTan[d +ex]
\/Sec[d+ex]
Optimal (type 4, 118leaves, 3 steps):

dx

2E1lipticE[ > (d+ex-ArcTan(a, c]),
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/(3eSec[d+ex]3/2 (b+aCos[d+ex] +cSin[d+ex})3/2)

involves higher level functions and more than twice size of optimal

@} Ja+bSec[d+ex] +cTan[d +e X]
b++/ a?+c?

b+aCos[d+ex]+cSin[d+e x]

e/ Sec[d+ex] \/

Result (type 6, 1580 leaves):
2av/a+bSec[d+ex] +cTan[d +eX]

ceSec[d+ex]

+

b+ l1+i—§ cSin[d+ex+Ar‘cTan[§H b+ /1+:—2 cSin[d+ex+Ar‘cTan[fH

b+/ a%+c?

3 3

1 1
2b AppellFi[—, =,
2 2

N |
N w

3

] Sec[d+ex+Ar‘cTan[iH

a?+c?

|

CZ

(:\/az;CZ Sin[d+ex+Ar‘cTan[§H

a?ic?
2

b+c
C

c
2 2
1+3 |1- —2—|c 1+2 |-1- —b ¢
c? [ N c? )
1+:Tc 1+:7C
2,2 2.2 .
c [ &5 +c %Sln[d+ex+Ar‘cTan[9]]
az+c? | a c c c
b+c v Sln[d+ex+Ar‘cTan[fH
c c

a?+c?
-b+c l—cz
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a2
1+ — ce+/Sec[d+ex] vVb+aCos[d+ex] +cSin[d+ex] | +
c

vJa+bSec[d+ex] +cTan[d+eX] /

. b+a l1+:—§Cos[d+ex—Ar‘cTan[§H b+a /1+:—z Cos[d+ex—Ar‘cTan[§H

y o T > }

2
2 2
a [1+S |1-—2 a [1+S |-1-—2
a @ a @
a 1+72 a_[1+—
a

, 101
a? |- | |cAppellF1[-—, - =, -
2 2

N |

aes —a\/a:—fz Cos[d+ex-ArcTan[ <]]
b+a [32;7;2

2a (b+a 1+:—z Cos[d+ex—Ar‘cTan{:—H] cSin{d+e x—Ar‘cTanV—H
aJaza*—;z Jra\/aza;zcz Cos[d+eforcTan[§H at+c? ) a'1+:—i

_b+a aZc? 2
a2 b+ra [1+< Cos[d+ex-ArcTan|<]]
a a

Cos[d+ex—Ar‘cTan[§H

Sin[d+ex—Ar‘cTan[§H

vJa+bSec[d+ex] +cTan[d+eX] /(ce\/Sec[d+ex] vVb+aCos[d+ex] +cSin[d+ex] | +
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- b+a /1+:—§ Cos[d+efor'cTan[§H b+a /1+:—§ Cos[d+efor'cTan[§H

1 1
c |- cAppellFl[f—,——,——, s - > }
2 2 2 2

. ’ Cos[d+ex—Ar‘cTan[§H

Cos[d+ex—ArcTan[§H

Sin[d+ex—ArcTan[§H

2a|bia [1+5 Cos[d+ex—Ar‘cTan{5H . .
a? a cSin {d+e x-ArcTan { ﬂ }
a\/""za*zc2 +a\/"”2a*2CZ Cos[d+ex-ArcTan[]] atec? )
a

_b+a a’+c? )
a2 bra [1+5 Cos|[d+ex-ArcTan|<]]
a a

Va+bSec[d+ex] +cTan[d +eX] /(e\/Sec[dJrex} vVb+aCos[d+ex] +cSin[d+ex]

Problem 450: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

J \/Sec[d+ex]
va+bSec[d+ex] +cTan[d+ e X]

dx
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Optimal (type 4, 118 leaves, 3 steps):

2 EllipticF[i (d+ex-ArcTan[a, c]), 2 =<1 \/Sec[d+ex] \/ braCos diex csindex
b++/ a%+c? b+ a%+c?

eva+bSec[d+ex] +cTan[d+eX]

Result (type 6, 339 leaves):

b+ l1+i—§ cSin[d+ex+Ar‘cTan[§H b+ l1+i—z cSin[d+ex+Ar‘cTan[§H

3
);J;J E) }

)

2 AppellF1]|

N | =
N |-

2 2
b- [1+% ¢ b+ [1+% ¢
c? c?

1+2 ¢ (—1+Sin[d+ex+Ar‘cTan[fH)

CZ

v/Sec[d +ex] Sec[d+ex+Ar‘cTan[iH vVb+aCos[d+ex] +cSin[d+ex] |-

C

2
b+ [1+% ¢
C2

l1+% C (1+Sin[d+ex+Ar‘cTan[3H)
c c aZ a a2
b+ 1+—2 cSin[d+ex+Ar‘cTan[fH / 1+—2 ceva+bSec[d+ex] +cTan[d+ex]
[ C C C
-b+ 1+%C
C

Problem 451: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

J Sec[d+ex]3/?
(a+bSec[d+ex] +cTan[d+ex])*?

Optimal (type 4, 240 leaves, 4 steps):
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2Sec[d+ex]*? (cCos[d+ex] -aSin[d+ex]) (b+aCos[d+ex] +cSin[d+ex])

(a?-b2+c?) e (a+bSec(d+ex] +cTan[d+ex])>?

2EllipticE[§ (d+ex-ArcTan(a, c]), @] Sec[d+ex]*? (b+aCos[d+ex] +cSin[d+ex])?
b+ a%+c?

(azb2+c2)e\/b*acc’s[d*e"”CSinw*e“ (a+bSec[d+ex] +cTan[d+ex])>?

b++/ a%+c?
Result (type 6, 1732 leaves):

3/2 . 2 [ 2(a%+c?) 2 (bc+a?Sin[d+ex]+c?Sin[d+ex])
Sec[d+eX] (b+aCos[d+ex] +CS1n[d+eX]> ( ac (a’-b%+c?) * a (a?-b%+c?) (b+aCos[d+ex]+cSin[d+ex])

e(a+bSec[d+ex] +cTan[d+ex])>?

b+ [1+2 cSin[d+ex+ArcTan[2]] b+ [1+2 cSin[d+ex+ArcTan[2]]
1 1 1 3 C c C c

2bAppellFl[ =, =, =, =, - , - | sec[d +ex]??
2 2 2 2
1+2 J1-—b ¢ 1+5 1o —b ¢
c c )
1+2 ¢ 1+3; c

2,2 2,2 .
) C\/a;c (:\/a;c Sln[d+ex+Ar‘cTan[fH

a
Sec[d+ex+ArcTan[~]]| (b+aCos[d+ex] +cSin[d+ex])
c

a% + c?

c\/ahzcz +cJaz+2cz sin[d+ex+Ar‘cTan[éH
a ¢ ¢ ‘
Sin[d+ex+Ar‘cTan[*H

2
C
¢ bac | e
ba -

b+c

| 505
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a2
1+— ¢ (a?-b?+c?) e (a+bSec(d+ex] +cTan[d+ex])*?| - |a?Sec[d+ex]*? (b+aCos[d+ex] +cSin[d+ex])>?
\ c

b+a /1+:—z Cos[d+ex-ArcTan[S]]  b+a l1+:—§ Cos[d+ex-ArcTan[ <]

- - ]

2 2
a [1+S [1-—2° a [1+S |-1-—2"
a? a?
2 c?
a 1+:2 a 1+:z

3

1 1
- | |cAppellFl[-—, - =, -
2 2

N |
N =

2 2 2 2
a [ *5 -a | % Cos[d+ex-ArcTan|<]]
a a a a+c?

. c c? C
Sin[d+ex-ArcTan| || / a [1+— b+a Cos[d+ex-ArcTan| ]|

a a2 [ a? a
b+a 32;7;2
2a [b+a 1+:—2 Cos[d»fex—Ar‘cTan{:—H] cSin{d+e for'cTan[c—H

2, .2 2, .2 2, .2 -
a | &< 42 &Cos[dJrex—Ar‘cTan[EH atsc e
a2 a2 a a_[1+—

-b+a ﬂ 2
a? b+a [1+< Cos|[d+ex-ArcTan|<]]
a a
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(c (a®-b?+c?) e (a+bSec[d+ex] +cTan[d+ex})3/2) - |csec(d+ex]*? (b+aCos[d+ex] +cSin[d+ex])*?

b+a /1+:—z Cos[d+ex-ArcTan[S]]  b+a l1+:—§ Cos[d+ex-ArcTan[ <]

- - ]

2 2
a [1+S [1-—2° a [1+S |-1-—2"
a? a2
CZ Cl
a 1*37 a 1+a—z

3

1 1
- | |cAppellFl[-—, - =, -
2 2

N |
N =

5 a\/a:r_zcz —aJa:—fz Cos[d+ex-ArcTan[ <]]
Sin[d+ex—Ar‘cTan[£H / a |1+

2
a
2 baa | e
+ az

R [ [CH a\/"”za*zCZ +a\/aza*2CZ Cos[d+ex-ArcTan[<]]
b+a | —— Cos|d+ex-ArcTan|— -

2’ @ aic?
-b+a S,
a
2a [b+a 1+:—i Cos {d+e x-ArcTan { :—} } ] csin {d+e x—Ar‘cTan[c—] w

a?+c? )
a 1+:72
\/b+a l1+§ Cos[d+efor‘cTan[§H

/((az—b2+c2> e (a+bsSec[d+ex] +cTan[d+ex])3/2)
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Problem 452: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

Sec[d + e x]°/?
J dx
(a+bSecd+ex] +cTan[d+ex])*?

Optimal (type 4, 492 leaves, 8 steps):

2Sec[d+ex]®? (cCos[d+ex] -aSin[d+ex]) (b+aCos[d+ex] +cSin[d+ex])

N
3 (a?-b*+c?) e (a+bSec[d+ex] +cTan[d+ex])5/2

8Sec[d+ex]*? (bcCos[d+ex] -abSin[d+ex]) (b+aCos[d+ex] JrcSin[dJrex])2

+

3(a2-b2+c?)’e (a+bSec[d+ex] +cTan[d+ex])*?

8bEllipticE[§ (d+ex-ArcTan(a, c]), @] Sec[d+ex]*? (b+aCos[d+ex] JrcSin[dJrex])3

b+v/ a2+c?

3 (az—bzJrcz)ze\/b”‘c““’*e’“*Cs‘i”“’*e’q (a+bSec[d+ex] +cTan[d+ex])>?

b+/ a%+c?

L 1 2+a?+c? 52 . , |b+racCos[d+ex] +cSin[d+ex]
2 EllipticF[~ (d+ex-ArcTan[a, c]), — ] Sec[d+ex]*? (b+aCos[d+ex] +cSin[d+ex]) /
2 b+a2sc2 b++a2+c?

(3 (a*>-b*+c?) e (a+bSec[d+ex] +cTan[d+ex}>5/2)

Result (type 6, 2708 leaves):

Sec[d+ex]®? (b+aCos[d+ex] +cSin[d+ex])3
8b (a%+c?) 2 (bc+a?sin[d+ex] +c*Sin[d+ex]) 2 (a?c+3b?c+c*+4a2bsSin[d+ex] +4bc?Sin[d+ex]) /
+ _
3ac:(—a2+b2—c2)2 3a (a?-b?+c?) (b+aCos[d+ex}+cSin[d+ex])2 Ba(az—b2+c2)2<b+aCos[d+ex1+cSin[d+ex])

(e(a+bSec[d+ex]+cTan[d+ex]) +

; b+ l1+i—§ cSin[d+ex+ArcTan[2]] b+ l1+i—§ csinf[d+ex+ArcTan|2]]

1 1 1
2a% AppellFl[ =, =, =, =, - , - | sec[d +ex]®?2
2

272
2 2
1+2 |1-—2P c 1+2 |-1-—2 c
C 2 C 2
1+ ¢ 1+—
C C

- C

5/2)
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c | o [akd Sin[d+ex+Ar‘cTan[5H
a c? c? c
Sec[d+ex+ArcTan| ]| (b+aCos[d+ex] +cSin[d+ex])5/2

c 2 2
a“+c
b+c o

cJazc*—fz +c\/a2c+_2c2 Sin[d+ex+Ar‘cTan[fH
Sin[d+ex+Ar‘cTan[EH

2
C
¢ bac |ac
ba -

a? + c?

b+c

2

3 1+—2c(az—b2+c2)2e<a+bSec[d+ex}+cTan[d+ex])5/2 +
c
b+ l1+% cSin[d+ex+ArcTan|2]] b+ l1+% cSin[d+ex+ArcTan|2]]
1 1 1 3 C C C C
2b? AppellFl|—, =, =, =, - , - | secid+ex]®?
2 2 2 2
[1+2 J1-—b—|¢ 1+2 |1 —b ¢
C 2 c 2
1+:TC 1+:—2c

c\/azc;zCz CJ% Sin[d+ex+Ar‘cTan[fH
Sec[d+ex+Ar‘cTan[EH (b+acCos[d+ex] +cSin[d+ex])”?

c 2 2
a“+c
b+c e

C\/az+-2cZ +C\/¥ Sin[d+ex+Al"CTan[é]}
a < ¢ ‘
Sin[d+ex+ArcTan|—] ]

c? c .
a+c
-b+c e

a% + c?
b+c

| 509
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2

1+ZL2 c(az—b2+c2)2e<a+bSec[d+ex}+cTan[d+ex])5/2 +
c
b+ [1+2 cSin[d+ex+ArcTan[2]] b+ [1+2 cSin[d+ex+ArcTan[2]]
1 1 1 3 C C C C
2cAppellFi[ =, =, =, =, - , - | sec[d+ex]®?
2 2 2

2 2
1+2 [1-—2 c 1+2 |-1-—2 c
C 2 C 2
1+CTC 1+CTC

2,2 2,2 .
) C\/a:zc cJa: Sln[d+ex+Ar*cTan[fH

a
Sec[d+ex+ArcTan[—]]| (b+aCos[d+ex] +cSin[d+ex])
c

a? + c?

b+c

c | @ o [ @k sin[d+ex+Ar‘cTan[§H
a < < ‘
> Sin[d+ex+Ar‘cTan[ZH /
-b+c /—a:;cz

5/2

(a®-b*+c?)?e (a+bSec[d+ex] +cTan[d+ex] +|4a’bSec[d+ex]*? (b+aCos[d+ex] +cSin[d+ex])°?




4.7 Miscellaneous.nb | 511

b+a /1+:—§ Cos[d+efor‘cTan[§H b+a l1+:—§ Cos[d+efor'cTan[§]]

= = ]

)

1 1
- | |cAppellFl[- =, - =, -
2 2

N |
N |

a%+c? a%+c? c
a [/ -a Cos[d+ex—Ar‘cTan[fH
c c2 a? a? a a2+ c? C
Sin[d+ex—Ar‘cTan[fH / a 1+72 b+a " Cos[d+ex—Ar‘cTan[fH
a a a a

2a [b+a 1+:—§ Cos [d+e x-ArcTan { H ] ] csin {d+e ArcTan { 5} }
a\/""z‘_;zc2 +a\/a2;2c2 Cos[d+ex-ArcTan[]] atec? ) s 1.2
— |/

_b+a |2 )
a? b+a [1+% Cos[d+ex—Ar‘cTan[5H
a a

(3c (a®-b*+c?)?e (a+bSec[d+ex] +cTan[d+ex])5/2) +|4bcsSec[d+ex]®? (b+aCos[d+ex] +cSin[d+ex])®?
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b+a /1+:—§ Cos[d+efor‘cTan[§H b+a l1+:—§ Cos[d+efor'cTan[§]]

) ) )

1 1
- | |cAppellFl[- =, - =, -
2 2

N |
N |

Sin[d+ex—ArcTan[£H / a [1+—
a

a“+cC

, a\/‘”za;zC2 +a\/aza+_zcz Cos[d+ex-ArcTan[ <]]

b+ra | —— Cos{d+ex—Ar‘cTan[EH

a% @ a?+c?
-b+a T,
a
2a [b+a 1+:—z Cos {d+e x-ArcTan { :—} } ] csin {d+e x—Ar‘cTan[c—w w

a%+c? .
a_ | 1+—
2

a

\/b+a l1+:—§ Cos[d+ex—Ar‘cTan[§H

Problem 453: Attempted integration timed out after 120 seconds.

JCos[d+ex}3/2 (a+bsec[d+ex] +cTan[d+ex])3/2d1x

Optimal (type 4, 371 leaves, 7 steps):

/(3 (az,b2+c2>2e (a+bSec[d+ex] +cTan[d+ex]>5/z)

]



2Cos[d+ex]*? (cCos[d+ex] -aSin[d+ex]) (a+bSec[d+ex] +cTan[d+ex})3/2

+
3e(b+aCos[d+ex] +cSin[d+ex])

1 2+a?+c?
8bCos[d+ex]*2EllipticE[~ (d+ex-ArcTan[a, c]), 7+} (a+bsSec[d+ex] +cTan[d+ex])3/2]/
2 b++va%+c?
. b+aCos[d+ex] +cSin[d+eXx]
3e (b+aCos[d+ex] +cSin[d+ex]) +
b++va?+c?

1
[2 (a®-b%+c?) Cos[d+ex]?? EllipticF |~ (d+ex-ArcTan(a, c]),
2

2+a?+c? } b+aCos[d+ex] +cSin[d+eXx]
b++/a%+c? b ++/a%+c?

(a+bSec[d+ex] +cTan[d+ex})3/2]/ (Be (b+aCos[d+ex] +cSin[d+ex}>2)

Result (type 1, 1leaves):

2P

Problem 454: Attempted integration timed out after 120 seconds.

J\/Cos[d+ex] Va+bSec[d+ex] +cTan[d+ex] dx

Optimal (type 4, 118leaves, 3 steps):

2+/Cos[d+ex] EllipticE[i (d+ex-ArcTan(a, c]), @] va+bSec[d+ex] +cTan[d +e x]

b++/ a%+c?
e b+aCos[d+e x]+cSin[d+e Xx]
b+/ a%+c?

Result (type 1, 1leaves):

2?7
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Problem 455: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

1

dx

J\/Cos[d+ex] vJa+bSec[d+ex] +cTan[d+eX]

Optimal (type 4, 118 leaves, 3 steps):
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2 EllipticF [% (d +ex-ArcTan[a, c] ) 5 2/t b-aCos|drex] cSinid-ex]

b++/ a%+c? b+ a%+c?

e/Cos[d+ex] Ja+bSec[d+ex] +cTan[d+ex]

Result (type 4, 506 leaves):

3

4(. . W]Ell‘ t'F[A o [ (—ja+jb+c+\/a2,b2+c2)(7Cos[d+ex]+jsin[d+ex]) } b+jﬂ/a27b2+cz]
ia-ib+c+q/a’-b%*+c iptic rcSin
ia-ib+c+vaz-b?+c? b-1+va%-b%+c?

(—ia+ib+c+\/a2—b2+c2) (-Cos[d+ex] +iSin[d+ex])

(Cos[d+ex] +1iSin[d+ex])

\ ia-ib+c+vat-b2+c?
i (—c+\/a2—b2+c2 +(a-b) Tan[% (d+ex)” i (c+\/a2—b2+c2 +(-a+b) Tan[% (d+ex)”

i (—ja+jb—c+\/a2—b2+c2) (—1'1+Tan{§ (d+ex)” i (ja—jb+c+\/a2—b2+c2) (—1+Tan{% (d+ex”) /

([aJrJ'L (]'Lb+c+ a?-b%+c?

)e\/Cos[d+ex] Ja+bSec[d+ex] +cTan[d+eX]

Problem 456: Attempted integration timed out after 120 seconds.

1
j dx
Cos[d+ex]*? (a+bSec[d+ex] +cTan[d+ex])>?

Optimal (type 4, 240 leaves, 4 steps):

2 (cCos[d+ex] -asSin[d+ex]) (b+aCos[d+ex] +cSin[d+ex])

(a2-b2+c?) eCos[d+ex]*2 (a+bSec[d+ex] +cTan[d+ex])>?

2EllipticE[% (d+ex-ArcTan(a, c]), ﬂ} (b+acCos[d+ex] +cSin[d+ex])2

b+ a%+c?

(32b2+c2>eCos[d+ex]3/2Jb*acos[d*”“cswd*”] (a+bSec[d+ex] +cTan[d+ex])*?

b+ a%+c?

Result (type 1, 1leaves):
???
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Problem 457: Attempted integration timed out after 120 seconds.

1
J dx
Cos[d+ex]®? (a+bSec[d+ex] +cTan[d+ex])5/2

Optimal (type 4, 492 leaves, 8 steps):

2 (cCos[d+ex] -asSin[d+ex]) (b+aCos[d+ex] +cSin[d+ex]) 8 (bcCos[d+ex]-abSin[d+ex]) (b+aCos[d+ex] +cSin[d+ex])2
+

3 (a?2-b%+c?) eCos[d+ex]>? (a+bSec[d+ex] +cTan[d+ex])5/2 3 (az—b2+c2)2eCos[d+ex15/2 (a+bsec[d+ex] +cTan[d+ex])5/2

8bEllipticE[%(d+ex—Ar‘cTan[a,c1), 2\ a?rc? ] (b+aCos[d+ex] +cSin[d+ex])?

b+/ a%+c?

+

b++/ a%+c?

3 (azb2+c2)2eCos[d+ex}5/2Jb*ac"s[d*e”“ﬁ“[d*e” (a+bSec[d+ex] +cTan[d+ex])*?

1 2+Va?+c? b+aCos[d+ex] +cSin[d+eXx
2 EllipticF[ =~ (d+ex-ArcTan[a, c]), 7+} (b+aCos[d+ex] +cSin[d+ex])? : [dvex] + [d+ex] /
2 b++va?+c? b++/aZsc2

(3 (a*>-b®+c?) eCos[d+ex]*? (a+bSec[d+ex] +cTan[d+ex})5/2)
Result (type 1, 1leaves):

2?7

Problem 461: Result more than twice size of optimal antiderivative.

Csc[x]
J dx
2+2Cot[x] +3Csc[x]

Optimal (type 3, 21 leaves, 4 steps):

]

Cos[x] -Sin[x]

X + 2 ArcTan [
2 +Cos[x] +Sin[X]
Result (type 3, 51leaves):

Cos[ﬁ]

~ArcTan] ] +Ar‘cTan[Sec[§] (2C05[5] +Sin[i])}

2Cos[%] +sin[ %] 2 2
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Problem 462: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

])3/2

(a+cCot[d+ex] +bCscld+ex
J dx

Csc[d+ex]3?

Optimal (type 4, 371 leaves, 7 steps):

2

8b (a+cCot[d+ex] +szc[d+ex})3/2EllipticE[§ (d+ex-ArcTan[c, a]), 2+ ate

b++/ a%+c? ]

3eCsc[d+ex]*? (b+cCos[d+ex] +aSin[d+ex]) \/b*ccosm*e”*asm[d*e“

+

b++/ a%+c?

b++va?+c? b++vVa?+c?

2 (a+cCot[d+ex] +szc[d+ex])3/2 (aCos[d+ex] -cSin[d+ex])

[2 (a*>-b*+c?) (a+cCot[d+ex] +szc[d+ex])3/2 EllipticF[1 (d+ex-ArcTan([c, a] ),
2

2+/a%+c? }\/b+cCos[d+ex]+aSin[d+ex] /

(3eCsc[d+ex}3/2 (b+cCos[d+ex] +aSin[d+ex})2) -
3eCsc[d+ex]*2 (b+cCos[d+ex] +aSin[d+ex])

Result (type 6, 2490 leaves):

(a+cCot[d+ex] +bCsc[d+ex])*? (%—iaCos[d+ex] +§cSin[d+ex})

+|4ab(a+cCot[d+ex] +bCsc[d+ex])>?
eCscld+ex]?? (b+cCos[d+ex] +aSin[d+ex])

b+ l1+i—§ cCos[d+ex-ArcTan[2]] b+ l1+i—§ cCos[d+ex-ArcTan|2]]

= = ]

1 1
- | |aAppellF1[- =, - =, -
2 2

N |
N |




Sin[d+ex—Ar‘cTan[iH
C
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atct c\/""z*zCZ Cos[d+ex-ArcTan|?]]
c c c a+c? a
b+c #Cos[d+ex—Ar‘cTan[—]]
a2ic? ¢ ¢
b+c c—2

2 2 2 2
a‘+c a‘+cC
C -, *cC -
C C

Cos[d+ex—Ar‘cTan[§H

2c¢ [b+ 1+:—2 cCos[d+e x—Ar‘cTan{:—H] aSin{d+e x—Ar‘cTanF—H

aZ+c? N
a
1+— ¢

a?+c?
-b+c | o

3eCsc[d+ex]??(

b+ cCos[d+ex]

) )

1 1
- aAppellFl[—f, -—, -
2 2

N |
N |

Sin[d+ex—Ar‘cTan[iH
C

+aSin[d+ex})3/2)

+

\/b+ [1+2 ccCos[d+ex-ArcTan[2]]
C c

4bc? (a+cCot[d+ex] +bCsc[d+ex])>?

b+\/¥c€os[d+exArcTan[iH b+ECC°5[d+eXAPCTan[iH

2

1+% |1-

CZ

2
1+=—
e

) - ]

a2 b
2 -1- C

C 1+

2

a
1+=— ¢

e

a?+c?
CZ

2+2
c\/aczc Cos[d+ex-ArcTan[2]]

ez
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2 2
e Cos[d+ex-Ar~cTan[iH

c? c

2c¢ [b+ 1+:—i cCos{d+e x—Ar‘cTan{:—H] aSin{d+ex—Ar‘cTan[iH

a%+c? )
a
1+?2 c

\/b+ [1+2 ccos[d+ex-ArcTan[2]]
C c

Z+2
+c:\/a‘czc Cos[d+ex-ArcTan[2]]

a?+c?
-b+c | e

/(3aeCsc[d+ex]3/2 (b+cCos[d+ex] +aSin[d+ex])3/2) s

b+a l1+:—z Sin[d+ex+Ar‘cTan[§H b+a l1+:—z Sin[d+ex+Ar‘cTan[§H

3

N | =
N W

3

1 1
2aAppellFi[—, =,
2

2
c? b
a [1+%5 |1- 1+ -
a 2
a 1+:—Z a

- ]

(a+cCot[d+ex] +szc[d+ex})B/ZSec[d+ex+ArcTan[£]]

2,2 .
—a\/aa—zC Sin[d+ex+ArcTan[<]]
b+a /32;7;2

b+a Sin[d+ex+Ar‘cTan[£H

\ a? a

a2+ c?

a



2, 2
a‘+c
a Y,
a

+a\/aza+_2cz Sin[d+ex+ArcTan[<]]

c2
1+— eCs
a2

2 1
2 b2 AppellFi|
2

a?+c?
-b+a | e

(a+cCot[d+ex] +szc[d+ex})3/25ec[d+ex+Ar‘cTan[£H

c[d+ex]¥? (b+cCos[d+ex] +aSin[d+ex])>?| +
3 b+a\/ESin[d+ex+Ar‘cTan[:H b+aﬁ$in[d+ex+Ar‘cTan[:H
N R R N - ]
2 2 2

aJa:—fz _a\/a:_zcz Sin[d+ex+Ar‘cTan[§H

a’+c?
b+a | o

aZ+

b+a

a2

c2
1+— eCs
a2

CZ

o e

+a\/a:—2c2 Sin[d+ex+ArcTan[<]]

Sin[d+ex+Ar‘cTan[£H
a

c[d+ex]3?

(b+cCos[d+ex] +asSin[d+ex])

a?+c?
-b+a | e

3/2

+
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b+a 1+isin[d+ex+Ar‘cTan[5H b+a 1+isin[d+ex+ArcTan[£H
1 1 1 3 a? a a a
2c2AppellF1[;, ;, 5, ;, - P ]
a 1+ [1-—° a 1+ |[-1-—2°
a 2 a 2
a 1+:2 a 1+:2

. a\/aza*zc2 —a\/"’za*zCZ Sin[d+ex+Ar‘cTan[§H
(a+cCot[d+ex] +bCsc[d+ex])>?Sec[d+ex+ArcTan|—]]
a

2 2

a‘+c

b+a | ——
a

i C a\/aza*zCZ Jra\/""zazC2 Sin[d+ex+Ar‘cTan[§H
b+a 751n[d+ex+Ar‘cTan[;H /

2
3a [1+— eCsc[d+ex]*? (b+cCos[d+ex] +aSin[d+ex})3/2
a

Problem 463: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

J\/a+cCot[d+ex} +bCsc[d+ex] ;
X

\/Cscld+ex]
Optimal (type 4, 118leaves, 3 steps):

2

2+/a+cCot[d+ex] +bCsc[d+ex] EllipticE[%(d+ex—Ar‘cTan[c, al), 2 ate

b++/ a%+c? ]

e /CSC[d+EX] b+c Cos[d+e x]+aSin[d+e x]
b+ a%+c?

Result (type 6, 1580 leaves):
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2c/a+cCot[d+ex] +bCsc[d+ex]
+|ava+cCot[d+ex] +bCsc[d+ex]

ae+Csc[d+ex]

b+ l1+j—§ cCos[d+ex—Ar‘cTan[§H b+ l1+i—§ cCos[d+ex—Ar‘cTan[§]]

- - ]

1+2 [1-—b |¢ 1+2 |_1-—b ¢

CZ

3

1 1
- | |aAppellF1[- =, - =, -
2 2

N |
N |

a? a?
1+ ¢ 1+— ¢
c c

a? + c?

cJazc*—;z c\/a'zc*—zCZ Cos[d+efor‘cTan[§H

b+c | azg—zcz
2¢ [b+ 1+§ cCos[d+efor‘cTan[:fH] aSin{d»fe x—Ar‘cTan{a—H

a?+c? a?+c? El a?+c? N
CJ 5 +c\/ =~ Cos[d+ex-ArcTan|2]] N

-b+c atic? 2
e b+ [1+2 cCos|[d+ex-ArcTan[?]]
C C

b+c Cos[d+eforcTan[i]]

Sin[d+eforcTan[iH ” -

C

(e\/Csc[d+ex} vVb+cCos[d+ex] +aSin[d+ex] )+ c?2/a+rcCot[d+ex] +bCsc[d+ex]
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b+ l1+:—2 cCos[d+ex-ArcTan[2]] b+ l1+i—§ cCos[d+ex-ArcTan[2]]

= = ]

2 2
1+2 |1 b c 1+ |1 2t c
c? c?
2

a a2
1+CT C 1+CT C

cJaz*cz c\/az*cz Cos[d+ex—Ar‘cTan[§H
a a2 c? c? c
Sin[d+ex—ArcTan[fH / 1+72 C

: VoS brc |

1 1
- | |aAppellF1[-~, - =, -
2 2

N |
N |

2 2 2, 2
c [*¥5 +c | T Cos|[d+ex-ArcTan[?]]
a2+ c? a c c c

b+c | ——— Cos|[d+ex-ArcTan|[—]] -

c ¢ a?+c?
“b+c | =
c
2c [b+ 1+:—z c Cos {d+e x-ArcTan { :—} } ] asin {d+e x—Ar‘cTan[iw w

2 2

a‘+C

2
a
1+c72 C

\/b+ /1+i—z cCos[d+ex—Ar‘cTan[%H
b+a l1+:—§ Sin[d+ex+ArcTan[§H b+a l1+:—§ Sin[d+ex+Ar‘cTan[§H

= = ]

2 2
a [1+% |1-—2 a [1+% [-1-—2
a o a ¢
a. [1l+ a_ [1+—

a

/(ae\/Csc[dJrex] vVb+cCos[d+ex] +aSin[d+ex] | +

)

11
2b AppellFi[ =, =,
272

N |
N W




c
Va+cCot[d+ex] +bCsc[d+ex] Sec[d+ex+ArcTan|—]|

2,2 2,2 .
a\/aaTc aJaa—; Sin[d+ex+ArcTan[<]]

Sin[d +ex+Ar‘cTan[EH
a2 a

a\/aza*—zCz +aJaza+_2c2 Sin[d+ex+Ar‘cTan[§]]

a?+c?
\ -b+a | e

2
a [1+— e+/Csc[d+ex] v/b+cCos[d+ex] +aSin[d+ex]
a
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Problem 464: Result unnecessarily involves higher level functions and more than twice size of optimal

antiderivative.

J \Csc[d+ex]
va+cCot[d+ex] +bCsc[d+ex]

dx

Optimal (type 4, 118 leaves, 3 steps):
2+/Csc[d+ex] EllipticF[% (d+ex-ArcTan([c, a] ),

b+c Cos[d+e x]+aSin[d+e x]

eva+cCot[d+ex] +bCsc[d+ex]

Result (type 6, 339 leaves):
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b+a 11+:—§ Sin[d+ex+Ar‘cTan[§H b+a /1+:—§ Sin[d+ex+ArcTan[§H
]

1 1 1 3
2 AppellFl|—, =, =, =, ,
272727 2 ) )
b-a 1+C—2 b+a 1+C—2
a a
a 1+:% (—1+Sin[d+ex+Ar‘cTan[§H)
c
VCsc[d+ex] Sec[d+ex+ArcTan|—]]/b+cCos[d+ex] +aSin[d+ex] |-
a
b+a 1+%
a

a 1+% (1+Sin[d+ex+Ar‘cTan[9H)
\ a a c? C c?
bra [1+— Sin[d+ex+ArcTan| ]| / a [1+— eva+cCot[d+ex] +bCsc[d+ex]
\/ a a \ a

2
-b+a [1+%
aZ

Problem 465: Result unnecessarily involves higher level functions and more than twice size of optimal

antiderivative.

Csc[d+ex]3/?

J(a+cCo‘c[d+ex] +bCsc[d+ex

] )3/2

Optimal (type 4, 240 leaves, 4 steps):
2Csc[d+ex]3? EllipticE[i (d+ex-ArcTan[c, a]), @] (b+cCos[(d+ex] +aSin[d+ex])?

b+ a%+c?

d+ex]+aSin[d+e x]

(a2 -b?+c?) e (a+cCot[d+ex] +bCsc[d+ex])?? |beclosl
b++/ a2+c?

2Csc[d+ex]*? (b+cCos[d+ex] +aSin[d+ex]) (aCos[d+ex] -cSin[d+ex])

(a2-b2+c?) e (a+cCot[d+ex] +bCsc[d+ex])??

Result (type 6, 1732 leaves):
2 (a%+c?)

Csc[d+ex]3/? (b+cCos[d+ex] +aSin[d+ex])2 (*ac (a2 b2:c?) 2iob atsin g ex cfsin dex

¢ (a?-b?+c?) (b+cCos[d+ex]+aSin[d+ex])

e (a+cCot[d+ex] +szc[d+ex})3/2



4.7 Miscellaneous.nb | 525

aCsc(d+ex]¥? (b+cCos[d+ex] +aSin[d+ex])>?

b+ l1+i% cCos{d+ex—Ar‘cTan[%H b+ l1+:—§ cCos[d+ex—Ar‘cTan[f]]

- ) - ]

2 2
[1+2 |1. b c [1+28 |1 b c
c? c?
1a1 a?
+C

- C 1+CTC

)

1 1
- | |aAppellF1[- =, - =, -
2 2

N |
N |

a%+c? a%+c? a
3 c\/—CZ —c\/—CZ Cos[d+ex—Ar‘cTan[;H R .
Sin{d+ex—Ar‘cTan[iH / 1+ ¢ b+c Cos[d+ex-ArcTan|—]]
C c? . c? C
b+c /L;c

2c [b+ 1+:—z cCos[d+ex—Ar‘cTan{i—H} aSin{d+e x—Ar‘cTanr—H

2,2 2, 2 2, c2 -
c | =5 +c [ ¥ Cos[d+ex-ArcTan|?]] e 1.7
c [ c ta ¢

_b+c aZic? 2
e b+ [1+2 cCos[d+ex-ArcTan[?]]
C C
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[(a*-b*+c?) e farcCotidrex) +bCscldrex])*?| -

1 1
- | |aAppellF1[-~, - =, -

c*Csc[d+ex]*? (b+cCos[d+ex] +aSin[d+ex])>?

b+ l1+:—z cCos[d+ex—Ar‘cTan[§H b+ l1+i—§ cCos[d+ex—Ar‘cTan[§]]

3 3

N |
N =

2

2

1+

CZ

3

1- —2» c 1+2 |1 b c

C\/az+c2
a a? =
Sin[d+ex-ArcTan| || / 1+~ c

C \ C

a?+c?
C 2
c

a%+c?

a
b+c | ——— Cos[d+ex-ArcTan|—]]
c? c

2c¢ [b+ 1+:—i cCos{d+e x—Ar‘cTan{:—H] aSin{d+ex—Ar‘cTan[iH

—cJaZ:—ZCZ Cos[d+ex-ArcTan[2]]

Z+2
+c:\/a‘czC Cos[d+ex-ArcTan[2]]

a?+c? )
a
1+?2 [«

\/b+ [1+2 ccos[d+ex-ArcTan[2]]
C c

a?+c?
-b+c | e

/(a (a*-b*+c?) e (a+cCot[d+ex] +szc[d+ex])3/2) -

]
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b+a l1+:% Sin[d+ex+Ar‘cTan[§H b+a l1+§ Sin[d+ex+Ar‘cTan[§H

= = ]

)

1
2b AppellFl[—,
2

N |
N =
N w

c
Csc[d+ex]*?Sec[d+ex+ArcTan|—|| (b+cCos[d+ex] +aSin[d+ex
a

}>3/2

a%+c?

a\/aza*zcz aJazfz Sin[d+ex+Ar‘cTan[§]]

b+a

a C
Sin[d +ex+Ar‘cTan[fH
b+a a%+c? a? a
i
aZ

a\/aza*—zCz +aJ% Sin[d+ex+Ar‘cTan[§]]

a
-b+a laz;cz
c2
a (a®-b?+c?) 1+—2e(a+cCot[d+ex]+szc[d+ex}>3/2
\/ a

Problem 466: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

Csc[d+ex]>?
J dx
(a+cCot[d+ex] +bCsc(d+ex])*?

Optimal (type 4, 492 leaves, 8 steps):
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8szc[d+ex15/2EllipticE[% (d+ex-ArcTan[c, a]), @] (b+cCos[d+ex] +aSin[d+ex1>3
b++/ a%+c?

+

b+ a2+c?

3 (az—b2+c2)2e (a+ccCot[d+ex] +szc[d+ex])5/2\/b*cc"s[d*e’“*‘"51““7'*”1

2+Va+c?

(d+ex-ArcTan[c, a]), ————] (b+cCos[d+ex] +aSin[d+ex])2

b++a%+c? b++/a%+c?

2Csc[d+ex]*? (b+cCos[d+ex] +aSin[d+ex aCos[d+ex] -cSin[d+ex
(3(az—b2+c2)e(a+cCot[d+ex]+szc[d+ex1>5/2)— : 1 : ] : ) : J : ])+
3 (a2-b?+c?)e(a+cCot[d+ex] +bCsc[d+ex])”?

5/2 . b+cCos[d+ex] +aSin[d+eXx]
2Csc[d+ex]®?EllipticF| /

N =

8Csc[d+ex]®? (b+cCos[d+ex] +aSin[d+ex])2 (abCos[d+ex] -bcSin[d+ex])

3(a2-b2+c?)’e (a+cCot[d+ex] +bCsc[d+ex])”?

Result (type 6, 2708 leaves):

Csc[d+ex]*? (b+cCos[d+ex] +aSin[d+ex])>
8b (a%+c?) 2 (ab+a?sin[d+ex] +c?Sin[d+ex]) 2 (a®+3ab*+ac?+4a’bsin[d+ex] +4bc?Sin[d+ex]) /
+ _
3ac(fa2+b27c2)2 3¢ (a?-b?+c? <b+cCos[d+ex}+aSin[d+ex])2 3c(a27b2+c2)2(b+cCos[d+ex}+aSin[d+ex])

(e (a+ccCot[d+ex] +szc[d+ex])5/2) +|4abCsc[d+ex]*? (b+cCos[d+ex] +aSin[d+ex])*?

b+ l1+:—2 cCos[d+ex-ArcTan[2]] b+ l1+i—§ cCos[d+ex-ArcTan|2]]

- ) - ]

2 2
1+2 |1-—2P c 1+2 |-1-—2 c
C
a2 a2
1+CTC 1+CTC

)

1 1
- | |aAppellF1[- =, - =, -
2 2

N |
N |
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. a a2 C\/
Sln[d+ex—Ar‘cTan[fH / 1+— ¢
c c?

atct c\/""z*zCZ Cos[d+ex-ArcTan|?]]
c c c a+c? a
b+c #Cos[d+ex—Ar‘cTan[—]]
a2ic? ¢ ¢
b+c c—2

+C

2, 2 2, 2
a‘+c a
C 2 +C 2
c [

Cos[d+ex—Ar‘cTan[§H

2c¢ [b+ 1+:—2 cCos[d+e x—Ar‘cTan{:—H] aSin{d+e x—Ar‘cTanF—H

aZ+c? N
a
1+— ¢

a?+c?
-b+c | o

[3(e2-b+c?)%e (a-clotidrex] +bCscld+ex])*?) +

4bc*Csc[d+ex]*? (b+cCos[d+ex] +aSin[d+ex])

\/b+ [1+2 ccCos[d+ex-ArcTan[2]]
C c

5/2

b+\/¥c€os[d+exArcTan[iH b+ECC°5[d+eXAPCTan[iH

) )

1 1
- aAppellFl[—f, -—, -
2 2

N |
N |

2

CZ

1+% |1-

1+=—
e

b a2 -1- b

) - ]

C 1+
c 2

c 1+2 ¢
=

2
a2

Sin[d+ex—Ar‘cTan[fH

a?+c?
CZ

c\/az*zc2 Cos|[d+ex-ArcTan|
C

21l

c
a a?
/ 1+— ¢
c c?
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2 2
e Cos[d+ex-Ar~cTan[iH

c? c

2c¢ [b+ 1+§; cCos{d+ex—ArcTan{%}}} aSin{d+ex—ArcTan[i]w

a%+c? )
a
1+?2 c

\/b+ [1+2 ccos[d+ex-ArcTan[2]]
C c

Z+2
+c:\/a‘czc Cos[d+ex-ArcTan[2]]

a?+c?
-b+c [—Cz

/(Ba <az‘b2+cz)2e (a+cCotl[d+ex] +szc[d+ex})5/2) +

b+a l1+:—z Sin[d+ex+Ar‘cTan[§H b+a l1+:—z Sin[d+ex+Ar‘cTan[§H

3

1 1
2aAppellFi[—, =,
2 2

N | =
N W

3

2 2
a |1+ |1-—2 a 1+ |-1-—2°
a " a N
a 1+a—Z

- ]

Csc[d+ex}5/25ec[d+ex+Ar'cTan[£]] (b+cCos[d+ex] +aSin[d+ex])*?

a

a?+c? a?+c?
a 2 -a 2
a a

b+a

Sin|d +ex+Ar‘cTan[§H

a’+c?
aZ

2, 2

a’+c
a p
a

Jra\/"’;*zCZ Sin[d+ex+Ar‘cTan{§H

a?+c?

aZ

-b+a

b+a

aZ+c?

Sin{d+ex+Ar‘cTan[£H
a? a
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c2

3(a2—b2+c2)2 1r— e(a+cCot[d+ex] +bCsc[d+ex])>?| +
a
b+a [1+< Sin[d+ex+ArcTan[<]] b+a [1+< Sin[d+ex+ArcTan[<]]
1 1 1 3 a a a a
2b% AppellFl| =, =, =, =, - , - | Csc[d+ex]®?
2 2 2

2
2 2
a [1+S |1-—2 a [1+% |[-1-—2
a 2 a s
a_|1+— a_|1+—
a

2,2 2,2 .
) a\/a;zc aJtzc Sln[d+ex+Ar*cTan[§H

c
Sec[d+ex+ArcTan[—]]| (b+cCos[d+ex] +aSin[d+ex])
a

a? + c?

b+a

g | @ g |3k sin[d+ex+Ar‘cTan[5H
c a* ® ’
. Sin[d+ex+Ar‘cTan[;H /
-b+a /—a:;cz

c?

a(a?-b%+c?)? 1+~ e(a+cCot[d+ex] +bCsc[d+ex])>?| +
a
111 3 b+a /1+:—2 Sin{d+ex+Ar‘cTan[§H b+a l1+:—zsin[d+ex+Ar‘cTan[§H
2c?AppellFl|~, =, =, =, - , - | Cscid+ex]®?
2 2 2 2
a /1 :% 1- b a :% - b
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a\/aza*—zc2 a\/a‘za*zcz Sin[d+ex+Ar‘cTan[§H
5/2

c

Sec[d+ex+ArcTan| ]| (b+cCos[d+ex] +asSin[d+ex])
a

a2ic?

b+a "

a2+ c? [ [CH aJaza*—fz +a\/aza+_2c2 Sin[d+ex+ArcTan[§H
bra | ——— Sin[d+ex+ArcTan|[—

a? a
-b+a /a:—zcz
CZ
3a (az—b2+c2)2 1+~ e (a+cCot[d+ex] +bCsc[d+ex])”?
\ a

Problem 467: Attempted integration timed out after 120 seconds.

J(a+cCot[d+ex] +bCsc[d+ex])>?sin[d+ex]¥2dx

Optimal (type 4, 371 leaves, 7 steps):

1
8b (a+cCot[d+ex] +szc[d+ex1)3/2EllipticE[f (d +ex-ArcTan[c, a] ),
2

2 2
2W]Sin[d+ex]3/2]/

b+ a2+c?
. b+cCos[d+ex] +aSin[d+eXx]
3e (b+cCos[d+ex] +aSin[d+ex]) +
b++a2+c?
1 2+/a?+c?
2 (a*-b%+c?) (a+cCot[d+ex] +szc[d+ex])3/2EllipticF[f (d+ex-ArcTan([c, a] ), 7+}
2 b++a%+c?

/(Be (b+cCos[d+ex] +aSin[d+ex])2) -

b++a?+c?

2 (a+cCot[d+ex] +bCsc[d+ex])>?Sin[d+ex]??2 (aCos[d+ex] -cSin[d+ex])

sin(d 13/2\/b+cCos[d+ex]+aSin[d+ex}
in[d+ex

3e (b+cCos[d+ex] +asSin[d+ex])
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Result (type 1, 1leaves):
22?

Problem 468: Attempted integration timed out after 120 seconds.

J\/a+cCot[d+ex] +bCsc[d+ex] /Sin[d+ex] dx

Optimal (type 4, 118 leaves, 3 steps):

2+/a+cCot[d+ex] +bCsc[d+ex] EllipticE[? (d+ex-ArcTan[c, a]), ﬂ] v/Sin[d +ex]
2 b++/ a?+c?

e \/ b+c Cos[d+e x]+aSin[d+e x]

b++/ a%+c?
Result (type 1, 1leaves):

?P?

Problem 469: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

1
J dx
va+cCot[d+ex] +bCscl[d+ex] /Sin[d+ex]
Optimal (type 4, 118leaves, 3 steps):
2Ellip‘ticF[l (d+ex—ArcTan[c, a]>’ 2 /a2+c2 b+c Cos[d+e x]+aSin[d+e x]
2 b++/ a%+c? b++/ a%+c?

eva+cCot[d+ex] +bCsc[d+ex] +/Sin[d+eXx]

Result (type 4, 719 leaves):
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4(ia+b—c—i az—b2+c2] (1+Cos[d+ex])VCsc[d+ex]

(—a—ib+jc+\/a2—b2+c2)(J‘L+Tan[i(d+ex)” ibsval_blic?

EllipticF [ArcSin|

)

(—a+ib—ic+\/a2—b2+c2) (—J‘L+Tan[§ (d+ex)]) ib-+va2-b?+c?

2 (fa—ib+jc+\/a2—b2+c2)(1‘1+Tan[%(d+ex)])
(7a+jbfjc+\/a27b2+c2) (711+Tan[§ (d+ex)]>

7]1+Tan[§ (d+ex)]

\/b+cCos[d+ex} +aSin[d+ex]

(1+Cos[d+ex})2
\/Cot[

Ji(a+M+bTan[§(d+ex”—cTan[i(d+ex)]) Tan[i(d+ex)] /
(a—jb+ic+m> (—i+Tan[% (d+ex)]) 1+Tan[§ (d+ex>]2

i (a—\/az—b2+c2 +bTan[% (d+ex)] —cTan[% (d+ex”)

(d+ex)] +Tan] . , : 1
(7a+1b71c+\/m) (71+Tan[; (d+ex)”

N |
N =

(d+ex)]

eva+cCot[d+ex] +bCsc[d+ex]

[[a+ib—ic— a?-b%+c?

\/(1+Tan[

Problem 470: Attempted integration timed out after 120 seconds.

(d+ex” +bTan|

N |

(d+ex>]2] (b+c+2aTan[

N |
N |

(d+ex)]2—cTan[

N |

(d+ex)]2)

1

dx
J(a+cCo‘c[d+ex] +bCsc(d+ex])>?sin[d+ex]3?

Optimal (type 4, 240 leaves, 4 steps):
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2EllipticE[% (d+ex-ArcTan[c, a]), @] (b+cCos[d+ex] +aSin[d+ex])2
b++/ a?+c?

(a2-b2+c?) e (a+cCot[d+ex] +bCsc(d+ex])?? Sin[d+ex]3/2Jb*ccc’s[d*”“”i”[d*”]

b+ a%+c?

2 (b+cCos[d+ex] +aSin[d+ex]) (aCos[d+ex] -cSin[d+ex])

(a2-b?+c?) e (a+cCot[d+ex] +szc[d+ex])3/ZSin[d+ex}3/2

Result (type 1, 1leaves):

2?7

Problem 471: Attempted integration timed out after 120 seconds.

1
dx
J(a+cCo‘c[d+ex]+szc[d+ex])5/ZSin[d+ex]5/2
Optimal (type 4, 492 leaves, 8 steps):

8bE11ipticE[i (d+ex-ArcTan[c, a]), @} (b+cCos[d+ex] +aSin[d+ex])3

b+ a2+c?

3 (az—b2+c2)2e (a+cCot[d+ex] +szc[d+ex])5/2 Sin[d+ex]5/2\/b*cc"s[d*ex“aﬁ”d*e”

b+ a%+c?

1 2+a?+c? b+cCos[d+ex] +aSin[d+ex
2 EllipticF[~ (d+ex-ArcTan[c, a]), 7+} (b+cCos[d+ex] +aSin[d+ex])? : [drex] + [d+eX] /
2 b+ a?+c? b+\/a2+c2

(3 (a®-b?+c?) e (a+cCot[d+ex] +szc[d+ex})5/ZSin[d+ex]5/2) -

2 (b+cCos[d+ex] +aSin[d+ex]) (aCos[d+ex] -cSin[d+ex]) 8 (b+cCos[d+ex] JraSin[dJrex])2 (abCos[d+ex] -bcSin[d+ex])
+

3 (a2-b?+c?)e(a+cCot[d+ex] +bCsc[d+ex])”?sin[d+ex]>2 3 (a?-b2+c?)’e (a+cCot[d+ex] +bCsc[d+ex])>?Sin[d+ex]*?

Result (type 1, 1leaves):

e

Problem 475: Result more than twice size of optimal antiderivative.

j ! dx
Cos[x]%2-Sin[x]?

Optimal (type 3, 11leaves, 2steps):
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1
— ArcTanh[2 Cos[x] Sin[x]]
2

Result (type 3, 23 leaves):

- 1 Log[Cos[x] -Sin[x]] + 1 Log[Cos[x] +Sin[x]]
2 2

Problem 503: Result unnecessarily involves imaginary or complex numbers.
J d+eSin[x]

a+bsSin[x] +cSin[x]?

dx

Optimal (type 3, 242 leaves, 7 steps):

2c+|b-/b2-4ac | Tan| X 2c+|b+y/b*-4ac | Tan| X

N2 e+MJ ArcTan| [ ] b | V2 [em) ArcTan| ( H ]
b*-aac \/TJbzfzc(am)fb\/m bi-dac \/TJbZ*ZC(a‘fC)*b\/m
\/b2—2c(a+c)—b\/b2—4ac \/b2—2c(a+c)+b\/b2—4ac

Result (type 3, 286 leaves):

1

—i+2ac
2

2c+|b-i/-b2+4 Tan| X 2c+|b+in/-b2+4 Tan| X
(—21‘1cd+(J’lb+\/—b2+4ac)e)Ar‘cTan[ C( - bl £ ] (21’1cd+(—ib+\/—b2+4ac)e)Ar‘cTan[ C[ - ac] [z ]
ﬁ\/bz—ZC (a+c)-ib+/-b2+d4ac ﬁJbz—Zc (a+c)+i b~/ -b2+d4ac
+
\/bzfzc (a+c)-ib+v-b%2+4ac \/btzc (a+c)+ibr-b%2+4ac

Problem 510: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J(a+bTan[d+ex]) (b>+2abTan[d+ex] +a2Tan[d+ex]2)2dlx

Optimal (type 3, 144 leaves, 7 steps):
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a (a2-3b2) (a2+b2>x+b(3a27b2) (a?+b?) Log[Cos[d+ex]] o a (a*-b*) Tan[d + e x] .
e e
b (a2 + b?) (bJraTan[dJrex})2 (a2 +b?) (b+aTan[d+ex})3 b(bJraTan[dJrex])4
+ +
2e 3e 4e

Result (type 3, 578 leaves):

a*bCos[d +ex] (b+aTan[d+ex])4 (a+bTan[d+ex]) a’b (a?+3b?) Cos[d+ex]> (b+aTan[d+ex])4 (a+bTan[d+ex])

+ _
4e (bCos[d+ex] +aSin[d+ex])4 (aCos[d+ex] +bSin[d+ex]) e (bCos[d+ex] +aSin[d+ex])4 (aCos[d+ex] +bsSin[d+ex])

a(-ia+b) (ia+b) (-a®+3b?) (d+ex) Cos[d+ex]® (b+aTan[d+ex])4(a+bTan[d+ex})

+
e (bCos[d+ex] +aSin[d+ex])4 (aCos[d+ex] +bsSin[d+ex])

(3a*b+2a?b>-b°) Cos[d+ex]°Log[Cos[d+ex]] (bJraTan[dJrex])4 (a+bTan[d+ex])

+
e (bCos[d+ex] +aSin[d+ex])4 (aCos[d+ex] +bsSin[d+ex])

Cos[d+ex]? (a®Sin[d+ex] +4a’b2Sin[d+eXx]) (b+aTan[d+ex}>4 (a+bTan[d+ex])

+

3e (bCos[d+ex] +aSin[d+ex])*

(aCos[d+ex] +bsSin[d+ex])
<2Cos[d+ex]4 (-2a°sin[d+ex] +a’b?>Sin[d+ex] +6ab*Sin[d+ex]) (bJraTan[dJrex])4 (a+bTan[d+ex}))/

(Be (bCos[d+ex] +aSin[d+ex])4 (acCos[d+ex] +bSin[d+ex]))

Problem 512: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

J a+bTan[d+ex] q
X
b2+2abTan[d+ex] +a2Tan[d +ex]?
Optimal (type 3, 101 leaves, 4 steps):
a(a?-3b?)x b (3a’-b?) Log[bCos[d+ex]+aSin[d+ex]] a2 - b2
_ N _
(a2+b2)2 (a2+b2)2e (a2+b?) e (b+aTan[d+ex])

Result (type 3, 219leaves):
1

b (a7 p7)2 (bz (72(a—jb)3<d+ex)—b(—3a2+b2) Log[(bCos[dJrex}+aSin[d+ex])2])+
(a2+b?)“e (b+aTan[d+ex])

a (2 (a-ib) (a®>-a’b (-i+d+ex) +b® (-i+d+ex)+iab® (i+2d+2ex))-b*>(-3a>+b?) Log|(bCos[d+eXx] +aSin[d+ex}>2})
Tan[d+ex] +2ib* (-3a%+b?) ArcTan[Tan[d + e x]] (b+aTan[d+ex}))
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Problem 513: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

a+bTan[d+eXx]
J dx
(b

2,2abTan[d+ex] +a2Tan[d+ex]2)2

Optimal (type 3, 197 leaves, 6 steps):
a(a*-10a’b?+5b%) x b (5a*-10a*b?+b*) Log[bCos[d+ex] +aSin[d+ex]]
(a2 + b2 7 (a2 b?)%e
a2 _p2? b (3a%-b?) a*-6a2b?+b?

- +

3 (a2+b?) e (bJraTan[dJrex])3 2 (a2+b2)2e (b+aTan[d+ex])2 (a2+b2)3e (b+aTan[d+ex])

Result (type 3, 1098 leaves):
((75J‘la”b+5a1°b275]‘Lagb3+5a8b4+141’1a7b5714a6b6+22j1a5b7722a4b8+7j1a3b977a2b1°711ab11+b12)

(d+ex) Sec[d+ex]3(bCos[d+ex1+aSin[d+ex])4<a+bTan[d+ex1))/
((afjb)3(a+]1b)4(7ja+b)4(ja+b)4e<aCos[d+ex]+bSin[d+ex}) (b+aTan[d+ex])4)f
(Ji(—5a4b+10a2b3—b5)Ar‘cTan[Tan[d+ex]]Sec[d+ex]3(bCos[d+ex]+aSin[d+ex})4(a+bTan[d+ex]))/
((a2+b2)4e<aCos[d+ex] +bsin[d+ex]) (b+aTan[d+ex])4) +
((—5a4b+10a2b3—b5) Log{(bCos[d+ex]+aSin[d+ex})2} Sec[d+ex]3(bCos[d+ex]+aSin[d+ex})4(a+bTan[d+ex])>/

(2 (a2+b2>4e(aCos[d+ex] +bsin[d+ex]) (b+aTan[d+ex])4) +

(Sec[d+ex]? (bCos[d+ex] +aSin[d+ex]) (-12a®bCos[d+ex] +24a°b>Cos[d+ex] +36a*b>Cos[d+ex] +9a’b> (d+ex) Cos[d+ex] -
81a’b* (d+ex) Cos[d+ex] -45ab® (d+ex) Cos[d+ex] +45ab® (d+ex) Cos[d+ex] +8a’bCos[3 (d+ex)] -
54 a®b>Cos[3 (d+ex)| -44a*b>Cos[3 (d+ex)|+18a’b’Cos[3 (d+ex)]-9a’b® (d+ex) Cos[3 (d+ex)] +
93a°b* (d+ex) Cos[3 (d+ex)|-75a°b® (d+ex) Cos[3 (d+ex)]|+15ab® (d+ex) Cos[3 (d+ex)]| -12a°Sin[d+ex] +
51a’b’Sin[d+ex] +8la’b*Sin[d+ex] +9a’b®Sin[d+ex] -9ab®Sin[d+ex] +9a’b (d+ex) Sin[d+ex] -
81a°b’ (d+ex) Sin[d+ex] -45a*b> (d+ex) Sin[d+ex] +45a’b’ (d+ex) Sin[d+ex] +4a°Sin[3 (d+ex)] -
31a7bZSin[3 (d+ex”+5a5b4Sin[3<d+ex)]+31a3bGSin[3(d+ex)]—9abSSin[3<d+ex)]—3a8b(d+ex) Sin[3 (d+ex)]+
39a°b® (d+ex) Sin[3 (d+ex)] -105a*b> (d+ex) Sin[3 (d+ex) ]| +45a’b” (d+ex) Sin[3 (d+ex)]) (a+bTan[d+ex]))/

(12b (-ia+b)* (ia+b)%e (aCos[d+ex] +bSin[d+ex]) (b+aTan[d+ex})4)

Problem 517: Result unnecessarily involves imaginary or complex numbers.

a+bTan[d+ex]
j dx
(b

2,2abTan[d+ex] +a2Tan[d+ex]2)3’/2

Optimal (type 3, 316 leaves, 5steps):
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(a2-b?) (b+aTan[d+ex]) (a*-6a2b?+b*) Log[bCos[d+ex] +asSin[d+ex]] (bJraTan[dJrex})3
2(a2+b2)e(b2+2abTan[d+ex}JrazTan[dJrex]2)3/2 (a2+b2)3e<b2+2abTan[d+ex]+a2Tan[d+ex}2>3/2
4b(az—bz)x(ab+a2Tan[d+ex}>3 b (3a%-b?) (abJraZTan[d+ex])3

a? <a2+b2)3 (b2+2abTan[d+ex] +a2Tan[d+ex]2)3/2 (a2+b2)2e (a®b+a*Tan[d+ex]) (b2+2abTan[d+ex] JrazTan[dJrex]2)3/2

Result (type 3, 293 leaves):
1

2 (a2+b2)’e (b+aTan[d+ex]) \/(b+aTan[d+ex])2
((—a6+a2b4) Sec[d+ex]?+2i (a*-6a’b?+b*) ArcTan[Tan[d+ex]] (b+aTan[d+ex])?+
(b+aTan[d+ex]) (b (721'1 (a-ib)* (d+ex) - (a*-6a®b?+b*) Log[ (bCos[d+ex] +aSin[d+ex])2” +
a (2 (a-ib) (a®b (4i-3d-3ex)+b®(-2i+d+ex)-ia®>(4i+d+ex)+iab®(2i+3d+3ex])-
(a*-6a?b”+b*) Log|[ (bCos[d +ex] +aSin[d+ex})2]) Tan[d+ex]))

Problem 518: Result more than twice size of optimal antiderivative.

J(a+b$ec[d+ex]) (b*+2absec[d+ex] +a25ec[d+ex]2)2d1x

Optimal (type 3, 184 leaves, 8steps):

b (19a*+56a*b?+8b*) ArcTanh[Sin[d+ex]] a (4a*+50a2b?+19b*) Tan[d +ex]
ab*x+ + +
8e 6e

a’b (41a®+26b?) Sec[d+ex] Tan[d+ex] (4a%+7b?) (ab+a25ec[d+ex})ZTan[d+ex] b(ab+aZSec[d+ex])3Tan[d+ex}
+ +
24 e 12ae 4a’e

Result (type 3, 590 leaves):
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ab (d+ex) (-19a*b-56a%b* - 8b°) Log[Cos[i (d+ex)] —Sin[% (d+ex)]]

e : 8e i
(19a*b+56a’b®+8b°) Log[Cos[ > (d+ex)]|+Sin[} (d+ex)]] 24 b
8e +16e(Cos[§(d+ex)}-$in[§(d+ex)])4+
4a%+57a*b+16a%b?+72a2b? a*b

- +

48 e (Cos[% (d+ex)] —Sin[% (d+ex)”2 16 e (Cos[% (d+ex)] +Sin[i (d+ex”)4

*435*5734b*1633b2*7232b3 aSSin{i (d+ex>] +4a3bZSin[i (d+ex”

+

48 e (Cos[% (d+ex)] +Sin[§ (d+ex)”2 ' 6e (Cos[% (d+ex)] —Sin[% (d+ex>])3

aSSin[i (d+ex)] +4a3bZSin[% (d+ex)] 2 (aSSin[% (d+ex) ] +13a3bZSin[§ (d+ex)] +6ab4Sin[§ (d+ex)]>
+ +

6e (Cos[i (d+ex)] +Sin[§ (d+ex)])3 3e (Cos[i (d+ex)] 7Sin[§ (d+ex)”

2 (aSSin[i (d+ex)] +13a3bZSin[§ (d+ex)] +6ab4Sin[§ (d+ex)]>

3e (Cos[i (d+ex)] +Sin[i (d+ex)”

Problem 548: Result more than twice size of optimal antiderivative.

J B Cos[x] +CSin[x] N

a+bCos[x] +1bSin[x]

Optimal (type 3, 92leaves, 1step):
b(B+iC)x (ib?(B+iC)+a®(iB+C))Logla+bCos[x]+ibSin[x]] (iB-C) (Cos[x]-1iSin[x])

+
2a? 2a%b 2a

Result (type 3, 195leaves):

(aB+b2B-1ia2C+ib2C)ArcTan| (a-b) Cos| ]
—aSin{ﬂ»bein[ﬂ

(a2B-b2B-ia?C-ib?C) x

43a%b ) 2a%b
i (B+iC)Cos[x] i (a?B+b?B-1ia2C+1ib2C)Log[a®+b>+2abCos(x]| (B+iC)Sin[x]

- +

2a 4a’b 2a

Problem 549: Result more than twice size of optimal antiderivative.

J B Cos[x] +CSin[x] 4
X

a+bCos[x] -1bSin[x]
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Optimal (type 3, 90 leaves, 1step):

b(B-iC)x (ia?(B+iC)+b?(iB+C))Logla+bCos[x]-ibSin[x]] (iB+C) (Cos[x]+iSin[x])
_ + _
2a? 2a’b

2a
Result (type 3, 195leaves):

(a2B+b2B+ia?C-ib?C)ArcTan (a+b) Cos| ]
(a?B-b2B+ia?C+ib?C)x asin| %] bsin %]
+

43a3%b 2a%b

i (B-iC)Cos[x] i (a?B+b?B+ia?C-ib?C) Log[a? + b?+2ab Cos[x] | (B-1iC)sin[x]

+

.
2a 4a2b 2a

Problem 556: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

J(a+bCos[x] +cSin[x])*? (d+beCos[x] +ceSin[x]) dx

Optimal (type4 390 leaves, 8steps):

105 a+b Cos[x]+cSin[x
a+ b2+c2

2 2
2 (161a%d+63 (b?+c?) d+15a*e+145a (b +c?) e) EllipticE[1 (x-ArcTan(b, c]), ”7“] vJa+bCos[x] +cSin[x] -
2

2 2
{2 (a*>-b*-c?) (56ad+15a%e+25 (b*+c?) e EllipticF[l (x - ArcTan[b, c]), 2VbTrc
2

a+\Vb?i+c?

a+bCos[x] +cSin[x] /
a+Vb?+c?

_

(105\/a+bCos[x1 +cSin[x] )—E (a+bCos(x] +cSin[x])>? (ceCos[x] -beSin[x]) -
7

2 (a+bCos[x] +cSin[x})3/2 (c(7d+5ae) Cos[x] -b (7d+5ae) Sin[x]) -
35

i\/a+bCos[x} +cSin[x] (c (56ad+15a”e+25 (b®+c*) e) Cos[x] -b (56ad+15a°e+25 (b®+c?) e) Sin[x])
105

Result (type 6, 7823 leaves):

2b (161a2d+63b2d+63c2d+15a3e+145ab2e+145ac2e)

vJa+bCos[x] +cSin[x]

105 ¢
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1 2 2 2 2 1 2 2
——c (308ad+180a’e+115b”°e+115c*e) Cos[x] - —bc (7d+15ae) Cos[2x] - — c (3b*-c*) eCos[3x] +

210 35 14
1 1 1 1
——b (308ad+180a’e+115b% e+ 115c*e) Sin[x] + — (b*-c?) (7d+15ae) Sin[2x}+—b(b23c2)eSin[3x]}+4
210 35 14 .
1+b—2 C
C
3 a+ /1+S—§ cSin[x+ArcTan[%H a+ l1+lc’—§ cSin[x+ArcTan[%H

> T ) - ] Sec[x+Ar'cTan[EH

2 c
2 2
1+2 1. 2 c 1+2 |1 —2 c
c? 2
2 2
1+b— 1+b—2
.

)

3 1
2 a” d AppellF1l [ -
2

N R
N R

C
2

c\/bzc;zcz —c\/bzc*—zCZ Sin[x+Ar‘cTan[%H b2 4 2 b C\/bzc*—zCZ +c\/bzc*—zcz Sin[x+ArcTan[EH .

a+c | ——— Sin|[x+ArcTan| ]| +
b2+c? c ¢ b2, c? b2
a+c 2 BRI Bres 15 1+C7c
a+ 1+% cSin[x+Ar‘cTan[9H a+ 1+% cSin[x+Ar‘cTan[9H
1 1 1 3 ¢ ¢ ¢ ¢ b
34ab2dAppellF1[£, ;, =, =, - , - ] Sec[x+Ar‘cTan[fH

2 2 C
2 2
1+2 j1-—2 c 1+% |1 —2 c
c? 2
2 2
1+b—2 1+b_2c
C C

c\/bzc;zCz —c\/bzc*—zCZ Sin[x+Ar‘cTan[%H o2 o2 . c\/bzc*—zCZ +c\/bzc*—zcz Sin[x+Ar‘cTan[%H

a+c | ——— Sin[x+ArcTan| ]| +

c? c
aNﬁ aNE
X a+\/§csin[x+Ar‘cTan[gH B+ECSin[X*APCTan[EH

;34achppellF1[§, i, 1, —y - y - ] Sec[x+Ar‘cTan[EH

C
ﬁ 2 2
15 /15 142 1. —2 c 1+% |1 —2 c
c v c o
1+CTC 5
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c\/bz:z_c\/bzc+2C2 Si“[x‘fA'"CTa"[%H b2 + 2 b C\/bzcZCZ +c\/b2;cz Sin[X+APCTanEH !
N

arc | ——— Sin|x+ArcTan| ]|
C c
a+c b2c+zc2 —a+cC /bzc*izcz 7 1+lc’%c
101 01 3 a+ 1+tc’% cSin[x+Ar‘cTan[%H a+ 1+kc’% cSin[x+Ar‘cTan[%H b
18 a? bzeAppellFl[f, = =, 5, - , - } Sec[x+Ar‘cTan[fH
2 2 2 2 C
1 ‘c’—z 1. —=2 c 1+E—§ 1o —2 c
1+E—§c 1+tc’—§c

c\/bzc;zCz —c\/bzc*—zCZ Sin[x+Ar‘cTan[%H o2, e . c\/bzc*—zCZ +c\/bzc*—zc2 Sin[x+Ar‘cTan[%H

a+c | ——— Sin|[x+ArcTan| ]|

b2+c? C2 ¢ b2+c?
a+c c2 -a+C 7c2
/ b2 . b / b2 . b

3 a+ 1+c7 c51n[x+Ar‘cTan[;H a+ 1*?2 c51n[x+Ar‘cTan[;H

, =, - , - ]Sec[x+Ar*cTan[EH

1
— >
. 27 2 c
21, [1+ 5 ¢ 1+2 c 1+2 i1 —2 ¢
c 2
1+E—2c
¢ [BE _c [2S sin[x+ArcTan[2]] ¢ | 2€ ¢ [22€ sin[x+ArcTan|2]]
c c c b2 4 c2 b c? c? c 1
a+c | ——— Sin|[x+ArcTan| ]| +

2
b2+c? ¢ ¢ b2+c? b2
a+c | —a+c | S 7.1+ 2
C C c
a+ /1+% cSin[x+Ar‘cTan[2H a+ /1+% cSin[x+Ar‘cTan[2H
3 C C C C

1

10 b* e AppellF1|

) )

N |
N |

2 111 b
18 a ceAppellFl[ s T Ty —y - , - ]Sec[x+Ar‘cTan[ H
2 2 2 2 C
142 |12 c 1+ |1 —2 c
C C
1+§C 1+§C
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c\/bzc;cz_c\/bz:zc2 Si“[x‘fA'"CTa"[%H b2 + 2 b C\/bZ;CZJrC\/b2c+zcz Sin[X+APCTanEH !

arc | ——— Sin|x+ArcTan| ]| +
C c
a+c /b%‘z —a+c /bzc*—;z 21 1+ 2
11 1 3 a+ 1+lc’% cSin[x+Ar‘cTan[%H a+ 1+lc’% cSin[x+Ar‘cTan[%H b
20b? ceAppellFl|[—, =, =, —, - y - | sec[x +ArcTan|—]]
2 2 2 2 C
14% 1o ——c 142 |1 —2 ¢
1+E—§C ‘ 1+:—§C
c\/bzc;zCz —c\/bzc*—zCZ Sin[x+Ar‘cTan[%H o2, e . c\/bzc*—zCZ +c\/bzc*—zcz Sin[x+Ar‘cTan[%H
a+c | ——— Sin|[x+ArcTan| ]|

b%+c? CZ c b+c?
a+c ciz -—a+cC ?
5 a+\/§csin[x+Ar‘cTan[EH a+\/EcSin[x+Ar'cTan[gH

10 c* e AppellFi| , E, =, - , - ] Sec[x+Ar‘cTan[EH

)

N |
N |

. 2”27 c
21 f1+ 5 142 1. 2 c 1+ |1 —2 c
c 2 c 2
1+tc)72 c 14-372 C
b2.c? b%+c? . b b%+c? b%+c? . b
C\/—cz —CJ—CZ Sin[x +ArcTan[2]] o2, o2 . c\/—CZ +C\/—c2 Sin[x+ArcTan|[ 2] ] .
a+c | ——— Sin|[x+ArcTan| ]| +

2o c? C . . 15¢
a+c | 5 —a+c | ==
c c?



11 a+b ”
23a%b%d |-

1+ ¢ Cos[x—Ar‘cTan[ﬁH

a+b "

1+¢ Cos[x—Ar‘cTan[ﬁH

1 1
cAppellFl[—f, ——y — =y — -
2

[1 7 a J
b 1+i
b2

J]

o |n

b 1+ [1
bZ

b2 + 2

5 b bzb;zcz—b bzb*—zczCos[x—ArcTan[
C \/ \/
b [1+—
+b2
b2+2
a+b lb—;

a+b
b? b

2b {a+b 1+5 Cos{x—Ar‘cTan{;—H] cSin{x—Ar‘cTan[[—H
h

Cos [x - ArcTan [ E] ]

b lbzb*—zcz +b lbzb;zcz Cos[x—Ar‘cTan[ﬁH

b%+c?

b 1+Ei
b2

2, -2
_a+b [
bZ

3b*d |-

\/a+b l1+;—§ Cos[x—Ar‘cTan[ﬁH

a

b 1+i
A 02

+ —

|

. a+b /1+E—z Cos[x—Ar‘cTan[iH a+b /1+E—z Cos[x—Ar‘cTan[i]]

1 1
cAppellFl[-—, - =, - =, =, -
2

3

a [
b [1+ oz
b 1+i

b2

b2:c? b%+c?
o b [ *5= b [ %55 Cos[x-ArcTan| ]|

a

[1 _ ]
1+i
bl

b2 + c?

b2
2,2
a+b | b2+c®
bz

a+b
b2

Cos [x - Ar‘cTan[E] ]

] Sin[x—Ar‘cTan[i} ] /
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] Sin[x—Ar‘cTan[E} ] /

b
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2b

oo [ el 7] )
b

b%+c?

b

bz“z Pic? Cos [x - ArcTan| <] |
\I b2 b
+C2
_a+b [°® o2

c2
l+b7

\/a b\/TCos[x—Ar'cTan[;H

L - a+b /1+* Cos{x—Ar‘cTan[iH a+b /1+* Cos{x—Ar‘cTan[iH
——a’cd |- ||cAppellFl[-~, - =, - =, =, - > -
15 2 2 2
b 1+;—2 1- —2 b < 1 —2
b 1+i b 1+i
b2 b2
bz*cz b | 2 Cos[x-ArcTan[<]]
c? b b b2 + c2 c
b [1+— a+ ——— Cos[x-ArcTan|—]||
b2 e b2 b
a+b %
2b |a+b 1+— Cos{x Ar‘cTan{%H] cSin{x—ArcTan[;—H
b lbzb*ifz +b lbb*c Cos [x -~ ArcTan |+ ] | b et b 1.2
- +
b2ic?
—a+b\/ b2 \/a b 1+f Cos[x—Ar‘cTan[QH
N b
a+b l1+f Cos [x - ArcTan| €] ] a+b l1+— Cos [x - ArcTan| €] ]
1 1 b b
—b%cd |- ||cAppellF1][-~, - =, - =, =, - > -
5 2 2 2
b [1+S |1-—2 b [1+S |-1-—2
b2 - b2 -
b 1+;_2 b /1+;_Z

| sin[x - ArcTan| E} ]

} Sin[x—Ar‘cTan[EH
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5 bz*cz b | ®< Cos[x-ArcTan|<]]
C b bz 4 c2

c
b |1+ — a+b —Cos[x—Ar‘cTan[EH

b2 [ b2
bZJr 2
a+b Tzc

2b |a+b 1+— Cos {x ArcTan {H } ] csin {X,ArcTan[i] w
A\ B b
b2+c2 \/7 COS X ArcTan [ ﬁ] } b2+c? b 1+i
bZ

[t e
-a+h bZC \/a b 1+—Cos[x—Ar‘cTan[§H

11 a+ b\/TCos[xAr'cTan[EH a+ b\/TCOS[XAr'cTan[EH

ic?:d - CAppe:I-lFl[_l) _l.v I T y — ] Sin[X—Ar‘cTan[SH /
5 2

2 2 2
b [1+S [1-—2 b |14+ |-1- —2
b2 N b? N
b | 1+S b 1+;72

b2

5 bz*cz b | b Cos [x - ArcTan| €] ]
[ b bz 4 CZ

a+b | —— Cos[x-ArcTan[E]]

+
b2 l b2
a+b [P
bZ

2b |a+b 1+§ Cos {for'cTan { H } ] csin {x-Ar‘cTan { ;*] }
2 2 -
b\/?er / bb*c Cos[for‘cTan[EH bt b 1+;§ 1

-a+h b2c \/a b 1+—Cos[x7Ar'cTan[§H
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] sin[x - ArcTan[—]]

1 . 4 7 b l1+— Cos[for'cTan[ﬁH a+b 1+— Cos[for‘cTan[ﬁH
a’b’e |- | |cAppellF1[-=, - =, - =, =, - o \
2 2 2 2
b/1+;—§ 1-—2 ] b/1+;_§__ a
bJE bJE
b b
b2+c =< Cos[x - ArcTan| <] ]
C2 b b b2+C2 C
b |1+ a+b | ——— Cos[x-ArcTan|—]]
b? 2,2 b? b
a+b bb+2C
2b a+bJ:Cos{x Ar‘cTan{%HJ CSin{for‘cTan{iH
— b
bzw lb*c Cos [x - Ar‘cTan[ﬁH b2+c? e
_ b . 1
21c
_ b | B .
o b \/a+b [1+ < Cos|[x-ArcTan|<]]
b b
1 L1 @ b /1+— Cos[x—Ar‘cTan[ﬁH a+b 1+— Cos[x—Ar‘cTan[iH
29ab*e |- | |cAppellFl[-—, - =, - =, =, - - \
2 2 2 2
b 1+% {1 a ] b 1+% 1 a J
b : N 2
b 1+;7 b 1+;T

b2+c2 / bbf Cos [x - Ar‘cTan[ﬁH

b2+C2 e
a+b | ——— Cos[x-ArcTan|—]]
b2 b

1|/

| sin[x - ArcTan| E} ]




1
“atce |-
7

b
58
—ab’ce
21

2b a+b\/1+7—C°5{X APCTanHH] csin{x—Ar‘cTan[iH
_ b
b2+cz \/7Cos [x - Ar‘cTan[ﬁH b re? b

c2
l+b7

—a+b\/? \/a b\/TCos[x—Ar'cTan[cH
b
LR b\/?Cos[x—ArcTan[;H a+ b\/?COS[X‘Ar‘CTan[;H

1 1 1
cAppellFl[- =, - =, - =, =, - ’
2 2 2

2
b [1+< |1-—2 b [1+S |-1- —2
b2 ; A/ b2 ;
b [1+< b [1+

b2 b2
2 2
b%:c? b? *ZC Cos [x - ArcTan| €] ]
c? b b b2 + c?
L&
b2 b2
b2+c?
a+b T

Cos [x - Ar‘cTan[E] ]

2b a+b\/1+77Cos{x Ar‘cTan{%H] i cSin{x—Ar‘cTan“—H
2, 2 2,2
bﬁw /bb*c Cos [x - ArcTan|[ =] | o b 1.5

_a+b [P
b2 a+b l1+f Cos[x—Ar‘cTan[iH

a+b /1+* Cos[x - ArcTan| €] ] a+b /1+— Cos[x - ArcTan| ¢
1 1 b b
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] Sin[x—Ar‘cTan[EH

J]

1 1
_ cAppellFl[fg,**,**: — - s~

2 2 2

b /1+;—§ 1. —2
b 1-*-i

b? b2

] Sin [x —Ar‘cTan[S} ]




550 | 4.7 Miscellaneous.nb

o |n

R bz*cz b*c Cos[x - ArcTan| €] |
C \/

b2 + c?
b |1+ — a+b | —

b2 b2
b2+2
a+b 'Tzc

2b |a+b 1+— Cos{x Ar‘cTan{%H] cSin{forcTan[EH
_ b
bz*cz / b*c Cos [x - Ar‘cTan[ﬁH b?+c? b (1.
bZ

[ g .
-a+h bzc \/a b 1+*Cos[x—Ar‘cTan[§H

Cos [x - Ar‘cTan[g] ]

29

1, 27 b\/TCos[xAr‘cTan[;]] a+ b\/TCos[xAr‘cTan[;]]

1 1
~—ac’e |- ||cAppellF1[-—, - =, - =, =, - , -
2

21 2 2 2
b 1+ |1- —2
bZ
b 1+i
b2
bz*cz bc? Cos [x - ArcTan| €] ]
c? b b2 + c?

b |1+ — T
b2 ”
a+b\/?
2b a+bJ1+7—COS[X A"CTa”H’HJ csin{X-A"CTa”EH
amJT Ja chos[XA"CTa"[EH
b

Cos [x - Ar'cTan[E] ]

] Sin [x - ArcTan [ S} ]

Problem 557: Result unnecessarily involves higher level functions and more than twice size of optimal
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antiderivative.

J(a+bCos[x] +cSin[x])3/2 (d+beCos[x] +ceSin[x]) dx

Optimal (type 4, 294 leaves, 7 steps):

2 (20ad+3a%e+9 (b?+c?)e) EllipticE[% (x - ArcTan[b, c]), Q} va+bCos[x] +cSin[x]

a+/ b%+c?

b2+C2

15\/ a+b Cos[x]+cSin[x

2 (a?-b?-c?) (5d+3ae) EllipticF[J (x-ArcTan[b, c]), 2fvec ] [ 2ebCoslxlecsinix]

a+/ b2+c? a+v/ b%+c?

15+/a+bCos[x] +cSin[x]

(a+bCos[x] +cSin[x])3/2 (ceCos[x] -besSin[x]) —i\/a+bCos[x1 +cSin[x] (c(5d+3ae)Cos[x] -b(5d+3ae)Sin[x])
15

[N

Result (type 6, 5218 leaves):

vJa+bCos[x] +cSin[x]

2b (20ad+3a’e+9b’e+9c’e) 2 2 2 1
-—c(5d+6ae)Cos[x] - —bceCos[2x] + —b (5d+6ae) Sin[x] + = (b®>-c?) eSin[2x] | +

15 ¢ 15 5 15 5
a+ 1+ 2 cSin[x+Ar‘cTan[9H a+ 1+ 2 cSin[x+Ar‘cTan[9H
11 1 3 c? c c c b
2a° dAppellFl[f —, Ty Ty - s - ]Sec[x+Ar‘cTan[fH
. 27272 2 c
1+c—2 C 1.8 |1_ a C 1+92 1o 8 C

CZ o + CZ o
1+— C 1+— ¢
c2 c2
2,2 2, .2 .
c |2 ¢ [P gin[x+ ArcTan|®
2 2
C C c

2 2
b%+ ¢ Sin[x+Ar‘cTan[EH +

c? c . .
_a+c b2+c?
CZ

c\/bzc*—zC2 —chzc*—fz Sin[x+Ar‘cTan[%H

a+cC

| 551
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a+ /1+'z—z cSin[x+Ar‘cTan[gH a+ /1+'z—z cSin[x+Ar‘cTan[gH

2b?d AppellFi[—, 1, l, i, - , - ]Sec[x+Ar‘cTan[EH
2

2 2 C
3 1+£C b? a a
. 1- ~1- c
1+l§c

b2+c? b%+c? . b b%+c? b2+c? . b
C\/c;c\/c; Sin[x+ArcTan| 2] ] b2 4 2 b CJC;*C\/C; Sin[x+ArcTan|[’]]

N |

a+c s Sin[x+Ar‘cTan[fH
c? c
a+c | o< Caaec |
CZ
a+ [1+% cSin[x+Ar‘cTan[gH a+ [1+% cSin[x+Ar‘cTan[gH
1 3 c? c c? c b
2 cdAppellFi|—, 25 , - | sec[x +ArcTan| ]|
b2 ¢
3 1+c_2 1+% 1- a c % 1o a JC
C b2 c b2
1+CTC 1+c7c
b2+c? b%+c? . b b%+c? b2+c? . b
c\/czC c:\/czc Sln[x+Ar'cTan[;H b2+ 2 b c:\/czc Jrc\/czc Sln[x+Ar‘cTan[;H
———— si ArcTan|—
a+c " 1n[x+ rc an[c]]
a+C b2+zcz Casc bz+zcz
C
a+ /1+% cSin[x+ArcTan[9H a+ /1+% cSin[x+ArcTan[9H
1 1 1 1 3 ¢ ¢ ¢ ¢ b
8ab’eAppellFl[—, =, =, =, - , - | sec[x +ArcTan|~]]
R 2 2 2 2
5 1+—2 C 1+ﬁ 1- a

C
b? a
C 1+5 |-1- C
< /1 o2
+—5 C
C

b2+c? b%+c? . b b%+c? b%+c? . b
c\/czc—c\/czC Sin[x+ArcTan| 2] ] b2 4 2 b C\/C;:ch\/czc Sin[x+ArcTan|[]]

a+c | ——— Sin|[x+ArcTan| ]| n

2, 2 C2 c 2, 2
a:c b%+c? _a+c b%+c?
c? c?
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a+ /1+g—i cSin[x+Ar‘cTan[%H a+ /1+E—§ cSin[x+Ar‘cTan[%H

1 1 1 1 3 b
8aceAppe11F1[;, 5 5 , - ] Sec[x+Ar‘cTan[;H
5 1+% 1+% 1- a C % -1- 2 C
‘ 1+£C ‘ 1+ic
c\/bzc*zcz c\/bzc*zcz Sin[x+Ar‘cTan[gH b2 4 2 b chz;cz Jrc\/bzc*zc2 Sin[x+Ar‘cTan[gH 1
a+c | —— Sin[x+Ar‘cTan[fH + —
b%+c? C2 ¢ b24c2? 3¢
a+c 5 —a+c
a+b [1+S Cos[x-ArcTan[€]] a+b |1+ Cos[x-ArcTan[<]]
1 1 1 1 b b b b C
4ab*d |-||cAppellFl[-—, - =, - =, =, - , - | sin[x - ArcTan|—]] /
2 2 2 2 b
b [1+S [1 2 ] b [1+S |-1-—= ]
b : b2 ;
b 1+:T b 1+;72

. b bzb_zcz _beZ;:cOs[x—Ar‘cTan[ﬁH b2 4 2

C
b |1+ — a+b —Cos[x—Ar‘cTan[EH

b? [ b?
bZJr 2
a+b Tzc

oo [ ool 11 )

-a+b % 2 c
b a+b 1+;2 Cos[x—ArcTan[gH

2b
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L 2 b /1+—Cos[for'cTan[§]] a+b /1+—Cos[for'cTan[§]]

1 1 C
—acd |-||cAppellFl[-—, - =, - =, =, - , - ]Sin[for'cTan[—H/
2

2 2 2 b
b [1+S |1-—2 b [1+S |-1-—2=
b2 : b2 -
b [1+< b |1+<
bz*c b | b Cos [x - ArcTan| €] ]
c? b? b b2 + c?

b |1+ — a+b —Cos[forcTan[E]]

bz b%+c? bz b
a+b b2

2b |a+b 1+— Cos{x Ar‘cTan{%HJ cSin{x—Ar‘cTaanH
_ b
bz*c | b*c Cos [x - Ar‘cTan[ﬁH b%+c? o (e .
o

-a+b # c? c
A b a+b [1+5 Cos[x—Ar‘cTan[;H

T 1 11 a+b l1+;—§ Cos[x—Ar‘cTan[ﬁH a+b l1+2—§ Cos[x—Ar‘cTan[ﬁH
a’b’e |- | [cAppellFl[-=, - =, - =, =, - > - }Sin[x—Ar‘cTan[gH /
2 2 2 2
b [1+S |1-—2 ] b [1+¢ |[-1-—2 ]
b? - b2 -
b 1+b7 b 1+b—2

2 2
e - Cos[x - ArcTan[ <] ]
e b b b2 4 2

b |1+ — a+b

b2 b2
a+b | ;zcz

Cos [x - Ar‘cTan{E] ]



3b%*e |-

—a“ ce
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2b

a+b\/:COS{X APCT""“EH] csin[x-ArcTan| < ||

b2+c2 Cos [x - ArcTan| <] | b2+c? - e
\l b . L
_ L1
b | B 5c¢
o b? a+ b\/TCos[x—Ar'cTan[cH
b
P b\/TCos[x—Ar‘cTan{EH a+ b\/TCos[x—Ar‘cTan{;H
cAppellFl[- =, - =, - =, =, - , - ] Sin[x—Ar‘cTan[EH /
2 2 b
b [1+S |1-—2 b [1+S |-1- 2
b : b :
b [1+5 b 1+<
b2 o
5 bzmz FCOS [x-ArcTan[ <] ]
c b b b2 4+ 2 c
1+~ a+b | ——— Cos|[x-ArcTan|—]]
b? b

2
b2+c? b
a+b [ ——
bZ

b%+c?
o5

e v 1+7 cos {X ArcTan {ﬂ }] cSin {x—ArcTan[EH
— b
b \/? Cos [x - ArcTan| i] ] b2+c? o fre

1 1
cAppellFl[fg, =, -=, =, - L -

“a+b | e
b® a+ bFCos[xAr‘cTan[;H

11 @ bFCOS[XArcTan[;H a-+ bFCos[xArcTan[;H
b 1+§ -1- a 2

] Sin[x—Ar‘cTan[EH /

2 2 2

, 2
b 1+;7 1— a
b 1+i
b2
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2 2
bec? [ 22 Cos[x - ArcTan |
CZ

o |0

J]

b2 + c2

+
b2
b2+c?
at+ b \/T

b2+cz b_[ 2 cos[x- ArcTan| ||
-a+b \/b:?

2b

a+b Cos[x—Ar‘cTan{gH

b2

a+ch°5[X APCTa”HH] csin{X*A"CTa”[c’H
b

b2+c? - 2
b [1+<

b2

\/a bFCos[xArcTan[;H

1 1 @ b\/TCOS[XAr'cTan[;H a-+ b\/TCos[xAr'cTan[;H

R 1 1
—b2ce |- cAppellFl[—*,—*,—*; o - ’
5 2 2 2 2
bz 2 bz
b [1+<
bZ
bz*cz prec Cos [x - ArcTan| €] ]
e b b2 + c2 c
b 1.5 a+b | ——— Cos[x-ArcTan|—]]
b2 b

5
bZ
a+b | bf
b2+c? b+
b\/?er\/?Cos[xAr‘cTan[;H

2b

a+b\/¥COS{X*APCTan{EH] csin[X-APCTa“{C’H
b

b%+c?
cZ
b 1+IT2

\/a b /1+— Cos [x - ArcTan([ & ]|

a

2

b [1+—
b2

] Sin[x—Ar‘cTan[EH
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PR b /1+—Cos[x—Ar‘cTan[§H a+b /1+—Cos[x—Ar‘cTan[§H

11 _ c
- cAppellFl[—;, - =Ty T - y - | sin[x - ArcTan|—]]

2 2 2 b
b [1+S [1-—2 b [1+€ |-1- —2
b2 ; b2 ;
b [1+< b [1+S

b2 b2

2
b +c® b? *ZC Cos [x - ArcTan| €] ]
c b b b + ¢2

b |1+ — a+b —Cos[x—Ar‘cTan[E]]

b? b2 b
a+b | _b2b+2z:2

2b {a+b 1+— Cos{x Ar‘cTan{%H] cSin{x—Ar‘cTan[c—H
_ h
bz*c | b*c Cos [x - ArcTan[ﬁH b+c? b [1.
b2

-a+b % c? c
A b a+b [1+5 Cos[x—Ar‘cTan[gH

Problem 558: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

J\/a+bCos[x] +cSin[x] (d+beCos[x] +ceSin[x]) dx

Optimal (type 4, 229 leaves, 6 steps):

2(3d+ae) EllipticE[i (x-ArcTan[b, c]}), E] va+bCos[x] +cSin[x]

+1/ b2+c?

2 (a

2-p2-c?)e EllipticF[i (x - ArcTan(b, c]), 23/ ] \/a*b“”"““i”m

\/ a+b Cos[x]+cSin[x

a+ b2+C2

a+/ b?+c? a+/ b?+c? 2
- —+/a+bCos[x] +cSin[x] (ceCos[x]-beSin[x])
3+va+bCos[x] +cSin[x] 3
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Result (type 6, 3006 leaves):

2b(3d+ae) 2 2 1
va+bCos[x] +cSin[x] |———- - = ceCos[x] + —beSin[x]| +
3¢ 3 3
1+ic
CZ
a+ 1+ﬁcsin[x+Ar‘cTan{9H a+ 1+ﬁcsin[x+Ar‘cTan{9H
11 1 3 c c c c b
2adAppellFl[~, =, =, =, - , - | sec[x+ArcTan|—] |
2 2 2 2 C
14% 1o —2—c 14 % i1- ——c
1+g; [« 1+g; [«

c\/bzc;zCz chzc*—fz Sin[x+ArcTan[gH o2 o . chzc*—fz +C\/b2c+2c2 Sin[x+Ar'cTan[%]]
a+c ;Csin[x+Ar~cTan[—]]

2
C C
b%+c?

- —a+c /bzg—fz
L1 s a+ /1+tc’—z cSin[x+Ar‘cTan[%H a+ /1+tc’—z cSin[x+Ar‘cTan[%H
2

3

2 }_
2b? e AppellFi|
2

| sec[x +ArcTan| E] ]

3 [1+% ¢

C2

c\/bzc*zCZ chzc*zcz Sin[x+Ar‘cTan[gH b2 4 c2 b chzc*zcz +c\/bzc+2cz Sin[x+Ar‘cTan[%H
a+c ;Csin[x+Ar‘cTan[fH

2 c f
bz:zcZ -axc bz:zcZ
a+\/¥c51n[x+Ar‘cTan[%H a+\/¥CSi”[X+APCTan[%H b

| sec[x +ArcTan|—] ]

c
2
c 1+% |-1-—2 c
C

1 1 1
2cefppellFl|—, =, —
2 2 2

3 1+g

C2

b2
1+E; [«
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b2.c?

b2ic? oy b
—c\/ = sin[x+ArcTan|[ 2] ]

2,2
a+c | b2+c?
CZ

c\/bz*‘:2 e
b2 + ¢c2 b c2?
a+c | ——— Sin[x+ArcTan|—]]

c? c
L, 2t b /1+— Cos[x-ArcTan[=]] a+b /1+— Cos [x - ArcTan[ ]|

b2ic? oy b
\/ 5= sin[x+ArcTan|[ 2] ]

2,2
_a4c |
cZ

+

0 |

| sin[x - ArcTan[ <]

1 1
b%d |- | [cAppellF1[- =, - =, - =, =, - ’
2 2 2 2
b 1+i [1 2 ] b 1+i -1 -
\ b* F \ b*
b [1+— b
bZ
) bz*c /bb*zc Cos [x - ArcTan[ﬁH o2 e
b |1+ a+b ;CCos[forcTan[E]]
b2 o b? b
a+b b ;;
2b |a+b 1+— Cos{x Ar‘cTan{%HJ cSin{x—Ar‘cTanr—H
_ b
bz*c lb*c Cos [x - Ar‘cTan[ﬁH b c? b [1.2
o
b2+c?
—arb [y \/a+b [1+< Cos[x-ArcTan[<]]
b b
a+b l1+— Cos [x - ArcTan| <] | a+b l1+— Cos [x - ArcTan| <] |
1 1 1 1 b b
cd |- ||cAppellFl[- =, - =, - =, =, - s
2 2 2 2
b [1+5 |1-—2 ] b [1+S |-1-—2
b B b
b 1+tT2

2

b [1+—

b2

b

] Sin[x—Ar‘cTan[iH
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o |n

5 bz*cz b*c Cos[x - ArcTan| €] |
C \/

b2 + c?
b |1+ — a+b | —

b2 [ b2
bZJr 2
a+b Tzc

2b |a+b 1+— Cos {x ArcTan {H } ] csin {X,ArcTan[i] w
\ B b
b2+c2 \/7 COS )( ArcTan [ ﬁ] } b?c? b 1+i 1
bZ

[t e
-a+h bZC \/a b 1+—Cos[x—Ar‘cTan[§H

Cos [x - Ar‘cTan[E] ]

., 2 b\/TCos[xAr‘cTan[;]] a+ b\/TCos[xAr'cTan[;]]

, 101
ab%e |- cAppellFl[—E,——,——, =, - , -

2 2 2
b [1+S |1-—2
b2 .
b [1+<
b2 + c?

b2 0
; bz*cz b | b Cos [x - ArcTan| €] ]
c b C
v — a+b TCOS[X—ArcTan[EH
b
a+b | b+2C

2b |a+b 1+§ Cos{for-cTan“—H] cSin{x—Ar‘cTan{EH
b\/bz;?er / bb*c Cos[for‘cTan[EH bt b 1+;§

b%ic?
b2 a+b l1+— Cos[for'cTan[ﬁH

] Sin [x —Ar‘cTan[S} ]




1

=

a+b /1+;—§ Cos[x-ArcTan[=]] a+b /1+;—§ Cos [x - ArcTan[ ]|

1 1 1
—ace |-||cAppellFl[-—, - =, - =, =, -
3 2 2 2 2

2
b /1+g—2 1-—2
c?
b 1+E;

3

2
b [1+;—2

b2
2, 2
a+b b+c
b2

b%+c? b%ic? c
b [ 25 +b [P Cos[x—ArcTan[bH
b2+c?
—a+b | o

a+b b—2 Cos[x—Ar‘cTan[E]]

2b {a+b 1+;—i Cos{x—Ar‘cTan{%H] cSin{x—Ar‘cTan[c—H
b

b?+c? N
C

b_[1+—

b2

\/a+b ll+;—§ Cos[x—Ar‘cTan[ﬁH
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] Sin[x—Ar‘cTan[g]] /

b

Problem 559: Result unnecessarily involves higher level functions and more than twice size of optimal

antiderivative.

dx

Jd+beCos[x] +ceSin[x]
va+bCos[x] +cSin[x]

Optimal (type 4, 180 leaves, 5steps):

ZeEllipticE[% (x - ArcTan([b, c]), @] ~/a+bCos[x

a+/ b%+c?

] +cSin[x]

\/a+bCos x]+cSin[x

a++/ b%+c?

a+b Cos[x]+cSin[x]

2 (d-ae) EllipticF[% (x-ArcTan(b, c]), 2/b2c ] \/

a+v/ b%+c?

a+/ b%+c?

vJa+bCos[x] +cSin[x]
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Result (type 6, 1319 leaves):

2be~a+bCos[x] +cSin[x] 1
+
C o2
1+C—ZC
a+ 1+£csin[x+Ar'cTan[9H a+ 1+icsin[x+APcTan[9]]
11 1 3 c c c c b
2dAppellF1[f, —y Ty Ty - y — ] Sec[x+Ar‘cTan[fH
2 2 2 2 C

=
[a] |c'
~
=
|
N
* )
|U
)
(@}
hN|
|
[y
|
N
T
%
)
a]

c\/@ —c\/bzc*—zCZ Sin[x+Ar‘cTan[%H

CZ
2.2
a+c | b2+c®
c2

o2, o2 . c\/bzc*—zCZ +c\/bzc*—zc2 Sin[x+Ar‘cTan[%H
*e Sin[x+ArcTan| ]|

c? C b2 c?
a+c\/?

- a+b l1+;—§ Cos[for‘cTan[ﬁ]] a+b /1+;—§ Cos[for‘cTan[ﬁ]] c
]Sin[x—Ar‘cTan[gH/

0 |

- — — — s —

5 1 1
bce |- cAppellFl[——, -—, y T
2 2 2 2

br%bECos[xArcTan[EH
) b b b2 + 2 <
a+b Cos[x—Ar‘cTan[—]]
b2.c? b2 i
a+b e




2b |a+b 1+— Cos{x Ar‘cTan{%H] cSin{for‘cTan[EH
_ b
bz“z | brec” Cos [x - Ar‘cTan[iH b*sc? .

b%ic?
_a+b\l b? \/a b 11+f Cos[x—ArcTan[ﬁH

c2
1+b7

a+ b\/?COS[x—ArcTan[;H a+ b\/?Cos[x—Ar‘cTan[;H

1 1
ce|-||cAppellFl[-~, - =, -
2 2

N |
N |

2 2
2 pact _p [ b Cos [x - Ar‘cTan[ﬁH
a+b | bzl:izcz
2b |a+b 1+— Cos{x Ar‘cTan{%H] cSin{x—ArcTan{c—H
b

bz*cz | bl Cos [x - Ar‘cTan[ﬁH b*+c? - o (1.2
bZ

[t e
-a+h bzc \/a b 1+— Cos[forcTan[ﬁH

b2 + c2

b2

a+b Cos[x—Ar‘cTan[EH
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| sin[x - Ar‘cTan[E] ]

Problem 560: Result unnecessarily involves higher level functions and more than twice size of optimal

antiderivative.

d+beCos[x] +ceSin[x]
J dx

(a+bCos[x] +cSin(x])>?

Optimal (type 4, 250 leaves, 6 steps):
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2 (d-ae) EllipticE[% (x - ArcTan(b, c]), @] rJa+bCos[x] +cSin[x]

a+/ b%+c?

arb Cos[x]+cSin[x]
(asz27C2> \/a+bCosx+c51nx

a++/ b%+c?

2eEllipticF[§ (x-ArcTan[b, c]), 2fvec aebCoslxlreSinix]
as/ b2ac? ai/ b2 c? 2 (c(d-ae)Cos[x] -b (d-ae)Sin[x])
N
va+bCos[x] +cSin[x] (a®-b%-c?) Va+bCos[x] +cSin[x]

Result (type 6, 3176 leaves):

2 (b2+c?) (-d+ae 2 (-acd+a’ce-b?>dSin[x] -c?2dSin[x] +ab?eSin[x] +ac?eSin[x]
<

va+bCos[x] +cSin[x]

bc (-a2+b?+c?) b (-a?+b?+c?) (a+bCos[x] +cSin[x])
a+ l1+% cSin[x+Ar‘cTan[9H a+ l1+% cSin[x+Ar‘cTan[9H
1 1 1 1 3 ¢ ¢ ¢ ¢
2adAppellF1[*, —, T —, - P ]
. 272 27 2
1+S—2C(7a2+b2+cz) 1+9 [1_ a c i a c

¢ [ e [ sinlxearcran ]

Sec[x+Ar‘cTan[EH a+c Sin[x+Ar‘cTan[EH

c ., c? d
a+c bf+c?
C2
2.2 2.2 .
c [P ¢ )b Sln[x+ArcTan[9H
c? c? c 1
+

-a+c bzc;zcz 1+E—§C(—a2+b2+cz>
a+ l1+% cSin[x+ArcTan[9H a+ l1+% cSin[x+ArcTan[9H
1 1 1 3 ¢ ¢ ¢ ¢ b
2b%eAppellFl[=~, =, =, =, - , - | sec[x +ArcTan| ]|
2 2 2 2 C
b2 b2
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c\/bz;cz —c\/bzc*zCZ Sin[x+Ar‘cTan[%H o, 2 ) c\/bzc*zCZ +c\/bzc*zcz Sin[x+Ar‘cTan[%H

a+c | ——— Sin[x+ArcTan|—]] +

b%+c? CZ c bsc?
a+c ? -a+cC T
5 a+\/€csin[x+Ar‘cTan[gH a+\/EcSin[x+Ar‘cTan[lc’H

1

) B B ]

2c eAppellFl[
c 1+% -1- —2 C
c 2
14—?—2 c

N =

)

) 2”2
1+b— (—a2+b2+c2) 1+ﬁ 1- a

)

N |

CZ

b2
1+— ¢
c?

c\/# —c\/% Sin[x +ArcTan[2]]
b c C C
Sec|x +ArcTan| | |

C 2 2
a+c bfrc?
CZ
2,2 2.2 .
c\/"*zC +c\/b*2c Sln[x+Ar‘cTan[9H
C C C 1

b2+c2 | b
a+c E— Sln[x+Ar‘cTan[fH
2 c b2 ¢ (-a%?+b?+c?
-a+cC c—z
a+b [1+S Cos[x-ArcTan[¢]] a+b [1+< Cos[x-ArcTan[€]]
1 1 1 1 b b b b C
b>d |- | [cAppellF1[- =, - =, - =, =, - , - | sin[x-ArcTan| ]| /
2 2 2 2 b
b [1+5 [1 : ] b [1+S |-1-—2
b - b -
b 1+b7 b 1+b—Z

b 1+—2 a+b 5
b b2+c? b

a+b o

Cos [x - Ar‘cTan{E] ]
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2b

oo [ el 7] )
b

b%+c?

b

bz“z lbbf Cos [x - ArcTan [+ ] |

c2
l+b7

+C2
—a+b | ® o2

\/a b\/TCos[x—Ar'cTan[;H

—aZ+b?+c?

- a+b l1+f Cos[x—Ar‘cTan[iH a+b l1+f Cos[x—Ar‘cTan[ﬁH
cd|-||cAppellF1[-~, - =, - =, =, - , - }Sin[x—Ar‘cTan[EH
2 2
b [1+5 |1-—2 b /1+;—j 1-—=2
b 1+i b 1+i
b2 b2
5 bz*cz /b*zc Cos [x - ArcTan| €] ]
c b b b? + c2 c
b [1+— a+ ——— Cos[x-ArcTan|—]||
b2 e b2 b
a+b %
2b |a+b 1+— Cos{x Ar‘cTan{%H] cSin{x—ArcTan“—H
b2+c? b2+ c b2, c2? - -
b [ %= +b | bc Cos [x -~ ArcTan |+ ] | ¢ o [1:2 .
2,2 i ' C (— +b2+C2>
-a+b b%ic? c
b2 a+b 1+f Cos[x—Ar‘cTan[gH
L b /1+* Cos[x—Ar‘cTan[ﬁ]] a+b /1+— Cos[for'cTan[ﬁ]]
ab?e |- ||cAppellF1[- =, - =, - =, =, - , - ]Sin[for‘cTan[SH

2

a

b [1+< |1-
b2

2
c
1+ —
b2

b
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b2+2 b+
- S -b | P Cos[x- Ar‘cTan[ﬁH b\ o2

c
b |1+ — a+b —Cos[x—Ar‘cTan[EH

b2 B b2
bZJr 2
a+b Tzc

2b |a+b 1+— Cos{x Ar‘cTan{%H] cSin{for‘cTan[c—H
_ b
bz*cz /b*c Cos [x - Ar‘cTan[ﬁH bt c? b (1.5 1
bZ

—aZ+b?+c?
—a+b [P
A b2 \/a bFCos[xArcTan[;H

a+ b\/TCos[xAr‘cTan[éH a+ b\/TCos[xAr‘cTan[EH

ace|-||cAppellF1[- 1 —1,—l, 1,— ’ - ]Sin[x—ArcTan[SH /
2 2 2

b [1+< [1-—2 b [1+S |[-1- —2
b2 - b2 -
b [1+< b |1+
bZ
bz*cz b*c Cos [x - ArcTan| €] ]
CZ b bZ+C2

b |1+ — a+b 7COS[X‘APCTan[EH
b? ! b
a+b\/?
2b a+bJ1+7—COS[X A"CTa”H’HJ B csin{X-A"CTa”EH
b2ic?
amJT Ja chos[XA"CTa"[EH
b

Problem 561: Result unnecessarily involves higher level functions and more than twice size of optimal
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antiderivative.

dx

d+beCos[x] +ceSin[x]
J( 5/2

a+bCos[x] +cSin[x])

Optimal (type 4, 378 leaves, 7 steps):

2 (4ad-a*e-3 (b2+c?)e) EllipticE[i (x - ArcTan(b, c]), 4:} Ja+bCos[x] +cSin[x]
+/ b2+c?

a+bCos[x]+cSin[x]
3 (az —b2 _ C2>2\/3+bCos X]+cSin[x

a+/ b2+c?

2 (d-ae) EllipticF[% (x - ArcTan[b, c]), 2 [o.c a blosx resirx
2 Jb2ect a2 2 (c(d-ae)Cos[x] -b(d-ae) Sin[x])
N
3 (a2-b%-c?) a+bCos[x] +cSin] 3 (a2-b2-c?) (a+bCos[x] +cSin[x])>?

2 (c(4ad-a’e-3 (b?+c?)e)Cos[x] -b (4ad—a2e—3 (b2 +c?) e) sin[x])

3 (az—bz—c2>2\/a+bCos[x] +cSin[x]

Result (type 6, 5554 leaves):
2 (b?+c?) (-4ad+a’e+3b*e+3c?e) 2 (-acd+a’ce-b’dSin[x]-c?dSin[x] +ab’eSin[x] +ac?eSin[x])
- +

3bc (—a2+b2+c2)2 3b (-a2+b?+c?) (a+bCos[x] +cSin[x})2
(2(-3a°cd-b?>cd-c’d+4ab’ce+d4ac’e-4ab’dSin[x] -4ac?dsSin[x] +a’b*eSin[x] +3b*eSin[x] +

vJa+bCos[x] +cSin[x]

a’?c?eSin[x] +6b%c?eSin[x] +3c4eSin[x]))/(3b (—a2+b2+c2)2 (a+bCos[x] +cSin[x]))J +

5 a+\/$csin[x+Ar‘cTan[gH a+ﬁc$in[X+A"CTa”[SH

ZaZdAppellFl[l, l, 1, = - , - ] Sec[x+Ar‘cTan[EH
2 2

C
2 2
[1+2 1 —2 c 1+% [-1-—2 c
C C
1+£C 1+5c
c? c?
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c\/bzc*zCZ - \/bz*zcz Sin[x+Ar‘cTan[%H b2 1 2 b c\/bzc*zCZ c\/bzc*zcz Sin[x+Ar‘cTan[%H
a+c #Sin[x+Ar‘cTan[fH /
C C
a+c bzc+zc2 -a+c bzc+2c2
a+ [1+2 cSin[x+Ar‘cTan[9H a+ [1+2 cSin[x+Ar‘cTan[9H
b2 1 1 3 c? c c? c
1+ — c(—a2+b2+c2>2 +|2b2dAppellFl[ =, =, =, =, - , - ]
c? 2 2 2 2
1+tc’—z [1 abz c tc’—z - a,,z ]c
1+Z; [ 1+€; c
b c\/bzc*zc2 c\/bzc;CZ Sin[x+Ar‘cTan[%H b2 , b
Sec[x+Ar‘cTan[fH a+ et Sin[x+Ar‘cTan[fH
c c? C
b2+c?
a+C C—Z

b2.c?

CZ

|

chz:;z Sin[x+Ar‘cTan[gH

1 1
2 cdAppellFi|—,
2

/

b2
3 1+*C<—a2+b2+c2>2 +
C2

a+ l1+tc’—§ cSin[x+Ar‘cTan[%H a+ l1+tc’—§ cSin[x+Ar‘cTan[%H

) )

b2.c?

CZ

-a+cC

] Sec[x+Ar‘cTan[E} ]

1 3
i
2 2 2
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2. 2
c\/b*chrc
C

b2 + c?

b%+c? . b
\/czc Sln[x+Ar‘cTan[;H

a+c s Sin[x+Ar‘cTan[EH
c? c

5 a+ /1+'z—§ cSin[x+Ar‘cTan[gH a+ /1+'Z—z cSin[x+Ar‘cTan[gH

Sec|[x +ArcTan| 9} ]
c

2 1113 _
8ab’eAppellFl[—, =, =, =, B
2 2 2 2
1+% J1-—2 ¢ e
C C
1+ICL§C 1+l:72c
- brc? Sin[x+Ar‘cTan[9H
c b2 + c?
a-+ 5 Sin[x+Ar‘cTan[fH
b2+c? ¢ ¢
a+c | ——
C

2,2
c\/b*‘ ic
CZ

\/bz:zcz Sin[x+Ar‘cTan[g} ]

b2.c?

CZ

-a+cC

/

1 1 1 3
8aceAppellFl[~, =, =, =, -
2 2

- ]

]
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[ e [B smpemermty) [

Sec[x+ArcTan[EH a+cC E— Sin[x+Ar‘cTan[EH

2
C C C
2, 2
a+c b%+c
2

c\/% +CJ¥ Sin[x+ArcTan|[2]]
¢ ¢ ¢ b2 2, 12, 22 1
/ 3 [1+— <—a +b +c) +
b24c2 c? 3c(—a2+b2+c2)2
-—a+cC c—z

L1 11 a+b /1+;—§ Cos[forcTan[ﬁH a+b l1+;—§ Cos[forcTan[ﬂ]
4ab2d - CAppe:I-lFl[’_J*_)’_J T~ - ]Sin[for‘cTan[SH /

2 2 2 2 b

b [1+< [1-—2 b [1+S |1 —=2
b b
b [1:5 b 15

o |n

b2 + c?

b % -b % Cos[x - ArcTan[ <] |
2 b b C
b [1+— a+b —Cos[x—Ar‘cTan[—H
b2 b2 b
a+b |2
b2

2b a+bECos{x—Ar‘cTan{3H] cSin{x—Ar‘cTan{%H
b /bzb*—zcz +b lbzb*—zcz Cos [x - ArcTan|[ £ ] | bhe? bE 1

., ?:(—a2+b2+c2>2
_a+b [ 2
b2 a+b |1+ < Cos[x-ArcTan[<]]
N b b
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L, 2 b /1+— Cos[for'cTan[ﬁ]] a+b /1+— Cos[for'cTan[ﬁ]]

1 1 A C
4acd |- ||cAppellFl[- Ty Ty , - | sin[x - ArcTan| ]|

b
=3 a 2 a
b |1+ 1- b [1+ -1-
b2 ﬁ b2
b 1+i b 1+i
b2 b2
bz*c =< Cos[x - ArcTan| <] ]
c? b b b2 + c?

b |1+ — a+b —Cos[forcTan[E]]

bz b%+c? bz b
a+b b2

2b |a+b 1+— Cos{x Ar‘cTan{%HJ cSin{x—Ar‘cTanr—H
_ b
bz*c | b*c Cos [x - Ar‘cTan[ﬁH b +c? b [1. L
o

y BC(—a2+b2+c2>2
_a+b [ )
b? a+b [1+ Cos[x-ArcTan[¢]]
AT b b

L1 11 a+b l1+;—§ Cos[x—Ar‘cTan[ﬁH a+b l1+2—§ Cos[x—Ar‘cTan[ﬁH
a’b’e |- | |cAppellFl[-—, - =, - =, —, - , - }Sin[x—Ar‘cTan[EH
2 2 2 2
b [1+S |1-—2 ] b [1+¢ |[-1-—2 ]
b? c2 b? c?
b 1+b7 b 1+b—2

2 2
e - Cos[x - ArcTan[ <] ]
e b b b2 4 2

b |1+ — a+b

b2 b2
a+b | b+2c2

Cos [x - Ar‘cTan{E] ]
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2b

bz*cz b [ Bt Cos [x - Ar‘cTan[ﬁH

oo [ el 7] )
b

b%+c?

c2
b l+b—l

2,2
_a+b [
bZ

\/a b\/TCos[x—Ar'cTan[;H

. L g 2 b /1+* Cos[x-ArcTan[=]] a+b /1+* Cos [x - ArcTan|[ & ||
be |- | |cAppellF1[-=, - =, - =, =, - , - ]Sin[x—Ar‘cTan[EH /
2 2 2
b 1+;—2 1. —2 b < 1 —2
b 1+i b 1+i
b? b2
5 bz*cz FCOS [x - ArcTan| €] ]
c b b b? + c? c
b [1+— a+ ——— Cos[x-ArcTan|—]||
b2 e b2 b
a+b %
2b |a+b 1+— Cos{x Ar‘cTan{%H] cSin{x—ArcTan“—H
b2+c? b2+ c b2, c2? - -
b | bzc +b | bc Cos[x—Ar‘cTan[;H ¢ b [1-5 )
X Wact 3 (— +b2+c2>2
-ar b? a-+ bFCos[xAr‘cTan[;H
L b /1+*C05[X—APcTan[§]] a+b /1+—Cos[for'cTan[§]]
a?ce |- ||cAppeltF1[-=, - =, =, =, - , - ] Sin[for‘cTan[EH /
2 2 2

a

b [1+< |1-
b2

2
c
1+ —
b2

b
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o |n

5 bz*cz b*c Cos[x - ArcTan| €] |
C \/

b2 + c?
b |1+ — a+b | —

b2 [ b2
bZJr 2
a+b Tzc

2b |a+b 1+— Cos {x ArcTan {H } ] csin {X,ArcTan[i] w
A\ B b
b2+c2 \/7 COS X ArcTan [ ﬁ] } b2+c? b 1+i
bZ

Cos [x - Ar‘cTan[E] ]

[t e
-a+h bZC \/a b 1+—Cos[x—Ar‘cTan[§H

—a2+b2+c2)2

a+b l1+f Cos [x - ArcTan| €] ] a+b /1+— Cos [x - ArcTan| €] ]
1 1 1 1 b b
2b%ce |- ||cAppellFl[- =, - =, - =, =, - > -
2 2 2 2
b [1+S [1-—2 b |14+ |-1- —2
b2 ; b2 —
b 1+1CTZ b 1+;72
bz*cz /b*c Cos [x - ArcTan| €] ]
c? b b2 + c? c
b [1+— a+b 7Cos[x—ArcTan[E]]

+
b2 l b2
a+b [P
bZ

2b |a+b 1+§ Cos{for-cTan“—H] cSin{x—Ar‘cTan{EH
b\/bz;?er / bb*c Cos[for‘cTan[EH bt b 1+;§

-a+h b2c \/a b 1+—Cos[x7Ar'cTan[§H

—a2+b2+c2)2

] Sin [x —Ar‘cTan[S] }




L1 a+b /1+;—§ Cos[x-ArcTan[=]] a+b /1+;—§ Cos [x - ArcTan[ ]|

2 2 2

1 1
cAppellFl[-—, - =, - =, =, s
2
b [1+S |1- —2 b |14+ |[21- 2
b2 — b2 :
b 1+;—z b |1+

b | Bt b\/EcOs[xAr‘cTan[EH
2 b2 b2 b b% + c? <
b [1+ — a+b | ——— Cos[x-ArcTan|—]]
b? " b
bZ
2b a+bJ¥Cos[X*A"CTa”EH] csin[x-ArcTan| ¢ ||
b bz;—z‘z+bel;C°S[xArcTa"[§H o dd

-a+b # c? c
A b a+b [1+5 Cos[x—Ar‘cTan[;H

Problem 581: Result more than twice size of optimal antiderivative.

J X dx
a+bCos[x] Sin[x]

Optimal (type 4, 225leaves, 9 steps):

ixlog[l- —E=" ] ixlog[1- —*2<" ] PpolyLog|2, —2<"—] Polylog[2, —10= "]
2a[aa2 b7 2a/aa2 b2 2a[aa2 b7 2a0/aa? b7
_ . ) .

Result (type 4, 789 leaves):
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]Sin[x—Ar‘cTan[EH /
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b+2aTan[x]
7 ArcTan [ b+2aTan[x

ey 2a-b) Cot|™ +x 2a+b) Tan| T +x
1 tab + 1 ZAPCCOS[—Zj] Ar‘cTanh[ ( ) [4 } } + (m-4Xx) Ar‘cTanh[ > [4 } } -

’a (2a-b) Cot[Z +x] (2a+b) (-2a+b-iV-4a?+b? | (1+iCot[%+x]]
ArcCos |- =] + 2 i ArcTanh| 2 || Log| 2 | -

b V-4 a?+b? b(2a+b+\/—4a2+b2 Cot[§+x])

’a (2a-b) Cot [~ +x] (2a+b) (21’1a—ib+\/—4az+b2) (j+Cot[ﬂ+x”
ArcCos |- —] - 2 i ArcTanh| 2 Log| 4 |+

b V-4 a2+ b? b(2a+b+\/—4a2+b2 Cot[f+x])

2a 2a-b) Cot|Z +x] 2a+b) Tan|Z +x] (_1)1/4me—jx
ArcCos [— 7] +21 Ar‘cTanh[ 4 ] + Ar‘cTanh[ 4 ] Log[ } +

b v -4 a2+ b2 \ -4 a2+ b2 2+/b a+bCos[x] Sin[x]

23 (2a-b) Cot [~ +x] (2a+b) Tan[ X +x] (l—j—) \-4a2+bp? eix
ArcCos |-~ - 2 i ArcTanh| 4 | -21iArcTanh| 4 Log[ =—2 | +1i [PolyLog|2,

b \-43a2+ b2 v -4a2+b2 b \/2a+bSin[2x]

(2a—1’1\/—4a2+b2)(2a+b—\/—4a2+b2 Cot{f+x”} | (2a+1’1\/—4a2+b2)(2a+b—\/—4a2+b2 Cot{f+x])
- Polylog|2,
b (2a+b+\/—4a2+b2 COt[iJrXH b (2a+b+\/—4a2+b2 Cot[§+X”

|

Problem 588: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

Sin[ax]?3
j dx
X (axCos[ax} 7Sin[aX])2

Optimal (type 4, 56 leaves, 4 steps):

Cos[ax] Sin[ax] Sin[ax]? .
+ + +SinIntegral|ax]
ax a? x? a2 x? (axCos[ax]—Sin[ax})

Result (type 4, 242 leaves):
1

(1+Cos[2ax] +1aexCos[ax] ExpIntegralEi[-1-1iax] -1aexCos[ax] ExpIntegralEi[-1+1iax] -
2axCos[ax] -2Sin[ax]

i e CosIntegral[i-ax] (axCos[ax] -Sin[ax]) +ieCosIntegral[i+ax] (axCos[ax]-Sin[ax]) -ieExpIntegralEi[-1-iax]Sin[ax] +
i e ExpIntegralEi[-1+ 1 ax] Sin[ax] +2axCos[ax] SinIntegral[ax] -2Sin[ax] SinIntegral[ax] +
aexCos[ax] SinIntegral[i-ax] -eSin[ax] SinIntegral[i-ax] -aexCos[ax] SinIntegral[i+ax] +eSin[ax] SinIntegral[i +ax})
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Problem 597: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.

Cos[ax]3
J dx
x (Cos[ax] +axSin[ax])?

Optimal (type 4, 56 leaves, 4 steps):

Cos[ax] Sinf[ax] Cos[ax]?
Q.. CosIntegrallax] - -

a?x ax a’x? (Cos[ax] +axSin[ax])

Result (type 4, 237 leaves):
1

2 (Cos[ax] +axSin[ax])

(71+Cos[2ax} - eCos[ax] CosIntegral[i+ax] +eCos[ax] ExpIntegralEi[-1-1ax] + eCos[ax] ExpIntegralEi[-1+1iax] -
aexCosIntegral[i+ax] Sin[ax] +aex ExpIntegralEi[-1-1iax] Sin[ax] +aeXxExpIntegralEi[-1+1iax] Sin[ax] +
2 CosIntegral[ax] (Cos[ax] +axSin[ax]) -eCosIntegral[i-ax] (Cos[ax]+axSin[ax])-ieCos[ax]SinIntegral[i-ax] -
iaexSin[ax] SinIntegral[i-ax] -1 eCos[ax] SinIntegral[i +ax] -1aexSin[ax] SinIntegral[i +ax] )

Problem 623: Result unnecessarily involves higher level functions.

1

dx

\/cTan[a+bx1 Tan[2 (a+bx) ]

Optimal (type 3, 100 leaves, 6 steps):

Ar‘cTanh[ c Tan[2a+2bx] ] Ar‘cTanh[ c Tan[2a+2bx]
bvec V2 by

Result (type 6, 170leaves):

1 3
[BAppellFl[—, -=,1, =, Cot[a+bx]?, -Cot[a+bx]?]Sin[a+bx]?Tan[a+bX]
2 2 2

/

5
, 1, =, Cot[a+bx]?, -Cot[a+bx]?] -
2

3 1 _ 5 , ,
(b [ZAppellFl[—, -=,2, -, Cot[a+bx]?, -Cot[a+bx]?]| +AppellFl]
2 2 2

)

N W

< N R

1 1
i

3
3 AppellFi| , 1, =, Cot[a+bx]?, -Cot[a+bx]?] Tan[a+bx]?| \/cTan[a+bx] Tan[2 (a+bx) |
2 2 2




578 | 4.7 Miscellaneous.nb

Problem 624: Result unnecessarily involves higher level functions.

J Cos[2 (a+bx) ] ix
\/cTan a+bx] Tan|2 (a+bx>]

Optimal (type 3, 138 leaves, 7 steps):

ArcTanh c Tan[2a+2bx] ] Ar‘cTanh[ V¢ Tan[2a+2bx] ]
Jeresecizanzbn. Vz [cresecizazbxl sin[2a+2bx]
- +
2bA/c V2 by/c 2b+/-c+cSec[2a+2bx]

Result (type 6, 226 leaves):

1 3 5 5
[(3Appe11F1[ -=,1, =, Cot[a+bx]?, -Cot[a+bx]?] Cos[2 (a+bx)]| Tan[a+bx] /
4bc 2 2
31 5 5 3 1 5 5
(ZAppellFl[f -=,2, =, Cot[a+bx]?, -Cot[a+bx]?] +AppellF1[—, =, , Cot[a+bx]?, -Cot[a+bx]?] -
2 2 2 202 2’
1 1 3 R X X
3AppellFl][~, - =, 1, =, Cot[a+bx]?, -Cot[a+bx]?| Tan[a+bx]?| +
20 2 2

Cot[a+bx] [2Cos[2 (a+bx) ] +ArcTan| \/ 1+Tan[a+bx]? \/ 1+Tan[a+bx]?

]\/cTan [a+bx] Tan[2 (a+bx) |

Problem 625: Result unnecessarily involves higher level functions.

Cos| (aerxH2

dx

\/cTan a+bx] Tan|2 (a+bx>]

Optimal (type 3, 182leaves, 8 steps):

7Ar‘cTanh[ c Tan[2a+2bx] } Ar‘cTanh[ c Tan[2a+2bx]
—c+cSec[2a+2bx] A2 4/ -c+cSec[2a+2bx] Sin[2a+2bX] Cos[2a+2bx]Sin[2a+2bx]
- + +
8b+/c \/2 bA/c 8b+-c+cSec[2a+2bx] 4b+/-c+cSec[2a+2bx]

Result (type 6, 235leaves):



1 1 3
[(42AppellF1[f, -=,1, =, Cot[a+bx]?, -Cot[a+bx]?| Sin[a+bx]?Tan[a+bx]
2 2 2

/

3 1 5 3 1 5
(ZAppellFl[f, -=,2, =, Cot[a+bx]?, -Cot[a+bx]?| +AppellF1[~, =, 1, =, Cot[a+bx]2, -Cot[a+bx]?] -
2 2 2 2 2 2
1 1 3
3AppellFl|~, - =, 1, =, Cot[a+bx]2, -Cot[a+bx]?| Tan[a+bx]?| +
2 2 2
(2 (1+Cos[2(a+bx”+Cos[4<a+bx)])+Ar‘cTan[\/—1+Tan[a+bx]2]\/—1+Tan[a+bx}2)Tan[z(aerxH/

(16b\/cTan[a+bx] Tan[z (a+bx)] )

Problem 630: Result unnecessarily involves higher level functions.
J 1
(cTan[a+bx] Tan|2 (a+bx)])3/2

dx

Optimal (type 3, 138 leaves, 7 steps):

Ar‘cTanh[ c Tan[2a+2bx] } 5Ar‘cTanh[ c Tan[2a+2bx] ]
—c+cSec[2a+2bx] N2/ -c+cSec[2a+2bx] Tan[2a+2bx]
_ + _
b c3/2 4/2 bc3/2 4b(—c+cSec[2a+2bx})3/2

Result (type 6, 226 leaves):

1 1 1 3 R X
[-((12Appe11F1[—, -=,1, =, Cot[a+bx]?, -Cot[a+bx]?] Cos[2 (a+bx)]| Tan[a+bx] /
8b c2 2 2 2
31 5 R R 3 1 5 X R
(ZAppellFl[—, -=,2, =, Cot[a+bx]?, -Cot[a+bx]?| +AppellF1[=, =, 1, =, Cot[a+bx]2, -Cot[a+bx]?] -
2 2 2 202 2
1 1 3 R X X
3AppellFl|—~, - =, 1, =, Cot[a+bx]2, -Cot[a+bx]?| Tan[a+bx] )) -
20 2 2
Cot[a+bx] 72+Csc[a+bx}z+ArcTan[\/71+Tan[a+bx}2]\/71+Tan[a+bx]2 )\/cTan[aerx]Tan[Z(aerxH

Problem 631: Result unnecessarily involves higher level functions.

[ sl (a0
(cTan[a+bx] Tan[z <a+bx)])3/2

Optimal (type 3, 178 leaves, 8 steps):
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3Ar‘cTanh[ c Tan[2a+2bx] 9Ar‘cTanh[ c Tan[2a+2bx]
\J-crcsec(2ar2bx] V2 i[-crcseci2ar2bx] Sin[2a+2bx] 3sin[2a+2bx]
- . ) )
2bci 4~/2 bc3? 4b (-c+cSec[2a+2bx])*? 4bc+/-c+cSec[2a+2bx]

Result (type 6, 249 leaves):

(72Cot[a+bx] -Cot[a+bx] Cscla+bx]2+4Sin[2 (a+bXx) ]| 73Ar'cTan[x/71+Tan[a+bx]2 | cotla+bx] \/71+Tan[a+bx]2 -

8bc?

1 1 3 , ,

(18AppellF1[f -=,1, =, Cot[a+bx]2, -Cot[a+bx]?] Cos[2 (a+bx)] Tan[a + b x] /
2 2 2
3 1 _ 5 , , 31 5 , ,

[ZAppellFl[— -=,2, =, Cot[a+bx]?, -Cot[a+bx]?| +AppellF1[~, =, 1, =, Cot[a+bx]2, -Cot[a+bx]?] -
2 2 2 2 2 2
1 1 3

3AppellFl|~, - =, 1, =, Cot[a+bx]2, -Cot[a+bx]?| Tan[a+bx]? )\/cTan[aerx] Tan[2 (a+bx) |

2 2 2

Problem 632: Result unnecessarily involves higher level functions.

[ Cosl2 orex)]
(cTan[a+bx] Tan[z (a+bx)])3/2

Optimal (type 3, 234 leaves, 9steps):

lgArcTanh[ c Tan[2a+2bx] } 13 Ar‘cTanh[ c Tan[2a+2bx]
—c+cSec[2a+2bx] ﬁ\/m
- +
8bc3/? 4~/2 bc32
Cos[2a+2bx]sin[2a+2bx] 75in[2a+2bx] Cos[2a+2bx] Sin[2a+2bx]

4b (7c+cSec[2a+2bx])3/2 8bc+/-c+cSec[2a+2bx] 2bc+/-c+cSec[2a+2bx]
Result (type 6, 251 leaves):

[(—9Cos[a+bx}+4Cos[3 (a+bx)] +Cos[5 (a+bx)]|)Cscla+bx] -
1 1 3 2 2 . 2
(114Appe11F1[— -=,1, =, Cot[a+bx]2, -Cot[a+bx]?] Sin[a+bx] Tan[a+bx])/
2 2 2

3

1 5 R R 3.1 5 X X
[ZAppellFl[ -=,2, =, Cot[a+bx]?, -Cot[a+bx]?| +AppellF1[~, =, 1, =, Cot[a+bx]2, -Cot[a+bx]?] -
27 2 2 2 2 2
1 1 3 5 5 5
3Appe11F1[ -—, 1, —, Cot[a+bx]“, -Cot[a+bx] ] Tan[a + b x]
2 2

7 ArcTan J 1+Tan[a+bx]? \/ 1+Tan[a+bx]? Tan|2 (a+bx)])/(16bc\/cTan[a+bx] Tan|2 (a+bx)})



4.7 Miscellaneous.nb | 581

Problem 634: Result unnecessarily involves higher level functions.

J Csc[x]?%Sec[x]
Vsin[2x] (-2+Tan[x])

dx

Optimal (type 3, 69leaves, 6 steps):

Cos [X] Cos [x] Cot[x]

. _

2+/sin[2x] 3+/Sin[2x] 2+/2 +/sin[2x] +/Tan[x]
Result (type 4, 119leaves):

1 A/Sin[2 x]
4

5Ar‘cTanhPTf/n?m} Sin[x]

Cos [x] . . e o 2 . 1
Csc(x] +5 | ——————— |EllipticF[ArcSin -1] + EllipticPi[- —————, -ArcSin[———], -1] +

[——]
-2 +2Cos[X] W -1++/5 Tan[f]
(—1+\/?), —Ar‘cSin{¥}, -1] | sec[x] /Tan{g]

Tan[ﬂ

[1 . 2 Cot[x]
3

EllipticPi|

N |

Problem 635: Result unnecessarily involves higher level functions.

J Cos[x]2Sin[x]
(Sin[x]?-sin[2x]) Sin[2x]>/?

Optimal (type 3, 79leaves, 6 steps):
5 ArcTanh [ AfTanig_ ] Sin[x]®
V2

Cos[x]*Sin[x] Cos[x]3Sin[x]?
+

3sin[2x]>/? 2sin[2x]>/? 2+/2 Sin[2x]%/2Tan[x]%/2

Result (type 4, 139leaves):
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1
16 (-1+2Cot[x])

Csc[x] (2Cos[x] -Sin[x]) v/Sin[2x]

Cos [Xx]

1 (3+2Cot[x])Csc(x] -5 |[— EllipticF[Ar‘cSin{;], -1] + EllipticPi[- ————
3 -2 +2Cos[x] -1++/5
Tan[i]
e oard . 1 X
EllipticPi[ = (-1+/5 |, -ArcSin[————], -1] | sec(x] |Tan[~]
2 2
Tan[f]

Problem 636: Result unnecessarily involves higher level functions.

J Cos[x]3Cos[2x] dx
(Sin[x]2?-sin[2x]) Sin[2x]®/2

Optimal (type 3, 95leaves, 6 steps):

A/ Tan[x] . 5

Cos [x]° Cos[x]4Sin(x] 3Cos[x]?Sin[x)2 3ArcTanh| = | sinix]
+ - +

5Sin[2x]>/2 6Sin[2x]°/2 4Sin[2x]°/? 4+/2 sin[2x]5/2 Tan[x]5/2

Result (type 4, 188 leaves):

1 Cos
——Sec[x] VSin[2x] |-114Cot[x] + 20 Cot[x]? + 24 Cot[X] Csc[x]2—45\/7 _Cosix] EllipticF[Ar‘cSin[
960 -1+ Cos[X]

Cos [x 2 1 X
45+/2 _Cosix] EllipticPi[——, —Arcsin[i], —1} Tan[—] -
-1+ Cos[X] ~1++/5 2
Tan|[*]
2
Cos 1 1
a5z |2 Enipricei |t (-1++/5 ], -Arcsin[————], -1] Tan|[ ]
-1+ Cos [X] 2 2

1
, ~ArcSin[ —————
Tan|
1
1, -1]
Tan[i]

Tan[g} -
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Problem 638: Result more than twice size of optimal antiderivative.
J(bSec[c+dx] +aSin[c+dx})3 (aCos[c+dx] +bSec[c+dx] Tan[c+dx]) dx

Optimal (type 3, 26 leaves, 1step):
(bsec[c+dx] +aSin[c+dx}>4

4d

Result (type 3, 938 leaves):
8b*Cos[c+dx] (bSec[c+dx] +aSin[c+dx])3 (aCos[c+dx] +bSec[c+dx] Tan[c+dx])

d(3aCos[c+dx] +aCos[3c+3dx] +4bSin[c+dx]) (2b+aSin[2c+2dx])3 :
(a4Cos[4c]Cos[4dx] Cos[c+dx]5(bSec[c+dx}+aSin[c+dx])3(aCos[c+dx]+bSec[c+dx} Tan[c+dx]))/
(d (3aCos[c+dx] +aCos[3c+3dx] +4bSin[c+dx]) (2b+aSin[2c+2dXx] )+
(16ab2Cos[c+dx]3Sec[c} (3acCos[c] +2bsin[c]) (bSec[c+dx}+a51n[c+dx])3(aCos[c+dx}+bSec[c+dx] Tan[c+dx]))/
(d(3aCos[c+dx}+aCos[3c+3dx]+4bSin[c+dx])(2b+aSin[2c+2dx] )—

(4a3Cos[2dx] Cos[c+dx]> (aCos[2c] +4bSin[2c]) (bSec[c+dx] +aSin[c+dx})3

(aCos[c+dx] +bSec[c+dx] Tan[c+dx}>)/
(d (3aCos[c+dx] +aCos[3c+3dx] +4bSin[c+dx]) (2b+aSin[2c+2dx])3)+

(32ab3Cos[c+dx]ZSec[ ] Sin[dx] (bSec| c+dx}+asin[c+dx])3(aCos[c+dx}+bSec[c+dx] Tan[c+dx]))/

(d (3aCos[c+dx] +aCos[3c+3dx] +4bSin[c+dx]) (2b+aSin[2c+2dx])3)+

(32a3bCos[c+dx]4Sec[ ] Sin[dx] (bSec| c+dx}+asin[c+dx])3(aCos[c+dx}+bSec[c+dx] Tan[c+dx]))/

(d (3aCos[c+dx] +aCos[3c+3dx] +4bSin[c+dx]) (2b+aSin[2c+2dx])3)+
(4a3Cos[c+dx}5(—4bCos[2c]+aSin[2c])Sin[2dx] (bSec[c+dx]+aSin[c+dx])3(aCos[c+dx}+bSec[c+dx]Tan[c+dx]))/
(d (3aCosfc+dx] +aCos[3c+3dx] +4bSin[c+dx]) (2b+a51n[2c+2dx])3)-

(a4Cos[c+dx]SSin[4c1 Sin[4dx] (bSec[c+dXx] +aSin[c+dx])3 (aCos[c+dx] +bSec[c+dx] Tan[c+dx]))/

(d (3aCos[c+dx] +aCos[3c+3dx] +4bSin[c+dx]) (2b+aSin[2c+2dx])3)

Problem 654: Result more than twice size of optimal antiderivative.

JCos [x]? (a+bCos[x]?) >Sin[x] dx

Optimal (type 3, 36 leaves, 4 steps):
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a (a+bCos[x]2)4 (a+bCos[x]2)5

8 b? 10 b?

Result (type 3, 137 leaves):

1
— |-12a’bCos[x]*-8ab2Cos[x]®-2b3Cos[x]®-4a%Cos[2x] -4a’bCos[x]3Cos[3x] -a°Cos[4x] -
32

1 1
—ab® (48Cos[2x] +36Cos[4x] +16Cos[6x] +3Cos[8x]) - ——b® (140 Cos[2x] + 100 Cos[4 x] + 50 Cos[6 x] + 15 Cos[8x] +2Cos[10x] )
32 320

Problem 657: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

9 s
Cos[x]“Sin[x] dx
A/1-Cos[x]®

Optimal (type 3, 9leaves, 3 steps):

—lArcSin[Cos[x]ﬂ
3

Result (type 4, 162 leaves):

/

2 2 “31i4++/3 3i++/3 “31++/3 3i+4/3

[\/7 IR A/1-Cos[x]® ]
‘\/ -31i++/3

Problem 670: Result unnecessarily involves higher level functions and more than twice size of optimal
antiderivative.

JCos [X] V1+Csc[x] dx

3 1+/3 21 31-+/3 21 Tan[x]? 21 Tan[x]?
jCos[x]zEllipticPi[—+£,J'lAr'cSinh[ S Tan[x] |, = \/_]Sin[x}\/l—l—[]\/1+l—[]

Optimal (type 3, 21leaves, 4 steps):

ArcTanh[+/1+Csc[x] | ++1+Csc[x] Sin[x]

Result (type 6, 5067 leaves):
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: X3 Cx Cos[ﬂ V1+Csc[x] v1+Csc[x] Sin[ﬂ
Sing \/Csc (1+sin[x]) - |4Cos[=] v1+Csc[x] Sin|[—] -
4 4 Z(Cos[ ]+Sln[§” 2(Cos[5]+51n{§”
( ((75AppellF1[ l, 1, E, Tan[i]z, ~Tan[~] ]J/ [SAppellFl[ l, 1, E, Tan[i]z, —Tan[—}z] +
2 4 4 4 4’ 2 4 4 4
2 ( 2Appe11F1[ l, 2, 2, Tan[i} -Tan[~|"] + AppellF1| , 1, g, Tan|[~]", —Tan[i} }) Tan{i}z)) +
4’ 2 4 4 4 4 4 4
Tan| ~] [(70AppellF1[i 1, 1, Z, Tan| ~] —Tan[i}z])/ 7Appe11F1[3 1, 1, —, Tan{i] ~Tan| }2} +
4’ 2 4 4 4’ 2 4 4 4
2 ( 2Appe11F1[Z 12,2 [5} —Tan[i]z] + AppellF1| —, 21, 2,1 [5]2, ~Tan| =] ]J Tan[i]z) +
4’ 2 4 4 2 4 4 4 4
5 1 9 9
[27AppellF1[Z S’ 1, L Tan[z} , =T n[f]z]Tan[f]J/ 9 AppellF1| > 1, Z’T”[z]z _Tan[4] ]+
9 1 13 X ;2 X 52 9 3 13 X 52 X 42 X 2
2 ( 2Appe11F1[f —y 2, —, Tan[f} R —Tan[f] ] +AppellF1[f -1, —, Tan[f] R —Tan[f] ]J Tan[f] J])]/
4 2 4 4 4 4 2 4 4 4 4
15 Cos[§]+sin[i}) = 4Cos[ } \/1+Csc| Sln[ ] [ECOS[E]—ESin[i]
2 2 15 (Cos[i] +Sin[5” 4 \2 2° 2 2
2 2
1 1 5 X 52 X 52 1 5 X 52 2
(— ((75AppellF1[—, =, 1, =, Tan[~]", -Tan[ ] ]J/ [SAppellFl[ =, 1, =, Tan[=]", -Tan[=]"] +2
4’ 2 4 4 4 4’ 2 4 4 4
( 2Appe11F1[E l, 2, 2, Tan[i]z, —Tan[x] ] +Appe11F1[E i, 1, g, Tan[i} —Tan[i] ]] T [5}2 ) +
4’ 2 4 4 4 4’ 2 4 4 4 4
Tan[i] ((76AppellF1[E l, 1, Z, Tan|[~|", —Tan[i]z]J/ 7Appe11F1[i 1, 1, Z, Tan[i]2 ~Tan| }2] +
4 4’ 2 4 4 4’ 2 4 4
7 1 11 X2 X 52 3 11 X 52 X 52 X
2( 2 AppellFl[~, =, 2, =, Tan[~]|", -Tan[~|"| + AppellF1[~, =, 1, =, Tan[~]", -Tan| ] ]J Tan[~]"| +
4’ 2 4 2 4 4 4 4
5 1 9 X2 X 52 X 5 1 9 X 52 X 52
[27Appe11F1[f, -1, —, Tan[f} R —Tan[f] ] Tan[f]]/ 9Appe11F1[f, -1, -, Tan[f] R —Tan[f] ] +
4 2 4 4 4 4 4 2 4 4 4
9 1 13 X2 X 52 9 3 13 X 2 X 42 X 52
2 ( 2Appe11F1[ -5 2, —, Tan[f} R —Tan[f] ] +AppellF1[f -1, —, Tan[f] R —Tan[f] ]] Tan[f] ]])
4 2 4 4 4 4 2 4 4 4 4
1 X4 1 1 5 X 52 X 52 1 1 5 X 52
Cos[f] 1+ Csc[Xx] ((75AppellF1[f -1, —, Tan[f] R —Tan[f] ]]/ [SAppellFl[f -1, -, Tan[f] R
15 [Cos[*] +sin[*]] 4 4" 2" a4 4 4 4> 2" 4 4
—Tan[i}z} +2 { 2AppellF1[5 l, 2, g, Tan[i}z, —Tan[x} ] +Appe11F1[E i, 1, 2, Tan[i]z, —Tan[i}z]) Tan[i]2 ] +
4 4’ 2 4 4 4 4’ 2 4 4 4 4
X 3 1 7 X2 X2 3 1 7 X2 X2
Tan| ~] ((79AppellF1[— =, 1, =, Tan[ =], -Tan[ ] ]J/ [7Appe11F1[— =, 1, =, Tan[ =], -Tan[=]"] +
4 4’ 2 4 4 4 4’ 2 4 4 4
2 ( 2Appe11F1[Z 1, 2, E, Tan[i}z, —Tan[i]z] +AppellF1[Z i, 1, —, Tan[i]z, —Tan[i]z]] Tan[i]zJ +
4’ 2 4 4 4 4’ 2 4 4 4
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' 5 17 9 X2 Xq2
9 AppellFi[=, =, 1, =, Tan[—]", -Tan[ =] ] +
4" 2 4 4 4
1) 2, E, Tan[i}z, _Tan[x] ] +AppellF1{g i, 1, E: Ta”[i]zl ‘Tan{i]z]] Tan[i]zJ]) *
2 4 4 4 4" 2 4 4 4 4

5 17 sz 7 X 52 7 X
27 AppellFl|—, —, 1, —, Tan|—| , -Tan| — Tan| — /
|27 Appete [, - 215 <Tan ) Tan ]|

2 ( 2 AppellF1| =,

1 X3 X 1 1 5 X2 X2
2Cos|[~] Cot[x] Csc[x] Sin[~] [(75AppellF1[— =, 1, =, Tan[=]", -Tan| =] })/
15+/1+Cscx] (Cos[*] +sin[*]) 4 4”2 4 4 4
1 1 5 X 2
[SAppellFl[f, =, 1, =, Tan[~]", -Tan[=]"] +2
4 2 4 4 4

5 1 X2 5 3 9 X .2 X .2
( 2Appe11F1[f -5 2, —, Tan[f] —Tan[f] ] +AppellF1[f -1, —, Tan[f} R —Tan[f] ]] Tan[f} ]) +
4 2 4 4 2 4 4 4 4
X 3 1 7 X2 3 1 X 42 X2
Tan[f] ((70AppellF1[f - 1, -, Tan[f] R —Tan[f] ])/ 7AppellF1[f -1, —, Tan[f] —Tan[f} ] +
4 4 2 4 4 4 2 4 4 4
7 1 11 X 52 3 11 X 52 X 52
2 ( 2 AppellFl|—, =, 2, =, Tan[~]", -Tan[~=|"| + AppellF1[—, =, 1, Tan[~]", -Tan| =] ]) Tan|~| ) +
4" 2 4 4 2 4 4 4
5 1 9 X 52 X 52 X 5 1 9 X 42 X2
[27AppellF1[—, =, 1, =, Tan[=]", -Tan| ~| ]Tan[—]]/ 9AppellFl[~, =, 1, =, Tan[~]", -Tan[=]"| +
4 2 4 4 4 4 4 2 4 4 4
9 1 13 X 52 X 9 3 13 X 42 X 42 X 42
2( 2 AppellFl| =, =, 2, —, Tan[~]|", -Tan| =] ]+Appe11F1[— =, 1, —, Tan[ =", -Tan| ~] ])Tan[—] ]])+
4 2 4 4 4 4 2 4 4 4 4
1 X2 . o Xq2 1 1 5 X 42 X2
Cos[=]"+/1+Csc[x] Sin[~] ( ((75AppellF1[— =, 1, =, Tan[=]", -Tan| =] ]]/
5 (Cos{ﬂ +Sin[i]) 4 4 4 2 4 4 4
2 2
1 1 5 X 52 X 52
[5Appe11F1[f, =, 1, =, Tan[~]", -Tan[=]"] +2
4 2 4 4 4
( 2Appe11F1[E l, 2, g, Tan[f] R —Tan[i]z] +AppellF1[E i, 1, g, Tan[f} —Tan[x] ]] Tan[i}2 ) +
4 2 4 4 4 2 4 4 4 4
X 3 1 7 X 3 1 7 X 42 X2
Tan[f] ((70AppellF1[f - 1, -, Tan[f] R —Tan[f] ]J/ 7Appe11F1[f - 1, -, Tan[f] —Tan[f} ] +
4 4 2 4 4 4 2 4 4 4
7 1 11 X X 3 11 X 42 X 42
2 ( 2AppellF1[f —y 2, —, Tan[f} y - an[f] ] +Appe11F1[ -1, —, Tan[f] R —Tan[ ] ] Tan[f] +
4 2 4 4 2 4 4 4 4
5 1 9 X 42 X 42 X 5 X X2
[27AppellF1[—, -1, —, Tan[—} R —Tan[—] ] Tan[—])/ 9Appe11F1[—, , 1, Tan[—] R —Tan[—] ] +
4 2 4 4 4 4 4 4 4 4
9 1 X 9 3 3 X X2 X 42
2 ( 2 AppellFl| =, =, 2, —, Tan[~]|", -Tan| =] ] +AppellF1[ =, =, 1, —, Tan[~]", -Tan|[~]| ]) Tan|~| ]) -
4 2 4 4 2 4 4 4 4
! 4Cos{§]3\/1+Csc[x] Sin[i] [— [(75 (—iAppellFl[E 1, 2, =, Tan|[=]", —Tan{i]z] Sec[i}zTan[—] +
15 (Cos[i] +Sin[*] 4 4 10 4" 2 4 4 4 4
iAppellFl[E 3, 1, g, Tan[i]z, —Tan[i}z] Sec[i}zTan[i] / (SAppellFl[1 1, 1, E, Tan[i}z, —Tan[f}z} +2
20 4 2 4 4 4 4 4 4 2 4 4 4
5 1 9 X2 X2 5 3 9 2 X2
( 2Appe11F1[f —5 2, —, Tan[f] R —Tan[f] ] +AppellF1[f -1, —, Tan[f} R —Tan[f] ]] T n[f} ]) +
4 2 4 4 4 4 2 4 4 4
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1 X 7 3 1 7 X -2 X 52 ) 3 1 77 X 52 X2
~Sec|~ ] ([70Appe11F1{— =, 1, =, Tan[~]", -Tan| =] }]/ 7 AppellFl| =, =, 1, —, Tan[ =], -Tan[=]"| +
4 4 4" 2 4 4 4 4" 2 4 4 4
7 1 11 X 52 X 52 7 3 11 X 52 X2 X 52
2 ( 2AppellFl|—, =, 2, —, Tan[~|", -Tan[~|"] + AppellF1[~, =, 1, =, Tan[~]", -Tan[~]| ]J Tan| ~| J +
4" 2 4 4 4 4" 2 4 4 4 4
5 1 9 X 52 X2 X 5 1 9 X2 X2
[27Appe11F1[—, =, 1, =, Tan[~]", -Tan[ =] ]Tan[—]]/ 9 AppellFl|[ =, =, 1, =, Tan[~|", -Tan[~]"] +
4" 2 4 4 4 4 4" 2 4 4 4
9 1 13 X 52 X 9 3 X 2 X2
2 ( 2 AppellF1l|~, =, 2, —, Tan[~|", -Tan|~| ] +AppellF1[ =, =, 1, —, Tan[~|", -Tan[~]| ]J Tan| ~| J] +
4" 2 4 4 4 4" 2 4 4 4 4
1 1 5 2 5 1 9 X X2
(75AppellF1[f, =, 1, =, Tan[~]", -Tan[=]"] ({ 2AppellFl[ =, =, 2, =, Tan[ =], -Tan[~]"] +
4" 2 4 4 4 4 4 4 4
AppellFl[E i, 1, -, Tan[i} s —Tan[i] ]] S c[i} Tan|[ =] +5 (—iAppellFl[E, 1, 2, &, Tan[i}2 ~Tan| ]2]
4 2 4 4 4 4 10 4 2 4 4 4
3 9
Sec[z]zTan[:ﬂ + 5AppellF1[4, ;, 1, Z, Tan[z]z, —Tan{z]z] Sec{z}zTan[z} +2Tan| =]
5 9 3 13 X2 X X 9 5 13 X 42 X2
( prpellFl[f —y 2, —, Tan[f] R —Tan[f} } Sec[f} Tan[ ] + prpellFl[f -5 1, —, Tan[f] —Tan[ ] ]
18 4 2 4 4 4 4 4 4 2 4 4 4
Sec[i]zTan[i} -2 —EAppellFl[g 1, 3, E, Tan[i] —Tan[x} } Sec[i} Tan[i] + i
4 4 9 4" 2 4 4 4 4 4 36
9 3 13 X 52 X X X 1 1 5 X2 X 52
AppellFl[f —y 2, —, Tan[f] R —Tan{f} } Sec[f} Tan[f]])J]/ (SAppellFl[f -5 1, —, Tan[f} R —Tan[f] ] +
4 2 4 4 4 4 4 4 2 4 4 4
5 1 X 5 3 9 X 12 X 12 X 2)2
2 ( 2Appe11F1[f -5 2, —, Tan[f] R —Tan[f} ] +Appe11F1[f -1, —, Tan[f] R —Tan[f] ]] Tan[f] +
4 2 4 4 4 2 4 4 4 4
X 3 7 1 11 X 52 X 52 X 3 7 3 11
Tan[f] [(70 —prpellFl[f —y 2, —, Tan[f} ) —Tan[f} } Sec[f} [f] + prpellFl[f -1, —,
4 14 4 2 4 4 4 4 28 4 2 4
3 1 7
Tan[z} R —Tan[z]z] Sec[z]zTan[z})J/ [7AppellF1[4 ;, 1, Z, Tan[z]z, —Tan[z]z] +
7 1 11 X2 X 7 3 11 X 52 X 52 X 52
2 ( 2Appe11F1[f —5 2, —, Tan[f} R —Tan[ ] ] +AppellF1[f -1, —, Tan[f] R —Tan[f] ]] Tan[f] +
4 2 4 4 4 4 2 4 4 4 4
5 1 9 X2 X 52 X 52 5 1 9 X 52 X 52
[27AppellF1[f, =, 1, =, Tan[~]", -Tan[=]|"] Sec|~] )/ [4 [9AppellF1[f, =, 1, =, Tan[=]", -Tan[=]"] +
4 2 4 4 4 4 4 2 4 4 4
9 1 13 9 3 13 X X 52 X 52
2 —2AppellF1[f, —5 2, —, an[f} y - an[ ] ] +AppellF1[f -1, —, Tan[f] R —Tan[f] ]] Tan[f] ] +
4 2 4 4 4 2 4 4 4 4
X 5 9 1 13 X2 X2 X2 X 5 9 3
[27Tan[f} (—*AppellFl[f — 2, —, Tan[f] B —Tan[*} } Sec[f} Tan[f] + —AppellFl[f - 1,
4 18 4 2 4 4 4 4 4 36 4 2
13 5 1 9
:, Tan[i]z, —Tan[z]z] Sec[z} Tan[f]])/ (9AppellF1[Z g, 1, Z, Tan[z]z, —Tan[z 2} +
9 1 13 X X 9 3 13 X 52 X 52
2 ( 2AppellF1[f — 2, —, Tan[f} R —Tan[f] ] +AppellF1[f -1, —, Tan[f] R —Tan[f] ]] Tan[f] -
4 2 4 4 4 4 2 4 4 4 4
3 1 7 X 52 7 1 1 X 52 X 52
[70AppellF1[— -1, —, Tan[—} R —Tan[—] ] (( 2AppellF1[— -, 2, R Tan[—] y - an[—} } +
4" 2 4 4 4 4" 2 4
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7 37 117 X 52 X 52 X 52 X 3 7 71 X2 2
AppellFl|—, =, 1, —, Tan[~|", -Tan[=]|"]| Sec[ =] Tan|[ =] +7 |- — AppellF1[~, =, 2, —, Tan[ =], -Tan[~]"]
4 2 4 4 4 4 4 14 4 2 4 4 4
3 7 3 11
Sec[z}zTan[z]+£AppellF1[Z >’ 1, o Tan[z]z, —Tan[z]z]Sec[z]zTan[i] +2Tan[§]
7 11 3 15 X2 X2 X2 X 21 11 5 15 X2
{——AppellFl[—, =,2, =, Tan|=]", -Tan[=]"]| Sec[ =] Tan[ =] + = AppellF1[~—, =, 1, =, Tan|[~]",
22 ) 4 4 4 4 4" 44 ) 4 4
—Tan{i}z} Sec[i}zTan[i] -2 (—lAppellFl[E, l, 3, E, Tan[i}z, —Tan[i]z] Sec[i]ZTan[—} + — AppellF1|
4 4 4 11 ) 4 4 4 4 4° a4
1 E, 2, E, Tan[i}z,—Tan[i]z}Sec[i]zTan{i})))J/[7Appe11F1[i 1, 1, Z, Tan[i]2 -Tan| }2]+
4’2 4 4 4 4 4 4’ 2 4 4 4
7 1 11 X 52 X 52 7 3 11 X 52 X 52 X,2)2
2 |-2AppellFl|—, =, 2, =, Tan|~|", -Tan[=]"] + AppellF1|~, =, 1, =, Tan[~|", -Tan|~| }) Tan| ] ) -
4’ 2 4 4 4 4’ 2 4 4 4 4
5 1 9 X 52 X 9 1 X 52 X
[27AppellF1[—, =, 1, =, Tan[=]", -Tan[=]|"] Tan[ =] [ -2AppellF1[~, =, 2, —, Tan|=|", -Tan[=]|"] +
4 2 4 4 4 4 4 2 4 4 4
appellF1[2, 2,1, 2, 1an[ 217, “tan[ 217] | sec[ 2] Tan[ %] +9( 2 pppellfi[2, =, 2, 22, 1an[X]?, ~Tan[X]7]
4 2 4 4 4 4 18 4 2 4 4 4
X 52 X 5 9 3 13 X 52 X2 X X
sec[ =] Tan[ =] + = AppellFi[ =, =, 1, =, Tan[~|", -Tan[ =] | sec[ =] Tan[ = ]| + 2Tan[ =
ecl X ran %]+ mppentea (%, 2,2, 22, van X2, van( X]7) sec( %] on ]| 22730 (X
9 13 3 17 X -2 X2 X2 X 27 13 5 17 X2
{——AppellFl[—, =, 2, —, Tan[=|", -Tan[ =] ] sec[ =] Tan[ =] + = AppellF1|—, =, 1, —, Tan|~|",
26 4 2 4 4 4 4 4 52 4 2 4 4
—Tan[i}z} Sec[i}zTan[i] -2 (—iAppellFl[E, 1, 3, E, Tan[i}z, —Tan[i]z] Sec[i]ZTan[i} + iAppellFl[
4 4 4 13 4 2 4 4 4 4 4 52
E, i, 2, E, Tan[i}z, —Tan[i]z} Sec[i]zTan[i} )J/ [9Appe11F1[E 1, 1, -, Tan[i]z, —Tan[—}z] +
4 2 4 4 4 4 4 4 2 4 4 4

1, 2, E, Tan[i]z, —Tan[i}z] +AppellF1[g, i, 1, E, Tan[i]z) —Ta“[i}z}) Tan[]z)z)”

2 |-2AppellF1| -,
2 4 4 4 4" 2 4 4 4

-b\kD

Problem 673: Result more than twice size of optimal antiderivative.

J Cos [X]
dx
\/2 Sin[x] +Sin[x]?2

Optimal (type 3, 19leaves, 3 steps):
Sin[x] ]

2Ar‘cTanh[

JZSln +Sin[x]?

Result (type 3, 40 leaves):
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2Ar‘cSinh[35\inﬁ@] vfsin[x] V2 +Sin[x]

\/Sin [x] (2+Sin[x])

Problem 676: Result more than twice size of optimal antiderivative.
JCos[x] Sec[Sin[x]] dx
Optimal (type 3, 4leaves, 2steps):
ArcTanh [Sin[Sin[x]]]

Result (type 3, 37 leaves):

Sin[x] ] —Sin[Sin[X] H . Log[Cos[Sln[X] ] +Sin[Sin[X]

-Log|[Cos]| 2 , A 2 1]

Problem 677: Result more than twice size of optimal antiderivative.
jCos [x] Sin[x]? (a+bSin[x]?) ? dx
Optimal (type 3, 36 leaves, 4 steps):

a (aerSin[x}z)4 (a+bSin[x}2>5

8 b? 10 b?

Result (type 3, 128 leaves):
1

10240

(-20 (64a>+24ab®+7b%) Cos[2x] +20 (16a° +18ab”+5b) Cos[4x] +b (-10b (16a+5b) Cos[6x] +15b (2a+b) Cos[8x] -2b*Cos[18x] +
3840 a® Sin[x]* + 2568 a b Sin[x]°® + 640 b> Sin[x]® - 1280 a*Sin[x]>Sin[3x]))

Problem 691: Result more than twice size of optimal antiderivative.
J Sec[x]? dx
1-Tan[x]?
Optimal (type 3, 11 leaves, 2 steps):

1
— ArcTanh[2 Cos[x] Sin[x]]
2
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Result (type 3, 23 leaves):

- 1 Log[Cos[x] -Sin[x]] + 1 Log[Cos [x] +Sin[x]]
2 2

Problem 705: Result more than twice size of optimal antiderivative.

JSec [x]?Tan[x]® (1+Tan[x] 2>3 dx

Optimal (type 3, 33 leaves, 4 steps):

Tan[x]’ Tan[x]® 3Tan[x]' Tan[x]!3
+ + +

7 3 11 13

Result (type 3, 67 leaves):

16 Tan[x] 8Sec[x]?Tan[x] 2Sec[x]*Tan[x] 5Sec[x]®Tan[x] 53 e 27 10 1 1
- - - - + ——Sec[x]®Tan[x] - — Sec[x] ™ Tan[x] + — Sec[x]** Tan[X]
3003 3003 1001 3003 429 143

Problem 709: Result more than twice size of optimal antiderivative.
2
J\ Sec [X] dx
4 -Sec[x]?
Optimal (type 3, 9leaves, 2 steps):

]

X Tan[X]
ArcSin|

V3

Result (type 3, 43 leaves):
ArcTan| —1"XL—] /12 Cos[2x] Sec[x]

1+2Cos[2X]

4 -Sec[x]?

Problem 710: Result more than twice size of optimal antiderivative.
J\ Sec[x]? dx
1-4Tan[x]?

Optimal (type 3, 9leaves, 2 steps):
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1
— ArcSin[2Tan[x]]
2

Result (type 3, 52 leaves):
Ar‘cTan[M—] -3 +5Cos[2x] Sec[X]

-3+5Cos[2x]

2+/2-8Tan[x]?
Problem 711: Result more than twice size of optimal antiderivative.
2
J Sec [x] dx
-4 + Tan[x]?
Optimal (type 3, 14 leaves, 3 steps):

ArcTanh [ &]

-4 +Tan[x]?
Result (type 3, 51 leaves):

Ar‘cTan[mm—] \/3+5Cos[2x] Sec[x]
4/ 3+5Cos[2x]

2 -4+ Tan[x]?

Problem 712: Result more than twice size of optimal antiderivative.

J 1-Cot[x]? Sec[x]?dx

Optimal (type 3, 19leaves, 3 steps):

ArcSin[Cot[x]] ++/1-Cot[x]% Tan[x]

Result (type 3, 52 leaves):
| Cos[x] \/-Cos[2x] +Cos[2x]

Cos [Xx]

\V-Cos[2x]

—Ar‘cTan[

1-Cot[x]? Sec[2x] Tan[x]
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Problem 728: Result more than twice size of optimal antiderivative.

Sec[x] Tan([x]

— dXx
\/ 4 + Sec[x]?

Optimal (type 3, 5leaves, 3 steps):
ArcCsch[2 Cos[x]]

Result (type 3, 38 leaves):

ArcTanh[+/3+2Cos[2x] | V/3+2Cos[2x] Sec[x]

4 +Sec[x]?

Problem 738: Result more than twice size of optimal antiderivative.
JCot[Gx] Csc[6X]
(5-11Csc[6x]2)?

dx

Optimal (type 3, 43 leaves, 3 steps):

Ar‘cTanh[ li Sin[6x]]
Sin[6 Xx]

- +

60 /55 60 (11-55in[6x]?)

Result (type 3, 97 leaves):
1
6600 (17 +5Cos[12x] |

(17\/55 (Log[\/SS -55sin[6x]] - Log[/55 +5$in[6x]]) +5+/55 Cos[12x] (Log[\/SS -55in[6x]] - Log[/55 +551n[6x]]) +2205in[6 X]

Problem 759: Result more than twice size of optimal antiderivative.
J(Cos [x]*2Sin[x]% - Cos[x]*sin[x]*?) dx

Optimal (type 3, 12leaves, ? steps):

1
— Cos[x]sin[x]®
11

Result (type 3, 49 leaves):
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21Sin[2x] 15Sin[6x] 15Sin[1@x] 5Sin[14x] Sin[18x] Sin[22X]
_ " _ " _
1048576 1048576 2097152 2097152 2097152 23068672

Problem 779: Result more than twice size of optimal antiderivative.
Js x2 Cos[7 +x*] dx
Optimal (type 3, 6leaves, 3 steps):
Sin|7+ x|
Result (type 3, 23 leaves):
3 [1 Cos [x*] Sin[7] + 1Cosm Sin|[x?]

3 3

Problem 781: Result more than twice size of optimal antiderivative.
jx Sin[1+x?] dx

Optimal (type 3, 10leaves, 2 steps):

1
- = Cos[1+x?
) OS[ +X}

Result (type 3, 21 leaves):
- cos(1) cos [x?] + L sin(1 Sin|[x?]
2 2

Problem 782: Result more than twice size of optimal antiderivative.
jx Cos [1+x?] dx

Optimal (type 3, 10leaves, 2 steps):

1
—Si 1 2
5 1n[ +X]

Result (type 3, 21 leaves):

1Cos[xz} Sin[1] + = Cos[1] Sin|x?]
2 2
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Problem 784: Result more than twice size of optimal antiderivative.
JXZ Sin[1+x3] dx

Optimal (type 3, 10leaves, 2 steps):

1
-~ Cos|[1+x3
3 OS[ +X}

Result (type 3, 21 leaves):

—1Cos[1] Cos [x*] + lSin[l] Sin|[x?]
3 3

Problem 802: Result more than twice size of optimal antiderivative.

JSec [x] (1-Sin[x]) dx

Optimal (type 3, 5leaves, 2 steps):
Log[1l+Sin[x]]
Result (type 3, 36 leaves):

X X X

Log[Cos [X] ] —Log[Cos[z} 7Sin[;]] +Log[Cos[2} +Sin[§H

Problem 803: Result more than twice size of optimal antiderivative.

J(l +Cos[x]) Csc[x] dx

Optimal (type 3, 7 leaves, 2 steps):
Log[1l - Cos[x]]

Result (type 3, 20 leaves):

—Log[Cos[i]] + Log[Sin[i]] +Log[Sin[x]]
2 2

Problem 805: Result more than twice size of optimal antiderivative.

JCsc[Z x] (Cos[x] +Sin[x]) dx
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Optimal (type 3, 15leaves, 6 steps):
- 1 ArcTanh[Cos[x]] + 1 ArcTanh[Sin[x]]
2 2

Result (type 3, 61leaves):

éLog[cos[g]] —%Log[Cos[g] —Sin[g]] +§Log[$in[§“ +§Log[cos[§} +Sin[§]]

Problem 806: Result more than twice size of optimal antiderivative.

JCos[x] (-3+2sin[x]) ix

2-3Sin[x] +Sin[x]?

Optimal (type 3, 11leaves, 2 steps):
Log[2-3sSin[x] +Sin[x]?]

Result (type 3, 26 leaves):

X X
2 Log[Cos[;} —Sin[;H +Log[2-5Sin[x]]

Problem 807: Result more than twice size of optimal antiderivative.

JCOS[X]ZSin[X] dx

5+ Cos[x]?

Optimal (type 3, 20leaves, 3 steps):
\/?Ar‘cTan[M} - Cos [x]
Vs

Result (type 3, 82leaves):
7\/?ArcTan[Cos[X} ] +21\/?Ar~cTan[if & Tan[iH +21\/?Ar‘cTan[ 1 + & Tan[i]] -20Cos[X]
s 2 J5 Vs 2

s V5

1
20

Problem 825: Result more than twice size of optimal antiderivative.
Jx Sec[5 - x?] dx

Optimal (type 3, 13leaves, 2steps):
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1 ArcTanh [Sin [5 - xz] }
2

Result (type 3, 63 leaves):
X2 5 x? 1 X2 5 x?

%Log[Cos[z—;} —Sin[;—;“ —;Log[Cos[g—;} +Sin[;—;“

Problem 826: Result more than twice size of optimal antiderivative.

Csc[?
J (] o
2

Optimal (type 3, 5leaves, 2 steps):

ArcTanh|[Cos | i} ]

Result (type 3, 21 leaves):
Log[Cos|[—]] - Log[sin| —]]
2X 2X
Problem 834: Result more than twice size of optimal antiderivative.
Jss Cos[x]3Sin[x]%dx
Optimal (type 3, 13leaves, 4 steps):
7Sin[x]%-5Sin[x]’

Result (type 3, 33 leaves):
s (3 Sin[x] 1

1 1
- —Sin[3x] - — Sin[5X] + Sin[7 x]
64 64 320 448

Problem 850: Result more than twice size of optimal antiderivative.
J Tan[c +d x] dx
aSin[c+dx]?

Optimal (type 3, 30leaves, 3 steps):
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ArcTanh [ -2 Sirl[ﬁc*d x)® ]
a

Va d
Result (type 3, 73 leaves):

(—Log[Cos[% (c+dx)] —Sin[i (c+dx)]] +Log[Cos[§ (c+dx) ] +Sin[§ (c+dx)]]) Sin[c+dx]

d+/aSin[c+dx]?

Problem 861: Result more than twice size of optimal antiderivative.

JSec[x] v/Sec[x] + Tan[x] dx

Optimal (type 3, 13 leaves, 4 steps):

2\/Sec[x] (1+sin[x])

Result (type 3, 37 leaves):

Cos|[*] +sSin

—

—.
N X [N %
"

—

2

N X [N X

Cos[*] - sin

Problem 885: Result more than twice size of optimal antiderivative.
J({os [x] +Sin[x]) (Cos[x] +Sin[x])®dx

Optimal (type 3, 11leaves, 1step):

7§ (Cos[x] +Sin[x])®

Result (type 3, 25leaves):

1 5 . 1
—Cos[4x] - —Sin[2x] + — Sin[6X]
4 8 24

Problem 894: Result more than twice size of optimal antiderivative.

Jsin[x] Tan[x]° dx

Optimal (type 3, 34 leaves, 5steps):
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15 . 15Sin[x] 5 . , 1 _.
— ArcTanh[Sin[x]] - ——— - —Sin[x] Tan[x]“+ — Sin[x] Tan[X]
8 8 8 4

4

Result (type 3, 113 leaves):

1 X X X X
— |-30L C —| -Sin| — 30 L C - Sin| —
e og[os[z] 1n[2H+ og[os[2}+ 1n[2]]+

1 9 1 9 .
- - + -16Sin[x]

(Cos[f]—sin[ﬂ)4 (Cos[f]—sin[f])z (Cos[§]+sin[§])4 (Cos[§]+sin[§])2

Problem 904: Result more than twice size of optimal antiderivative.

Jx Sec[1l+x] Tan[1l+x] dx

Optimal (type 3, 14 leaves, 2steps):
—-ArcTanh[Sin[1+Xx]] + X Sec[1 + X]

Result (type 3, 47 leaves):

Log[Cos[1+X] —Sin[lJr—XH —Log[Cos[lﬂ(] +Sin[1+X
2

H +xSec[1+X]
2 2

Problem 906: Result unnecessarily involves complex numbers and more than twice size of optimal antiderivative.
J Sin[2x] dx
9 -Cos[x]*
Optimal (type 3, 11leaves, 5steps):

Cos[x]z}

~ArcSin|
3

Result (type 3, 26 leaves):

ilog[iCos[x]?++/9-Cos[x]* ]

Problem 910: Result unnecessarily involves imaginary or complex numbers.

-1+ Sec[x]
Jidlx
1-Tan[x]
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Optimal (type 3, 37 leaves, 6 steps):

Ar‘cTanh[c"S x] (1+Tan[x]) }

. V2 +1Log[COS[X] -Sin[x]]

V2 2
Result (type 3, 40leaves):

N | X

1+Tan[*
—x+ (2-21) (—1)1/4Ar‘cTanh[T2] + Log[Cos [x] - Sin[x]]
2

2

Problem 912: Result unnecessarily involves higher level functions.
J Cos[x] +Sin[x]
v/ Cos[x] v/Sin[x]

dx

Optimal (type 3, 57 leaves, ? steps):

—\EArcTan[l— @] +\/7Apc-|-an[1+ @}

v/ Cos [x] V Cos [X]
Result (type 5, 68 leaves):

1

3 (Sin[x]?)%/*

2+/Cos[x] +/Sin[x] |3 Hypergeometric2F1|—, s

5
, —» Cos[x]?]| Sin[x] + Cos[x] Hypergeometric2Fl|
a4

DR
DR
N jw
A w

Problem 927: Result more than twice size of optimal antiderivative.
st Sec[a+bx3]7Tan[a+bx3] dx

Optimal (type 3, 110leaves, 6 steps):

5ArcTanh[Sin[a+bx3]] x3Se<:[a+bx3]7 5Sec[a+bx?| Tan[a+bx?] 55ec[a+bx3}3Tan[a+bx3} Sec[a+bx3]5Tan[a+bx3]
_ N _ _ _
336 b? 21b 336 b? 504 b? 126 b?

Result (type 3, 352leaves):
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= Sec[a+bx3}7
64512 b?
3072b x> + 105 Cos [5 (a+bx?) | Log[Cos[% (a+bx?)] 7Sin[§ (a+bx?)]] +15Cos[7 (a+bx?)] Log[Cos[% (a+bx?)] 7Sin[§ (a+bx?)]] +
525 Cos [a + b x?] Log[Cos[% (a+bx?)] 7Sin[§ (a+bx?)]] 7Log[Cos[§ (a+bx?)] +Sin[§ (a+bx3)H] +
315 Cos |3 (a+bx?) ] Log[Cos[i (a+bx?) ] 7Sin[§ (a+bx?)]] 7Log[Cos[% (a+bx?) ] +Sin[§ (a+bx3)H) -
105 Cos [5 (a+bx?) | Log[Cos[% (a+bx?) ] +Sin[§ (a+bx?)]] -15Cos[7 (a+bx?)] Log[Cos[% (a+bx?) ] +Sin[% (a+bx®)]] -

566 Sin[2 (a+bx?)] -200Sin[4 (a+bx’)] -30Sin[6 (a+bx?)]

Problem 943: Result unnecessarily involves imaginary or complex numbers.

Cos[a+bx]*-Sin[a+bx]*
J dx

Cos[a+bx]*+Sin[a+bx]*
Optimal (type 3, 72leaves, 4 steps):
Log[1-+/2 Tan[a+bx] +Tan[a+bx]2| Log[1++/2 Tan[a+bx] +Tan[a+bx]?]
- +
2+/2b 2+/2 b
Result (type 3, 102 leaves):
i(-20+5V2) (Log[-1-21i V2 2% (@bX et (200 ] _ Log[-1+2i /2 e2i(@bx) L gti(@bx])

4(51+ﬁ)b

Problem 945: Result more than twice size of optimal antiderivative.

Cos[a+bx]%2-Sin[a+bx]?
J dx

Cos[a+bx]?+Sin[a+bx]?

Optimal (type 3, 16leaves, 6 steps):
Cos[a+bx] Sin[a+bx]
b

Result (type 3, 33 leaves):
Cos[2bx] Sin[2a] Cos[2a] Sin[2bx]

+

2b 2b
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Problem 950: Result unnecessarily involves imaginary or complex numbers.

-Cscla+bx]*+Sec[a+bx]*
J dx

Csc[a+bx]%+Sec[a+bx]*
Optimal (type 3, 72leaves, 4 steps):
Log[1-+/2 Tan[a+bx] +Tan[a+bx]2| Log[1++/2 Tan[a+bx] +Tan[a+bx]?]
2+/2 b 2/2 b
Result (type 3, 102 leaves):
i(-2i+5v2) (Log[-1-2i /2 €2 @bX . gt (20X ] - Log[-1+2i+/2 el (@bx) 4 gtt @0X])

4(51+\/?)b
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Summary of Integration Test Results

2376 integration problems

A - 1794 optimal antiderivatives

B - 336 more than twice size of optimal antiderivatives
C - 196 unnecessarily complex antiderivatives

D - 38 unable to integrate problems

E - 12 integration timeouts



